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PREFACE 


This book has been written for the use of Indian students : ; M. covera 
& portion of the Post-Graduate Pure Mathematics course of the University 
of Caleutta. The interest in modern algebra has much increased all over 
India in recent years, but the lack of a textbook in the English language made 
it difficult to introduce the subject in the regular courses. The author 
expects that this book will help to enhance the popularity of algebra at 
Indian Universities, and the encouragement which he received from friends 
in U.S.A. makes him hope that the new textbook will be useful even out. 
side India. 


The urgent need for a book of this kind was felt first when a new course 
in algebra was introduced in Calcutta 1936. The students were not able 
to follow the lectures without some kind of textbook in their hands. Thus 
it was necessary to issue lecture-notes* in small instalmenta which were 
printed by the University Press as quickly as possible. In spite of many 
small deficiencies due to the circumstances under which those lecture-notes 
were published, they could be used as a basis for the instruction in algebra 
in the Post-Graduate Department of Pure Mathematics of our University 
during six academic years. The present book can therefore be considered 
as a second edition, completely revised in accordance with the experience 
obtained by the teaching. 


I am much indebted to two lecturers who did most of the teaching in 
algebra during the last few years, Dr. Rabindranath Sen and Mr. Rajchandra 
Bose, M.A. for letting me participate in the experience which they obtained 
by lecturing to general and tutorial classes according to those lecture-notes. 
During the last session, tvped copies of the present book where already in 
the hands of those scholars, and many small alterations were made on 
their advice. I had also much benefit from conversations with studenta, 
especially those who after having completed the course continued to study 
mathematics as research scholars under my guidance; they remembered 
very well the passages of the lecture-notes which used to be most difficult 
to them. Although modern algebra is not a difficult subject, it requires 
some of mind from students whose previous training was in classical 
matbematics only. They are familiar with investigations on interesting 


* Algebrn, loctures delivered to post-graduate students, Part I-V, by F. W, Levi 
| 7 4990-37. 
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mathematical entities, but they are not used to considerations about relations 
between objects which are indeterminate, No wonder that the students 
felt uneasy when the course was introduced ; they did not realise the ''raison 
d'etre" of the subject. Gradually, bewilderment gave way to enthusiasm, 
especially among the better students ; when the first two-years course was 
completed, some of them suggested to me to omit—or at least restrict —such 
subjects as continued fractions and approximation of roots, and to give 
more of modern algebra, but I was unable to follow this advice. 


It was the author's intention to keep an equal balance between modern 
and classical portions of algebra ; he imposed on himself the greatest restric- 
tion in the use of notions and notations of more recent origin, and he limited 
his programme on general algebra by keeping the notions of ideal and of non- 
commutative group outside. These subjects will be treated in the second 
volume. Actual teaching-experience made him modify this plan ; one will 
find in this book some notations like : integral domain, Euclidean domain 
ete.,, which have not been used in the lecture-notes, but which proved very 
useful in the class. The self-imposed limitations concerning theory of 
groups have been shown to be too rigid. The general notion of group is 
an essential part of every reasonable teaching of geometry ; by this argument, ^ 
the author's junior friends and disciples convinced him that no additional 
burden would be imposed on the students by including this notion in the 
compulsory algebra-course. 


In a systematical representation of the subject (e.g. van der Waerden's 
"Moderne Algebra") one starts from those notions which have been proved 
to be fundamental ; when the whole system has been built up, one sees 
the reasons for every step, and one feels much admiration. A methodical 
discussion starts with examples, the notions being introduced successively 
at those points where their usefulness becomes obvious. In this respect 
too, the author follows a middle way. Chapter I deals with the solutions 
of systems of linear equations. The importance of this problem is obvious ; 
the results nre applied in the course on geometry which the students as a 
rule follow during the same session. Since the introduction of new notions 
like vector, vectorspace eto., is shown to be very helpful, the reader may get 
the necessary confidence to dive into the very abstract investigations of 
Chapter U which find their applications in Chapter D1. ‘These considera- 
tions on general algebra are continued in Chapter VI where matrices are 
studied. The Chapters IV and V deal with continued fractions and with 
approximative caloulations. It is possible to treat all classical problema 
from the point of view of general algebra. Of course one can consider the 
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field of the real numbers as a special case of the formally real fields ; a sub- 

stantial portion of the continuum-algebra can be shown to hold in these 

fields. The notion of formally real fields has not been used in this book ; 

the author has preferred to respect the autonomy of the theory of numerical 

ealeulation. This theory originates from the needs of the computor, and 

it has been treated here accordingly—astarting from a very simple principle 

of calculation, Horner's scheme. Whereas in the fifth chapter very little 
reference is made to the principles of general algebra, the continued fractions 
(Chapter IV) are treated so to say in a half-classical manner, It appears 
that the suppositions which are usually made in this theory are not all ne- 
cessary, and that they afford interesting generalisations. ‘This kind of treat- 
ment has been suggested to the author, not by papers on general algebra? 
but by a book on numerical ealeulation (Runge-Koenig). 


FREFACE xi 


Some readers may be astonished to find two dialozues in this book. 
Needless to say that the two characters—tutor and student—do not re- 
present any  ndividuals ; nor is the "student" a true picture of the average 
Indian mathematics student of the present time. He is an international 
creature, and some of the remarks originate from the difficulties which the 
author himself had to face when a student more than 30 years ago. There 
are certain items in mathematics which can best be made clear by a frank 
discussion ; the author wants to encourage this form of teaching by giving 
these two specimens of discussions between a teacher and his pupil. The 
"introductory remarks" (Chapter zero) are meant to refresh the memory 
of a few subjects which are supposed to be known by the students joining 


the post-graduate classes. 


Western mathematicians may wonder why the “method of identification ' 
is discussed here in such an explicit manner. This item which was not 
treated in the lecture-notes has been introduced into the book because the 
experience of teaching showed its necessity, This is the only occasion where 
I came across an essential difference between the Indian way of think- 
ing in mathematics and the western one. It seems that the western mind 
performs so to say automatically the operation of identification ; even 
Edmund Landau whose rigour and explicitness have become proverbial 
used to pass it over without explanation. I remember only a single case 
where I had to discuss this item with a student of Leipzig University, and 
at that occasion it was not my task to clear up the difficulty, but to show 


that there is one. When introducing the new course on algebra in Calcutta 


I did not like to burden it with considerations which in Europe were thought 
to be unnecessary sophisterics, and I was very astonished that every year, 





xii FREFACE 


the studenta felt difficulties and asked for explanations at that particular 
point. I am stating this experience here without feeling competent to 
explain it. Seholars on Indology may find some clue in ancient. Indian logic 
—though very few of our mathematics students have an explicit knowledge 
of it. Similarly, I must leave it to Indian scholars to explore why western 
people fail to recognise a difficulty which is #0 obvious even to an average 
mathematics student in this country. 


In offering this book to the public, I have much pleasure to thank for 
their generous help the authorities of the University of Calcutta: the 
Senate, the Syndicate and the three Vice-chancellors who were in charge of 
ethe University sinee the publication of the lecture-notes was undertaken in 
1936. In particular I am obliged to the President of the Couneil of 
Post-Graduate Teaching in Arts, the Hon'ble Dr. Shyama Prasad Mookerjee 
for his kind understanding and his energetic support without which it would 
not have been possible to bring out this book in an adequate form during 
the present emergency. 


The assistance which I received from lecturers and research-scholars 
of the Department of Pure Mathematics has already been gratefully 
acknowledged, Ome of them, Bankim Chandra Chatterjee, M.Sc. must be 
mentioned especially for having assisted the author in the correction of the 
proof-sheets from beginning to end. The Eka Press has printed the book 
with great care and ability. 


Binsar (Himalya), F. W. LEVI 
June Ist. 1942. 
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INTRODUCTORY REMARKS 


0-1. Odd and even numbers. 


The notions "odd" and "even" apply to positive as well as to non- 
positive integral numbers, though they were used originally for positive ones 
only. A number which is the double of an integral number is said to be 
even, A non-even integral number is odd, Hence zero is even ; if a is even 
(odd), —a is even (odd) and a--1 is odd (even). The integral numbers form 
a double sequence where the elements are alternately even and odd. The* 
distinction between even and odd—though it involves a very simple 
principle— plays an important, role in Algebra and in other branches of 
Mathematics. 


The sum as well as the differences of two odd (even) numbers are even ; 
the sum and the difference of one odd and one even number are odd. To 
generalise these propositions, consider 


M — = m;. (1) 
—⸗ be odd, and the remaining n —3 terms be even numbers. 
Put m, —2r, 4-1 if m, is odd 
m,-2r, if m, is even ; then 


is odd or even according as q is odd or even. Le. 


If in a sum of integral numbers exactly q terms are odd, the sum is odd or even, 
according as q is odd or even, 





In particular, put q=n 
ee A aum of n odd numbers is odd or even, according as n is odd or even. 





Exercise, Let m objects be arranged in a linear manner, and let them 
be rearranged to a second position. Hereby a objects move forward to the 
right whereas b objects recede to the left. Out of the a elements moving 


forward, a, ag: moved by an even number of places, a, by an odd number. 


Similarly 6, objects recede by an even and 6, by an odd number of places. 
Prove that a, and 5, are either both odd, or both even. 








ALGEBRA I 


(0.2. Mathematical induction. 


In life as well as in experimental Science one uses to make conclusions 
in the following manner. A certain observation is made in a large number 
of particular cases, and from these statements one concludes that there 
exists a general rule. This form of conclusion is called "conelusion by 
induction", A statement as eg. "Palm trees grow higher than bananas” 
is based on an experience got from a restricted number of plants of 
both the species. We shall not investigate here why conclusions of this 
type are justified in many cases. In mathematics, ordinary induction 
is not admissible’. To attain general rules, a form of conclusion is often 
applied which for its apparent similarity with ordinary induction is called : 
, mathematical induction", 


Principle of mathematical induction. Let S(n) be a statement concern- 
ing the positive integral numbers a — I, 2, ..., and: (1) let S(1) be 
a true statement; (2) let it be possible to demonstrate that if Sim) is a 
true statement, then S(m - 1) is also a true statement, then S(»n) holds 
for every positive integral value of n. 


4 


Proof. Let S(n) be not true for every positive integral value, then 
there exiét positive integral values for which the statement does not hold. 
Among these values there is one smallest integral number, say à -4- 1. As 
S(1) is supposed to hold, @ is a positive number, Thus S(a) holds, but 
S(a 4- 1) does not hold contrary to the supposition (2); hence S(») holds 
for every positive integral value of an. 


Corollary. Tf Stn) is true for n = n,, and if supposition (2) of the above 
proposition holds, then S(n) holds for » = n,. 


0-3, Permutations. 
0-31. Representation of permutations, Given n distinct objects, say 


PO CT (1) 


Consider the transformations by which the objects (1) are interchanged. 
These transformations are called permutations. Any permutation is uni- 


*As a matter of fact the task of mathematics does not consist. mainly in the enun- 
ciation of statements, but in showing the logical necessity of these statements, A 
mathematical statement based on ordinary induction may be true, but it i» of little 
mathematical value, unless it gets à logical foundation. An example of an obviously 
false statement attained by induntion is thís: ‘The number 2520 is divisible by every 
integral number". Of course it is divisible by 1, 2, 3, 4, 5, 6, 7, 8, 9, BD, and by some 
more nurnbers which may have beon taken at random, say 20, 50, 126, 420, 630 ; thus 
one may falsely conclude the truth of the statement by induction, 











PERMUTATIONS 3 


quely determined when it is known into which element each individual 
element of (1) is transformed. Hence a permutation can be represented by 
the help of two lines, each of them containing the n elements (1), ordered 
in such a way that below ev ery element, say £, in the upper line ix written 
the element a, into which & is transformed. 


Jub CEN Pate ke 
(rene je eM 
» INE: Sey DA 
It is not necessary that the digits (1) are given in their natural order in the 
first line of the scheme (2). They may be interchanged in any manner 
if the same change is made in the second line; the only essential thing is that 
i a particular element a, is put below a particular k to signify that E haa to 
be replaced by a,. To check whether two given permutations given in" 
any manner are identical or not, one may interchange the vertical columns 
in the corresponding schemes 42) in such a way that the digits in the first 
lines have the natural order in both the cases. If after this operation the 
| second lines are the sime for the two permutations, these are identical, other- 
wise different. It is however not always convenient to arrange the digits 
of the first line in their natural order. E. g. there exists to every permitation 
A an inverse permutation 


6 0 osos ano 
A" = ie 
Ll 4 uu. n 
7 The connection between A and A^* is such that if the permutation A replaces 
| any object e by an object d, then A * replaces d by c. Hence if one inter- 
‘ changes the objects (1) at first aceording to A and then according to A”, 
| as a result every object remains unaltered. The permutation not altering 


any object must indeed also be considered as a permutation ; it is called 
the identical permutation, or the identity. 


EN — (790) « 


t Furthermore, the following permutations are of special interest ; 





Cyclic permutations : 


( Gy, n Ha Gans hys ney Dane ) — veces Qa) (4) 
. Ay see Beye Ms ba, 9 ia sity 
| in particular cyclic permutations with m = 2 are called thansponitions. 
8, 0, Cre «e$ Cus 
( ) zx (a, 6). (5) 
b, a, Cy +) Cu 








, 


\ 
4 ALGEBRA 1! 
The transposition (5) is therefore only an interchange of the two objecta 
9 and b ; the notations on the right hand side of (4) and (5) will be generalised 
in 0-33. 


0-32 Composition of permutations. Consider 3 permutations of the 
objects 0-31, (1) say 


OO M) 


As a, takes all the values 1, ..., 2, one can also denote 


a. 
B ( ) 
b... 
If one performs therefore at first the permutqtion A, and then the permuta- 
tion B, any object & is replaced by 6, . 


The permutation attained in this manner is said to be composed of A and 
B and will be denoted here as a product 


2 k 
BA = ) (1) 
Ls 


The products B A and A B are in general different. Readers may wonder 
why the order of the transformations appears in the notation of the product 
written from the right to the left. This manner of notation has its analogues 
in other branches of mathematics, e. g. @ f(r) means that xr should be 
represented by y = f(x), and then y by $(y). For this similarity, the nota- 
tion used here is sometimes called a "functional" manner of notation. 
Many authors use an inverse method of notation proceeding from the left 
to the right. It is a mere convention which notation to follow, as both 
ways of notation are equivalent and have their (purely formal) advantages 
and disadvantages, 

Applying formula (1) to the products CB, (CB)A, C(BA), one gets 


T | 
( ) = (CB)A = C(BA). (2) 
P 
Hence one can omit the brackets on the right hand side, agd denote (2) 


by C BA. This permutation is attained by performing at first A, then 
B, and finally C. From (2) follows : 
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For the composition of permutations the associative law holda. 
Applying (2) to (2') and (3) of 0.31, one gets for every permutation A 


AJ = JA =A (3) 
AA" = A"A = J. (4) 

Let furthermore A and B be any two permutations, and 
AX=B, YA=B; (5) 


by multiplying A^ from the left (right) hand side and applying (2) and (4) 
one geta 


A — AB, Y = BA“. (6) 


On the other hand (6) is a solution of (5), thus the equations (5) possess one 
and only one solution. 


0-33. Decomposition of permutations. A permutation can be re- 
presented as a product of permutations of a special type. Two important 
ways of representation will be discussed here. 


Theorem 1. Every permutation of n > 1 objects can be represented 
as a product of transpositions, 


Proof. (By mathematical induction) For n = 2 the theorem is obvious. 
Suppose the theorem to be true for n — m — 1, then it holds also for those 
permutations of m objects where at least one object remains unaltered. 
Let A be an arbitrary permutation of m objects, and let by A, the object 
a be changed into b. Then a ie unaltered by A’ — (a, b) A, and therefore 
A’ is a product of transpositions. Hence 

= J A = (a, b) (a, b) A — (a, b) A’ 
is a product of transpositions. 


Exercises, (1) Prove that the number of the different permutations 
of n objects is equal to x! 


(2) Represent J as a product of two transpositions. 


(3) Show that A+ J can be represented as product of transpositions 
which are less than » in number. 


The representation of A as a product of transpositions is not unique. 


One can eg. perform any number of transpositions and then arrange 


wystematieally (see ex. 3). We shall now consider a different representa - 
tion which is unique. 


<- 
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Let A be any particular permutation, and let a, be transformed by 
A into @,, again a, into a, ete. The sequence 


a,., a., Gay *"*-* 


is infinite, every element in it determines uniquely the following as well 
as the preceding one, hence —as it contains only a finite number of 
different elements — it is a periodic sequence. The elements, say 


ave d (1) 


n 
BY E ' 


are interchanged among themselves in a cyclic order, Let b, be any object 
subject to the permutation and not belonging to the cycle (1), then 5, is 
transformed into an element 6. which does not belong to (1), and so b, 
generates a cycle b,, ..., bw which has no element in common with (1). This 
procedure can be repeated till it stops after r = » steps. The permutation 
therefore generates a partition of the given obfects into r cycles 

(e: 21:058) (d, .. -, dy), (3) 


1 


where l=r=n. 


In every cycle the order of the elements is determined up to a cyclic permu- 
tation which remains arbitrary, and the cycles can be interchanged among 
themselves but for a given A, every object determines its cycle uniquely ; 
hence A determines (2) uniquely. The objects which are not displaced by 
A form cycles by themselves each. For abbreviation, those cycles with one 
element only are often omitted. The notation introduced in 0-31, (4) 
and (5) appears now to be a special case of the notation introduced here. 
On the other hand, (2) can be considered as a product of the eyelic permu- 
tations corresponding to its cycles. Hence : 


Theorem 2. Any permutation A can be represented as a product 


(2) of cyclic permutations in such a way that different factors displace 


different objects. This representation is unique exeept for the order of the 
factors which remains arbitrary. 





0.34. Even and odd permutations. 
Definition. The permutation A is snid to be even or odd according 
ax the number of eren. eycles in 0-33, (2) ix even or odd. 
- 


Theorem. very. product of an even (odd) number of transpositions 
ja even (odd). 
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Proof. The theorem is obvious if the number of the transpositions 

is zero or one. By the principle of mathematical induction one haa there- 

fore only to prove that by composition of a permutation A from the left 

with a transposition, an even A becomes odd and conversely, Let A be 

represented by cycles as in (2) the eycles with one element only (if any) 

also being considered, and let (a,, b,) be the transposition. Then either 
a, and b, occur in the same cycle of A, or in two different cycles. Now 


(06,5 0, (04, sec) Mpa. 0, 0;) m Irem (Bis sss Oak 


Multiplying from the left with (@,, 4,) and interchanging the two sides one 
gets 


(m, 53: (4,043005. -,5) ="(4,, on gg Wag eai Gude 


a 
As the other cycles are unaltered, the left hand factor (a,, 4,) effecte either 
& partition of a cycle into two cycles, or conversely an amalgamation of 
two cycles into one, An odd cycle is partitioned into one even and one odd, 
an even cycle into either two odd or two even ones. Hence the number 
of even cycles changes by 2-1. Similarly for the amalgamation as it is the 
converse operation. 


~ > 


Corollary (1). A permutation which can be represented as a product 
of an even (odd) number of transpositions cannot be represented as à pro- 
duct of an odd (even) number of transpositions, 


Corollary (2). By composing two even (odd) permutations one gets 
an even permutation; by composing one even and one odd permutation 
one gets an odd permutation. 


Exercises, (4) Write down some permutations, and investigate whether 
they are even or odd. 


(2) Show that every even permutation of n > 2 objects can be re- 
presented by composing suitable cyclic permutations of 3 objects each. 


(3) An even cycle is an odd permutation, an odd oycle is an even 
permutation. 





CHAPTER 1 


In this chapter systems of linear equations 


Ga, zr, + 8, x. 4 ja % =a 
b x, + 6,27, +. FOX. 
t, =, + k. Be St eee + E. Xd. = 
will be considered. 
1-1. "Introduction — A dialogue. . 


Student. The problem enunciated at the beginning of this chapter 
seems to be a very casy one, but I have seen such words as 'vectorspace", 
"rank", "matrix" later in the book; I also noticed determinants and 
formulas with upper and lower indices. I cannot understand why the 
author is trying to make a very simple thing so complicated. The problem 
can be solved with the help of methods which I learned, when I read for 
the matriculation examination. 


Tutor. Of course, it is my duty to help you to understand this theory 
clearly, but Mathematics is not a matter of seniority, History shows se- 
veral examples where mathematicians were superior to their masters at a 
very early age of life. I should not miss the opportunity to learn some- 
thing from you; please, explain your solution of the problem. 


Student. It is simply the method of substitution! From the last 
equation it follows that «, = (k —k, 2, — ... — ky tua): ky Putting 
this value into the remaining linear equations, I get linear equations with 
» — | unknown only. After having solved this system, we calculate the 
value of x, by putting the values of z,, ..., z, , in that equation, Is it so ? 


Tutor. Yes — provided k, 6. 
St. In the case k, = 0, z, is infinite! 


T. I do not think so!— E.g. consider two equatiops and | =2 
k, = 0, say | 





x, + 2r, — 5, z, + Or, = 1. 
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The only solution of this aystem is obviously z,—1, r,—32. 


St. Yes, that i» true.— If &, = 0, then I take another equation e: 
the system in place of the last one. Thus without loss of generality 
suppose Eb, =~ 0. I think you will be satisfied. 


T. Unless the coefficient of x, is zero in each equation of the system. 


St. In this case the system has to be considered as a system with 
(n—1) variables only ; it would be absurd to consider it as a system of n 
variables as the equations are actually independent of x,. 


T. Perhaps less absurd than you may believe, but I accept your de- 
finition that a system of linear equations should be considered to depend 
on such variables only, as have at least one coefficient different from zero. 


St. Certainly. . 
T. After x, has been eliminated, how do you continue ¢ 


St. I shall repeat the process again and again until I get one equation 
with one variable z,, and then there is no problem left. . 


T. You suppose that the number of equations is equal to the number 
of the variables, and you believe that at every step of vour procedure, both 
the numbers decrease by exactly one! 


St. Certainly, but the number of the equations may also be less than 
the number of the variables, let us say m « n» equations in » variables. In 


this case one puts the terms with z,,,,...,z, to the right hand side. 
These variables may take arbitrary values. For every set of values 
Tasas m, there exists one solution z,,..., x4, as there are as many of 


these variables, as there are equations. The number n — m is the degree of 
freedom of our system, as the values of » — m variables may be chosen 


arbitrarily. 
T. And if there are more equations than variables ! 


St. Then there cannot exist any solution. It is obvious that » vari- 


ables cannot satisfy a system of more than » conditions. 










- ET But it seems to me that the system x = 1, 2x = 2 has a solution 
| it is a system of two equations with one variable. 
st. But these equations are not different. Equations which differ 
vn common factor only cannot be considered as different, and it ts common 
1e to consider only such equations which are different. 


u\ 
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T. Thus, if two equal equations are given, one of them should be 
dropped. 
. 5t Ves. 
T. But this must be done also at the later stages of the procedure, 
5t. I cannot follow you exactly. 
T. Consider : Tr, —38z,--32,—13 
ax, -- 13, 4-27,— 17 
2r — Sr,+ x,— 6 
© 3 different equations in z,, z, z,. Since the degree of freedom is zero, do 
you expect to get exactly one solution ! 
St. Yes! Put r,—6—27,--5x, in the first two equations, then 
4 rs 2x, — — 5 
— 2x, + 237, — 9. 
T. These equations differ by a factor —1 only; hence one of them 
must be dropped. Thus you may choose zx, in an arbitrary manner. 
Put z, = 23 x, — 5, x, = — 4lz, +- 16, and this will solve the system of 


equations for every value of r.. You have one '"degree of freedom", al- 
though the number of the equations is equal to the number of the variables, 


St. That is true. This example is obviously a wicked exception. 

T. You may call it an exception if vou like, but there are plenty of 
them. | 

St. 1 see '— There may be certain cases, where the degree of freedom 
is higher than the difference between the number of the variables and the 
number of the equations, but at any rate » equations with » variables have 
at least one solution which can be found by the method of substitution. 

T. Why! | 


St. Because the number of the equations can decrease, as one may 
get two equal equations by the procedure of substitution, and then one 
of them must be dropped, but the number of the variables cannot. 


ws.) BY de 9x, — ISx, — 3x, — 13 a 
3x, + 10x, ++ 2e, — 1 
2z, — bx, — z,— 2. 
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St. Substitute zr, — 27, — 5r, — 2 in the first and in the second 
equation. 


Hence 
jn, = 7 


7r, = &. This is funny. 


T. Indeed, the coefficients of x, in both the equations became zero ; 
thus the equations have to be considered as equations of one variable only. 
Now x, should be equal to 7:3 and to 5:7; that is impossible, 


5t. Perhaps I was somewhat rash in conceding that a system of 
equations in & variables should be considered a8 à system in (n—1) variables 
if the coefficients of one of the variables are all equal to zero. Let us retain” 
r, and put 

ox, — 0x, = 7 e 

7r, + Ox, = 5. Hence x, = 5^2 —0z,, and therefore (x, = 34:7, r,— o6. 


T. What do you mean by ~ ? 


St. Infinity! That is à number which is greater than every other 
number and equal to 1:0. 


T. Can you calculate with this co as with an ordinary number ? 
St. Certainly. 


T. Then —:— —1:0—1:(—0) and for —0—0, —xo =a holds. 
Hence 0—226, and therefore 0— 2. 


St. No, that is not so. One cannot caleulate with this symbol as 
with an ordinary number. But, as a matter of fact, this o occurs in ma- 
thematies. It is a somewhat complicated matter, one needs differential 
calculus to handle it, and I was hoping that vou may explain it to me 
clearly one day. 


T. On another occasion. The symbol o does occur; sometimes 
it is used rightly, sometimes wrongly; use and misuse, both are found in 
textbooks, Considering systems of linear equations, we enquire about 
those numbers which taken for z,, ..., x, respectively, satisfy those equa- 
tions, Numbgrs can be added, subtracted and multiplied ; one can also 
divide a number by a number, unless the divisor is zero. The division ] 
by zero is meaningless as far as numbers are concerned. 
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St. And the example which I attempted just before | 


T. It has no solution, since x, cannot simultaneously be equal to 7:3 
and equal to 6:7. 


St, So there exist systems of 3 equations in 3 variables which have 
no solutions, systems which have an infinity of solutions, and systems which 
have exactly one solution. How did you construct those examples by 
which you cornered me ! 


T. It is not difficult if one knows a little bit of the theory. 


St. Those veetorspaces, matrices, rank ete. !—Sir, I should be thank- 
ful if you could explain to me some portion of the theory without using 
those notions. I do not like those innovations. 


T. Then try the simplest case: ax — b. 

St. Then z = la. 

T. Provided a = 0. 

St. If a — 0, 4 0, the equation has no solution as there exists no 


number xr, for which Or — hb 4-0, If however a = 0, b = 0, then every 
value x is a solution. 

T. Indeed '—This simple case is the seed of the whole theory. 
Now try Gr 0,y—a 

bx + ba = b. 

St. Ay — A, Ax = A, where A = a,b, — ba, A, = a,b — da, 
A, =ab,—ta, If AO, then «= A,: 4, y= 4,: A. 

T. In this case there exists no other solution, and these values 
satiafy the given equations, as you may verify easily. 

St. If A = 0, but à, or A, is different from zero, there is no solution. 
If A = A, = A, = 0, then every couple of values (x, y) satisfies the equa- 
tions. 


T. Consider x + 2y = 5, 3r + 6y — 15. Here A = A, = A, = 0, 
but e.g. (x,y) — (0, 0) i» not a solution, as x = 5 — 2y. 


St. This ia true, but I cannot understand it. The equations Az = A;, 
Ay = A, are satisfied by every pair of values zy if A = 4, = A, = 0. 
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T. These equations are consequences of the given equations ; they 
are necessary conditions for solutions z,y of the given systems but they may 
not be sufficient ones, The case A = 4, = A, = 0 contains different cases, 


(1) H all the coefficients are equal to zero, then every pair (x,y) ia à solution. 
(2) Let a,,— a, — b, = b, = 0, but (a 4b) A (0, 0) then there is no solution. 
(3) Let at least one of the 4 coefficients on the left side be 560. Without 
loss of generality, 9,7550. Put b,:a, =, * 


Hence 0 — A 


a (b, — Xa), 5, — Aa, 
0— 4,— a,((b —Aa), 5 —Aa. 
(b, x + by — b) = \ (a,x + a,y — a). Hence x — (a — a, y) : a, fer 


arbitrary y furnishes all the solutions. There are therefore 5 different 
Cases, 


St. For a higher number of variables and of equations a full analysis 
may become very complicated. How to tackle the problem for an 
arbitrary m! | 


T. For this, I propose to you to study the notions of vectorspace, 
rank, matrix, determinant etc., as explained in the following articles. 


1-2. mn-vectors. 
Definition 1. An ordered set of » numbers is called an n-vector 
@ == (G,, Gy, .-.. Gy): 


The » numbers a defining a are called its coordinates. As the set is supposed 
to be an ordered one, the n-vector will in general be altered by the inter- 
change of the coordinates, 


Definition 2. The product of a number ¢ and an n-vector « is the 
n-vector 
ca == (ca,, ca,, -.., ed, ). 


Definition 3. The sum of « and an n-vector B = (b,, ..., beu) is the 
n-vector 


a d- Bo (a, + b, a, + by, lia, + 5.) 
From these definitions it follows : 
e--p-—- Bta commutative law, 
& (Ry) - (eB Y associative law, 
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c(a + H)-—c a +cB let distributive law, 
(c, + ja — e, a+ e, a 2nd distributive law, 


As these laws hold, one can use the notation of sum of m.-veetors in the 
"Ane manner as it is used for numbers. Thus 


Se, a’ — (Se,a',, ..., Xe,a',), where 
jm 1,...,m; c, are arbitrary numbers, and a — (@',, ...,@,) are m- 


veetors, 


The n-vector (— I)e is called the negative of a, and is denoted by —a. The 
inverse of the addition of «s, ix the addition of — «. As in elementary 
arithmetic, this operation is called the subtraction of a, and is denoted by 
the sign — . Accordingly 8 — «a is put for B + (— 4), 


Notations : . 
0 — (0, 0, ..., 0) zero-veetor 
e* = (1, 0, ..., 0) first unit-vector 
e£? = (0, 1, ..., 0) second unit-vector 
e*§ = (0,0, ..., 1) n'* unit-vector. 


Formulas: «e — « — 0, c0 — 60, a= Xa, c. 


The vectors of Plane Geometry can be considered as 2-vectors, those of 
Solid Geometry, as 3-vectors. In Geometry, these vectors are added by 
putting them together in such 4 manner that the endpoint of the first vector 
is the starting point of the second one. The result of the addition is the same 
as here ; n-vectors occur also on other occasions. Let e. g. n. be the number 
of the depositers of a bank, and @,,a,,...,@, be their balances at a certain 
day ; then the state of the bank on that day is represented by the n-vector 
(0,, Bye 2 Be) = -&, Similarly the alteration of the state on that day is 
represented by an n-vector B, and the state of the bank on the following 


day is given by a + B. 


1-3.  FVectorspaces. 
Definition 1. An n-vector @ is said to be dependent on the n-vectors 
a) (j — 1,..., m) if @ can be represented by a = x e, a. 
ud 
De finition 2. The n-veetors depending on e*, ..., e", are said to form 
a veclorspace generated by a’, ..., a”. 





oh » 
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Proposition 1. If f',..., B* belong to à vectorepace V, then every 


. veetor dependent on them belongs to V. 


Proof. Let V be generated by a',..., a*, say f?) = x b'ua*, then 
. LO 
€ c, = Xd where d, = Leb. Hence the proposition. 
i k ' 


Definition 1 can also be expressed in this manner: e =" is depen- 
dent on a', ..., a^, if there existe an equation 


Xk,a! = 0, where k,,, ~ 0. (1) 
Definition 3. a’, ..., a** are independent, if Xk, a — 0 implies 
k=... = &k,,, = 0, 
From this definition and the above remark it follows directly : 


Proposition 2, m +1 > 1 n-vectors are independent, if and only 
if none of them is dependent on the m other ones; a single m-veetor is 
"independent" if it is different from the zero-vector. 


Definition 4. A set of independent n-vectors generating a vector- 
space V, is called a basis of V. , 


Proposition 3. Every vectorspace V containing m-vectors = 0 has 
a basis. 


Proof. Let V be generated by 4',..., a*. If these n-vectors do 
not form a basis, then either they are all —0, or one of them, say e, ts depen- 
dent on the other ones, In the first case, V contains no m-vector == 0, in 
the second case, V is generated by 4a!',...,e"*'. Thus one can reduce 
the number of the generating m-vectors, till one gets a generating system 
of independent »-vectors, At every step, the number of generating 
n-vectors decreases ; hence after less than m steps the procedure cannot 
be repeated any more; ic. the generating »-vectors are independent. Thus 
they form a basis, 


Proposition 4. Let a*,...,o* be a basis of V, jf = Xe,o° and 
Cn 0, then a*,..., ie a basis of V. 


Proof. Since B is contained in V, it follows from prop. I, that every 
n-veetor of the vectorspace V' generated by a*,..., a7, B is contained 
in V; on &he other hand a", and therefore every w-vector of V, belongs 
to V. Hence V’ = V. To prove that the n-vectors are independent, we 


suppose that there exists a system of numbers d,,..., d,.,, d, not all 
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vanishing such that 0 — d, a +d, a? +... -- d, , a™h4- ds B = 
(d + d, ¢,) at -- ... + (din-y + dm c4,4,) a? + d, c, e". «Since 
a, ..., a^^! are indiendeni, d,, 5— 0, and furthermore c, O0 holds, the 
coefficients on the right hand side are not all vanishing: this contradicts to 
the supposition that «a', ..., a are independent. Hence the proposition. 


Proposition 5. Let V be a vectorspace, a',..., a" its basis, and 
B', ..., B* be t independent n-veetors in V ; then we get a-new basis of V 
on —— t suitable elements of the basis by the n-v ectors |; thus 
t — m holds. 





Proof (By mathematical induction). From prop. 4 it follows that 
the theorem holds for (—1. Let it hold for t—r; without loss of generality, 
We suppose that 5',..., Bf, a'*',,.., a" is a basis of V. Thus f^ 
-— €, B' +... e, B' +-e,,, at! +... 4-6, a". As Bt is not dependent 
on j(',..., B', at least one of the numbers ¢,,,, ..., 6, is different from: 
zero, say €C,., 2— 0. From prop. 4 it follows that a™' can be replaced 
by in the basis. Hence proposition 5. 


Proposition 6. Every basis of a veotorspace V contains the same 
number of elements; this number is called the rank of V. 


Proof. Let m be the number of elements of a basis of V, and t be the 
number of elements of an arbitrary system of independent n-vectors in V. 
From prop.5 it follows that (=m. Hence there exists one system of m, 
but no system of more than m independent n-vectors in V. The number 
of elements of any basis is therefore equal to the maximum number of in- 
dependent n-vectors. Hence the proposition. 

Definition 5. If every n-vector of à vectorspace V' is an n-vector 
of V, then V' is a subspace of V. This i» denoted by 

Ve Wa 


Proposition 7. Wf V' c V, cither V’ = V, or rank V' < rank V. 

Proof. The n-vectors 8*, ..., 8' which form a basis of V’ are t indepen- 
dent n-vectors of V. Thus it follows from prop.5 that ¢ suitable n-vectors 
of any basis of V can be replaced by the js. Hence V has 4 basis 
Bt, .... Bt, af, ..., a, where m = rank V. Hence f — m. In the special 
case when f£ — m, the vectorspaces V and V^ have the same basis 
B*, ..., B*, and this implies V = V’. 
To state that the subspace V' of V is different from V one uses the notation 

y^ c y. 
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“Propostion 8. The rank of a vectorspace of n-vectors is at most n. 


Proof. The m unit-veetors generate a vectorspace which contains 
every n-Vector. Hence the proposition follows from prop. 7. 


Proposition 9. Between p > n of n-vectors there exists always a linear 
equation with coefficients not all vanishing. 


Proof. If the proposition is not true, there must exist p > n inde- 
pendent n-vectors, contrary to prop. 8. 


Proposition 10. Let A be a system of n-vectors with the property 
that the sum of any two n-vectors of A as well as the product of any number 


and an »-vector of A belongs to A, then A is a vectorspace. : 


Proof. There cannot exist more than n independent n-vectors in A, 
sav a',...,a' are independept ; then every n-vector of A depends on the 
a's, but every n-vector depending on them must belong to A; thus A is 
a vectorspace generated by a',..., a’. 


Proposition 11. The n-vectors 


B* us (1, 0,50, 5, vs eer) 
g* = (0, 1, ..., 0, €,,...,6,.,) (2) 


9? * tr w-* *" *" *"w*"*"* 9" *" * *- *" "; * " *" "" " " " " " * * 


are independent. 


Proof. Suppose A — Xd,BP. Then A = (dd, ...,d,. qii. qus 
Hence A 0, unless d, — d, = ... = d, = 0. 


1-4. Matrices, The method of "Sweep out". 


Definition. A matrix M is a rectangular scheme consisting of mm 
numbers called the elements of M which are arranged in m (horizontal) 
rows and m» (vertical) columns. The rows can be considered as n-vectors 
which generate a vectorspace R(M), and the columns are m-vectors generat- 
ing a vectorspace C(M). Lf every element of M is equal to zero, M is called 
the zero-matrir 0. 


Consider e.g. the right hand side of 1-3, (2). Here m — r.. The row-vectors 
are independent, hence rank R(M) = r; the first r column-vectors are also 
independent, and since the vectors are m-veetors, rank C(M) — r. It will 
be proved that the ranks of thos® two vectorspaces are always equal, and 
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this number will be called the rank of the matrix M. To vet this result, 
some operations will be introduced which neither alter the vectorspace 
R(M), nor the rank of the vectorspace C(M). By these operations the matrix 
is gradually “swept out", £6. in a certain portion of the matrix, the elements 
are replaced by zero, and finally the matrix is reduced to a type which is 
similar to the matrix 1-3, (2). The method of "sweep out” is very impor- 
tant for the solution of systems of linear equations. Let A be the matrix 


(uu s ws 
A-((a))mkd .....—— . (1) 
9.21.2, Oe 


and let a*,..., a bo the n-vectors formed by the rows. The vectorspace 
R(A) is obviously not altered by the following operations : 
I Replace ae by ca’, where c 4-60 (row-multiplication). 
H Replace a! by a! + da* (row -addition). 
H1 Omit a, if a* = 0. (row-omission ). 


Let o,, ..., «, be the m-vectors formed by the columns, and let 


Xg, e, = 0 (2) 


hold. It will be shown that the same equation holds after any one of the 
operations I, I, III, has been performed on the matrix A. Of course (2) 


ean be expressed by 
Eg. a’, — 0, (2^) 


for 1—1, ..., m. 


Then for any particular j, & the equations Xg, ca’, = 0 
and Eg, (d, + da*,) = 


hold ; hence (2') remains invariant for the operations Land HI. The opera- 
tion III means only the omission of a condition which is identically satisfied. 
Hence every linear equation (2) between the column-vectors is invariant for 
the operations T, TI, HE. The inverse operation of I is an operation of 
the same type where c is replaced by c*; the inverse operation of II is 
an operation II where d is replaced by — d; the inverse operation of III 
is the addition of a new coordinate which takes the value 0 for every 
column-vector. Hence, a linear equation (2) cannot hold after the opera- 
tion I, II, III unless it held before. Let r of the column-vectors 
be independent, and the other column-vectors be dependent on them, 
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then these r vectors form a basis, and rank C(A) — r. By the operations 
I, HI, 111, those r vectors remain independent and the other vectors 
are dependent on them. Hence the rank of C(A) is not altered. The 
essence of these considerations can be formulated in the following manner. 


Proposition 1. By repeated use. of the operations I, Il, HI the 
veetorspace R(A) and the rank of the veetorspace C(A) are not altered. 


It may be noticed that the vectorspace C(A) will in general be altered, 
e.g. the number of the coordinates may decrease; on the other hand 
rank RCA) is invariant, since RCA) itself is not altered. 


Theorem 1. By repeated use of the operations I, H, LIT, the matrix. 
A--0 can be transformed into 


1-0 r039 2 
0:3: - 5504; - = 


* *" "^ *» ^» © ee eee eee hm 


(3) 


or into a matrix which differs from (3) by a permutation of the columns 
only. (Asterisks are put for numbers of any value). The rows of this 
matrix form a basis of R(A). 


Proof. Vf any row-vector is equal to 0, this row should be omitted. 
Neither by I nor by II, the matrix can be transformed into 0, Thus 
we will suppose that at every later stage of the operations given in this 
proof, every row-vector 0 will be omitted automatically ; the matrix cannot 
be annihilated thereby. Let a’, be different from zero, replace «* by 
(a,)* a', thus a', is made — to 1 by the operation D; then replace 
a’ by a! — a', «' (operation II) for + = 2, 3, ..., m. By this sequence of 
operations, the first column is “swept out"; i.e. one element (the first one) 
is made one, whereas the other elements are made zero; by the following 
operations the first row will not be multiplied by any number, and it will 
not be added to any other row ; hence the first column will remain "swept 
out". If a', — 0, there exists a number j,, so that at), 5-0; then we 
consider the column j, as the "first" column and we sweep it out accordingly. 
Since in the proposition of the theorem a permutation of the columns does 
not matter, we may suppose without loss of generality that j,—]. After 
the first column is swept out, we denote the elements again as in (1). 
Now a*, = 0° and every row with vanishing elements is omitted; henoe there 
iv an — O., for which js > |. Without loss of genorality we can 





asd 

" A. 2 e | e. 

suppose j, * 2, Again we sweep out the second column on replacing a? by 
(a*,)* a? and «* by-a* — a*, a? for k= 2. In this manner we can repeat 
the procedure till the matrix is either reduced to the form (3), or differs 
from it by a permutation of the columns only. The rows of the matrix 
generate R(A) and as they are independent (see 1-3, prop.11), they form 
& basis of R(A). 
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Theorem 2. rank R(A)—rank C(A) for every matrix A. This number 
is called the rank of the matrix A. 


Proof. If A is the zero-matrix, then both the vectorspaces are of rank 

— zero. If A= 0, then we sweep out A; by these operations the ranks are 
not altered as shown by prop. 1. In (3), the rank of both tho vectorspaces 

"is equal to the number of rows; the same holds for the matrices which one 
gets by interchanging the columns of (3). Hence the theorem. 


1-5. Orthogonality. Homogeneous linear equations. 


Definition, Two n-vectors a = (a,,...,4,) and B — (b,,..., b.) are 
said to be orthogonal if 


xa, b, — 0 holds. 
’ 


Thus if « is orthogonal to 8, then is orthogonal toa: i.e. orthogonality 
is a symmetric relation. This notation offers the opportunity to apply vec-- 
tors to systems of linear equations. Consider at first homogeneous equations. 


a, 7+... 20 
Ke TOE OE TEE X (1) 
a", 2, +... +a", xz, = 0. | 


For the matrix ( (a',)) its rows etc. we use the notations of 1-4. Every 
ordered system of numbers 


€ -— E es rz) (2) 


which satisfies the equations (1) is called a solwtion of (1). A solution is 

therefore an n-vector which ix orthoyonal to a^, ..., a^. Let (2) be a solution 

of (1) and let Se, e', — (a,, ...,0,) be an arbitrary vector of the vectorspace 
j 


R(A) As 
Xa, x, = 0 x 


holds for j — 1, ..., m, 
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Fi 4 i oe 
Hence £ is orthogonal to «e, Le, - 
Proposition 1. Every solution of (1) is orthogonal to every vector 
of R(A). | 


If £ is a solution of (1) and c is any number, then c£ i$ also à solution 
of (1). 


Let furthermore 


y = (Ns M) (2) 
be a solution of (1), then for j — l,...,m, 


0—zxa,z,--xa,y, —xXa^, (zr, + yi) 
holds. Hence £ +» is alsó a solution of (1). 


From 1-3 prop.10 it follows that the solutions of (1) form a weelorspace. 


Every n-vector of this vectorspace is orthogonal to every n-vector of R(A). 
Hence : 


Proposition 2. The solutions of (1) form a vectorspace X(A). Every 
n-vector of X(A) is orthogonal to every n-vector of R(A). 


To get the solutions of (1), one need only know the vectors which are 
orthogonal to any basis of R(A). Using the method of sweep out, one 
gets the basis in a suitable standard form 

1. 0, ae ss i), —b*. EI — 
0,1,...,0, —O% 


“ese €" 8 €" * *" 9" " *" ^» 9» * ^ ^ * *" * "^ ^ * * 9» * *" 9" 


(3). 


(the asterisks of 1-4, (3) have been replaced by —6‘,) or by a matrix, which 
differs from (3) by a suitable permutation of the columns, Let 


( I, 2. (4) 


— —— 
be this permutation, An m-vector (2) is orthogonal to the n-vectors of 
R(A) and is therefore a solution of (1) if and only if it satisfies the condi- 
tions 
mob Xue + bu ou mu, for) = Meus r (5) 
The values of Kin arie H4, CAN be chosen arbitrarily, the remaining r co- 
ordinates of the n-vector are uniquely defined by them. 


cs 3579 
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Put eg. 2,.,..., £4, = (1, 0, ..., 0), 
then Tias "ss vi, — (P^, 63,, 7% b*,,). 


Thus one gets m — r independent n-vectors of X(A) which have the coor. 
dinates, ordered corresponding to the permutation (4). Henece(z, , . .., i) 
take the following sets of values, 


ieee aes ID (6) 


These n-vectors form the basis of a vectorspace X' of rank (n — r), and 
SO is a subspace of X(A) In X', the coordinates yyy tee, BH, take 
every set of values, but from (5) it follows that by these values a solution 
of (1) is uniquely determined. Hence every solution of (1) is an n-vector of 
X', hence X’ = X(A). This result will be formulated by the following 
propositions : 


Proposition 3. rank R(A) + rank X(A) — nm. (7) 


Proposition 4. To solve (1), one applies the method of “sweep out” 
to the matrix A ; let the result be a matrix, which differs from (3) by a per- 
mutation (4) of the columns only ; then a basis of X(A) is given by (6). 


Every n-vector @ of R(A) is orthogonal to every n-vector of X(A). 
The n-veetors which are orthogonal to the n-vectors of X(A) form a vector- 
space of rank m — (n — r) — r which contains R(A) as a subspace, From 
1-3, prop. 7 it follows that this vectorspace is identical with R(A). This 
result can be expressed by: 


» Proposition 5. VM x a, x, = 0 is satisfied by every solution of (1), 
then (a,, ..., @,) is an n-vector of R(A). 


The propositions 1, 2, 3, 5 can be condensed into the following theorem. 


Theorem. | Every system (1) of homogeneous linear equations generates 
two vectorspaces R(A) and X(A) for which (7) holds.  R(A) is generated 
by the rows of (1); X(A) consists of the solutions of (1). An n-vector is 
orthogonal to R(A) [to X(A) ] if and only if it belongs to X(A) [ to R(A) J. 


]t is important for the theory of homogeneous linear equations and its 
Sa ptications that the problem of solving such equations leads to two vee- 
torspaces which are connected by a reciprocity or duality,  R(A) defines 
X(A) in the same manner as X(A) defines. R(A). 
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The advantage of the use of homogeneous systems is mainly based on this 
fact. The treatment of non-homogeneous systems is more complicated, 
One may apply to them the method of homogeneisation as it will be done in 
the following article. This method is used also in geometry, when ordi- 
nary coordinates are replaced by homogeneous ones, and thereby the space 
is extended to a projetive space, The duality so obtained corresponds 
exactly to the duality between X(A) and R(A). 


1-6. Systems of non-homogeneous linear equations. 
Given a system of linear equations 


LT 
MNA LO (1), 


If the terms on the righthand side are not all equal to zero, the system 
will be considered jointly with the following two homogeneous systems : 


05295 94 99.45 eT et Tee (2) 


a’, z+... +a, = —a', = —0 


iia es aa Pw octal PCR CUR BM erik (3) 
qu, m, d. a, 2, — à", £, = 0. 
The matrix of (2) is denoted by A, and the matrix of (3) by A,. The following 
propositions are obvious, though important : 
Proposition 1. If £ —(x,,...,z,) is 4 solution of (1), and y= 
(9,, «+ +) Yo) is à solution of (2), then £--» is a solution of (1). 
Proposition 2. 1f £ and £' are solutions of (1), then » — ££ — & isa 
solution of (2). _ | 
Proposition 3. If é', ..., £* are solutions of (1), and c, 4- ... + e, = 1, 
then £ — c, &' +... + c, & is a solution of (1). 
Proposition 4. 1f (z,,..., x,) is a solution of (1), then (z,,..., x, 1) 
is a solution of (3). 
Propositign 5. Let (2, ..., =» =) be a solution of (3). If z, — 0, 
then (z,,...,2,) is a solution of (2): if =, 40, then (2,:z,, ..., 2,: z.) is 
n &olution of (1). 
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The propositons 1 and 2 can be condensed into the following theorem. 


Theorem 1. Uf & is an arbitrary solution of (1), then we get all the 
solutions of (1) by adding to £ the solutions y of (3). 


As has been shown in the introduction, (1) may have no solution. 
A necessary and sufficient condition for the existence of solution will now 
be established. 


Theorem 2. The system (1) has solutions if and only if rank A 
= rank A,. 


Proof. Let r be the rank of A. Since r is equal to the rank of the 
vectorspace generated by the columns of A, and A, is formed by A and a 
column added to A, rank A, is either equal to r or tor + l:. The solutions 
of (2) form a vectorspace X(A) of rank n — r. Let 


LAM Ma) (4) 
be the vectors of this space. The vectors 
(Wye +++ Mor 9) (5) 


form a vweetorspaee X' consisting of (n +- 1)-vectors.  n-vectors (4) are 
independent if and only if the corresponding vectors (5) are independent. 
Hence 


rank X' = rank X(A) — n — r. 
Also X' € X(A,), since every vector of X’ is a solution of (3). Hence 
"m — r — rank X' = rank N(A,) — (n + 1) — rank A,, (6) 


where equality holds if and only if the vectorspaces X' and X(A,) 
are identical. But X' is identical with X(A,) if in every solution of (3) 
the coordinate z,is equal to zero; from prop. 5. it follows that in this case 
(1) has no solution. Hence for » — r — n +- 1 — rank A,, that is, when 
rank A, — r 4 1, the system (1) has no solution. If X(A,) contains (n +- 1)- 
vectors not belonging to X', then it follows from prop. 5 that (1) has 
solutions. This holds if and only if n —r-n--1-— rank A,, íi. e. 
rank A< r-- 1. Therefore in this case rank A, =r. Hence theorem 2. 


To find out the solutions of (1), one may solve the homogeneous system 
(3) by the method of sweep-out and consider those solutions qnly for which 
z, = | holds. The method of sweep-out leads to a matrix with n+ 1 
columns and f rank A, rows [see 1-5, (3)] of the type 





This matrix corresponds to a aystem of homogeneous linear equations which 
ia equivalent to (3): 


8j. = b. 216.4 To baci *4 
=i. = bp, 5164 T —⸗* 4 P uit od ee 


— t - 
=i, a: b, —4 “ee 4- DV osa E ons 
* 


where $,..., 4, f, i8 a permutation of the indices I1,...,, 0. If none 
of the indices 1$,,..., 4, is the index 0, then we can suppose without losa 
of generality that £,,,., is zero. Then the system (1) is equivalent to 


zy, = D Zi, fF +--+ > b: Zi cr bait 
MES didum eec RERO. | Men (7) 
— b. Tiu ue ‘+. 4- Da T, * b vit 


In this case, the equations are solvable, and therefore r =f holds, The 
case of insolvability can therefore occur only if we cannot sweep out the 
matrix A, without sweeping out the last column of it, i.e. if there comes out 
a row in which every element except the last one is zero. A row of this 
kind corresponds to the condition z, — 0, and if this condition is satisfied, 
the system (1) has no solution. Hence : 


Theorem 3. On applying the method of sweep out to the matrix A, 
in such a manner that the coefficients of z, remain the last column, either 
one gets a solution (7) or a row comes out which corresponds to an equation 
z, = 0, and which shows that the system (1) has no solution. 


From 1-5 and 1-6 it follows that the solvability of a system of linear 
equations does not depend on the number of the equations and of the un- 
known quantities, but on the ranks of certain matrices. These ranks are 
limited by the number of the equations and of the unknown quantities as 
the rank of a matrix can neither exceed the number of the rows, nor the 


number of = columns. 


Proposition 6. If m — n, the system (1) has exactly one solution if 
and only if rank A = n. 
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Proof. Rank A =n’ cannot exceed ». If »'« n, then either (1) 
has no solution or its solutions are in a (1, I)-correspondence to the solu- 
tions of (2) [ see theorem 1 ] and the solutions of (2) form a veetorspace of 
rank » — »' [ see 1-5, prop. 2and 3 ], and this vectorspace contains more 
than one clement. If rank A = », then the solutions of (2) form a vector- 
space of rank ©, i.e. the system (2) has the trivial solution (0, ..., 0) only. 
As rank A, cannot exceed nm, rank A, = rank A: there exista. therefore 
a solution of (1), but from theorem 1 it follows that there exists one solu- 
tion. only, 


The coordinates of n-vectors and the elements of matrices have been 
supposed to be "numbers". No special supposition has been made whether 
"this term should be understood as real numbers or as complex numbers. Of 
course the preceding investigations are made in such a manner, that they 
are independent of any special supposition. Jt may be mentioned in anti- 
cipation that the investigations up to here hold unaltered if the notion 
of number is replaced by the notion of "element of any particular* field". 
The general notion of field will be explained in Chapter II, and will not 
be used before. 


1-7. The method of orthogonalisation.! 


The numbers occuring in this section are supposed to be real.! 
Especially the n-vectors are supposed to have real coordinates, 


Definition 1. The scalar product of two n-vectors a = (a,,...,a,) and 
B = (6,, ..., 5.) is the number 


aB =a, b, 
: 


"From this definition follow ; 
- 


1l. ag = Ba commutative law. 
e(g + y) — eB + ay distributive law. 


2. 
3. eg = 0, if and only if e is orthogonal to B. 
4. oa — O0, if ao 

zz 0, if a= 0, 





“The field may also be finite ; in this case à vectorspace contains a finite number of 
elements only. That voctorspaeos are infinite sets of vectors, has not been used any- 
where ( see especially the Proof of 1-6, prop. 6). 

+ This section may be omitted at a first reading. : * 

[The method can easily be generalised for abstract real fields i. v. fields in which 0 
cannot be represented as a «um of squares. 
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Definition 2. The non-negative square root of ea ia said to be the 
length | e | of a. 4 


Thus |e]| 2 0, unless e = 0. That the length is a generalisation 


of the notion of absolute value, ie seen from the case m — 1, and also 
from the case n — 2, when e — (am,, a,) i» represented by the complex 
number a, -- &, *. This justifies the notation | «|. Given & system of 
homogeneous linear equations with the matrix A. To solve the system by 
the method of orthogonalisation, one forms à system of » independent 
n-veetors of length | 


Bispace erat (1) 
each of them being orthogonal to each other in such a way, that T 
SP 2 (2) 


i» a basis of the vectorspace R(A) generated by the rows of A. The 
vectorspace generated by 


pri, ..., B* (3) 


contains only n-vectors which are orthogonal to the n-vectors of R(A), and 
these are solutions of the given system. It will be shown how the 
n-veetors (1) can be found, and that (3) i» a basis of X(A). By these 
considerations, one gets a second proof of 1-5, prop.3. 


Definition 3. The n-vectors 8*, ..., B" form an orthogonal system, 
if Bi B* —9,. for +k (4) 
ex I, for i — k. 


The n-vectors of an orthogonal system are therefore of length. 1, and are 


mutually orthogonal. 


Let 
p, p, ..., p (9) 
be an orthogonal system, and 
a — X c, B, (6) 
then it t 
i I 00A MN a f* — c, for k= 1, ..-, m. (7) 


Hence a = O®implica e, — ... — 64 = 9. Thus: 
Proposition 1. The n-vectors of an orthogonal system are independent. 
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Let « be an arbitrary n-vector; put in (6): 
cj — «B', and A = « — a, (8) 
then it follows from (7) that 
A B* = O, for k = 1,..., m. 
A is therefore orthogonal to the n-vectors (5). If A = 0, then put 
lA A - B", (9) 
then the n-vectors B ve Sil (10) 


form an orthogonal system. As 8”*' is independent of the n-vectors (5), 
so are A, and «x. If A = 0, then x = « is dependent on (5). Hence 


Proposition 2, If « is independent of (5), and 8"'' is defined by 
(6), (8) and (9), then (10) is an orthogonal system, and the vectorspace 
generated by (10) is the same as the vectorspace generated by f", ..., B*, x. 
If À = 0, then « is dependent on (5). 


Proposition 2 can be applied for two different purposes. Firstly : 
To extend an orthogonal system (5) to an orthogonal system (10) in such 
& manner that a particular n-vector « which is independent of (5) is de- 
pendent on (10). Secondly: To state whether an arbitrary n-vector is 
dependent on (5). 
Let B*' == (6*,, ..-) 0.) 
SSS trees ope (11) 


be an orthogonal system ; to find out if the unit-vector c* is dependent 
on (5), put in (8) x — e*, and therefore c, — «* B' = b,; hence 


a-—Ebg = (x DP. D «ces * bu b). 
Hence VET and only if 
x b U, zs 1], for & — j 
= 0, for k = j. 


Hence e* is dependent on (5) if and only if the column-vector. B, of (11) is 

of length 1 and orthogonal to other column-vectors of (11). For m <n, 

one finds easily by this method a unit-vector which is independent of (5). 
: . 


To-apply the method of orthogonalisation to a matrix A, omit the row- 
vectors which are equal to 0. 








Put [|a*|** a? — p', 
omit the rows of A dependent on f, 
put A= a —(caB)g' g —la"; "4 
omit the rows of A dependent on f', 8°, 
put A a — [(a? B") B* + (e* B*) B*), B* =| A! [* A’ 
and continue till one gets the orthogonal system (2) of independent n-vectors 
which forms a basis of R(A). 


This orthogonal system can furtheron be extended by the help of an 
n-vector « which is independent of it. One may choose this vector e.g. out 
of the unit-vectors. "The procedure can be repeated and stops after n steps 
as the » orthogonal n-vectors 


Bm s.p 


are independent and form therefore a basis of the complete vectorspace 
of rank n. 


An arbitrary n-vector can be represented by 
a = €c,' where a B* — c, for k= 1, .... mn. 
a is a solution to the system of homogeneous equations with the matrix 


A if and only if it is orthogonal to R(A), ¢. e. if itis orthogonal to 
fry... BY. Hence « is a solution if and only if 


€, =... =o, = 0; 
hence the solutions are the n-vectors dependent on 
fittto cm. 

By this result. 1-5 prop.3 is proved without reference to the method of sweep 
out, 

The method of orthogonalisation has some advantage over the method 
of sweep out, as it furnishes bases of the vectorspaces R(A) and X(A) which 
are orthogonal systems, but it is not very convenient for practical caleu- 


lation. "Sweep out" needs only rational operations whereas for ortho- 
gonalisation, a square root must be drawn at every step. 


1-8. Degerminants, 
Let A = ((a,)) be a square shaped matrix with » rows and » columns. It 
is possible to allot to À a certain number which therefore is a function of tho 


^ 
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. matrix. One may consider this value also as a function of the »* elements 


of the matrix or as a function of the n column-vectors; for when the elements 
or the column-vectors are given in their proper order, the matrix is given 
too. Obviously functions of n* variables can be formed in an infinity of 
different ways. The particular function which will be considered here, is 
called a determinant, and it is denoted by 


det A — det ((a',)) & | ......... — det (o,..., «,). (1) 


One may consider a, ..., «, ns an abbreviation put for the vertical column- 
Vectors of ((a',)) ; then the notation given on the right hand side becomes 
identical with the notation on the left. It is however useful to express the 
determinant as a function of the column-vectors, since the determinant will 
be shown to be a linear function of those n-vectors, 


The determinant is supposed to have the following properties : 
ie) COG iene OC Ges 5 a,) = edet (e, «0275. &y). 
(b) det (a,, ..., a+, ..., %) — det (a, ..., o), for Am, 
(c) det (r', ..., 2*) e]. 
It is not obvious that there exists a function which has these properties. 
It may be that these contradict one another. If e.g. in (5) the restriction 
km is omitted, the conditions contradict one another, since from (a) 
and (c) it follows that det (2«', ..., «") — 2, whereas from (4) and (c) it 
would follow that it i» equal to 1. We assume at first that such a function 
exists and derive its properties ; existence and uniqueness will be proved 
later on. 
Proposition 1. If anyone of the m-vectors w,, ..., e, is equal to 0, 
then det A is zero. 
Proof. Let a, = 0, and therefore e, — 0 a, 
det A = det (a, ..., 0a, ..., &,) — 0 det A — 0, 
Proposition 2, det A is not altered when a, is replaced by «m, +- ca,, 
for $i 4 k. 
— For ¢ = 0, the proposition is obvious, for c 5-0, det A 
1 
SS UY pem det ( «6, COG, cote Meee == det (5 005, es ey O0, — stu = 


La. sare By + € , -- a )- 


Se 
E 
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This proposition shows that 'column-additions'"" do not alter a determinant © 
where column-addition is understood in the same sense as "row-addition" 
was in !-4 If any column is dependent on the other columns, say a, = 
€ 0, H7... + €, Oy One can reduce it by » — 1 column-additions to 
the n-vector 0. From prop. 1, it follows therefore : 


Proposition 3. When the column-vectors are dependent, the deter- 
minant is equal to zero. 


Another consequence of prop. 2 is: 

Proposition 4. If two columns are interchanged, the determinant 
changes its sign, 

Proof. det A — det ( ..., a, +. <5 0, ++.) 


debt (25 5). is «v, 0g He ge aod 
det ( ..., a, — (a, + a), .... 0 + Oy...) 
= det (2.65 — Cap cece Bis ewe) 


1] 


— — det ( ** *% Ou, — a “* * ). 
From this proposition follows : 


Proposition 5. An even permutation of the columns does not alter a 
determinant ; an odd permutation alters a determinant to its negative. 


Proposition 6. det ( &*,..., 6) — + 1, or = — 1 according as the 
permutation #,,..., 4, is even or odd. t 


A determinant with two equal columns is equal to zero; this is a special — 
case of prop. 3. (it is also a consequence of prop. 4). 


Proposition 7. Let B be the matrix which one gets by replacing a 
particular column «e, of A by 8, then 
det A + det B — det (a,, Uy d-À, s Ande * (2) 


Proof. Let the n — 1 column-vectors «e, (for & 5& i) be dependent, then 
the three determinants occuring in (2) are zero each and the formula holds, 
Let a, depend on the n—1 n-vectors a,, then det A=0, and the determinant 
on the right hand side of (2) can be reduced by column-addition to det B. 
Without loss of generality, we can therefore suppose, that a,, ..., e, are 


independent; they therefore form a basis of the veetorspace containing 


every m-veetor; hence f depends on them, say Bee, a +e + Ge 0 
By column-agdition, it is possible to reduce the column jf in B to e, a, 
and similarly in the determinant on the right hand side of (2). — Hence 
both the sides are equal to (1 + ¢,) det A. Hence the proposition. 

. 


"" 
x * 
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(det B, be the matrix one gets by replacing e, by 8,, and let 
<a e, = 6, B+... $0 Bri 

then * 


det A = det. (e, "m *« B.. se) 5 9 + det (a. ene a €i B.. "-* 9 e.) 


— det (a, ..., X & Ba... , 2.) + € det B.. 


By repetition of this procedure one gets 

: det A = c, det B, + ... + c, det B,. (3) 
This formula can be expressed as follows : 

; Propomtion 8. A determinant is a linear function of each of its column- 


Consider especially a, = (a',, a*,, ,.. , a^) = X a*, e* and let. 
AS, « det ..., 625 85 64, 0); (4) , 
then we get from prop.8: 
Proposition 9. — det A — Xa A^. (5) 


- The number A*, is said to be the cofactor of a*,. If A, is the n-vector A, 
= (At, — A‘), then det A is the scalar product. 


| Especially | A = det On, rese) " 
men de A= x e, det (e, Wo oW ^ 





By applying prop.9 to A^, ——— 
we a A, = Ses 99 fe. — 


— — = pu^ — * — ae | 










" 
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where k, 5, ..., q take the values I... ., n independently. The determinants 
on the right hand side take the ee + 1, — 1, 0 according as k, 4, ..., q 


ig an even permutation of 1, ..., n, or an odd permutation of them, or the 
indices are not different. Hees: 


Proposition 10. 1f there exists a function det A satisfying the coneli- 
tions (a), (b), (c), then det A must be equal to. 


D(A) — X + a*,, ..., 0%, (7) 


where the sum has to be taken over all those products a*, ... a%, for which 
the upper indices are permutations of 1, ..., » ; the sign -i- being used for 
even, — for odd permutations. — 


Theorem 1. The function det A satisfying the conditions (a), (b), 
(c), exists and it is equal to the function D(A) as defined by (7). 


Proof. From prop.1O it follows that det A is either non-existant 
or it ix equal to D(A). To prove the theorem, it must therefore be shown 
that D(A) satisfies the conditions (e), (b), (e). "Thus: (a) If o, is replaced 
by co,, then in every term of the sum (7) exactly one factor is multiplied 
by c; hence D(A) is replaced by cD(A). (c) H a, — e! for j — I, .... m, 
then a, = 1, a — 0 for jk. Hence a', a*,, ..., a% = 1, whereas the 
other terms in the sum (7) are equal to zero. Since 1, 2, ..., & i» an even 
permutation, D(A) — + |. (5) To prove that the condition (5) holds for 
D(A), we prove at first that D(A) satisfies prop.4.. If in A the lower indices 
í and & are interchanged, the terms in (7) are not altered, but every even 
permutation becomes odd and conversely ; henee D(A) is transformed into 
D(A). Ifa, = «, the exchange of i and & cannot alter D(A); henoe D(A) 
= — D(A) = 0. If in A the column-vector a,, is replaced by o +- &,, in 
every term àa*,... a*, the factor a', is replaced by a, + à", and the 
term is therefore increased by 4*,...7,... aà*,. The sum of these 
additional terms taken with the corresponding sign + is equal to the 
determinant which is got when e, is replaced by «. 
Hence D(A) is replaced by D(A) + det (a,, «mi o mo à) = PLA). 

ropowitions | to 10 which have been established under the 
h [ida that à function satisfying the conditions (a), (5), (c) exists, hold 
‘therefore ———— It follows furthermore from prop.10 that this 
» t) is uniquely determined. 


mil, Xe, AY, =O, for j E 
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Proof. Vf e, is replaced by «e, in A, the determinant is zero. Hence 
(8) follows from (5). 
Proposition 12. Let «,, ..., e, be the column-vectors, a’, .,., a* be the 


row-vectors of A, then 
det (a, “wes a.) = det (a*, e* +6 a"), (9) 


Proof. In every term a*, ... a*, of (7) the factors can be ordered in 


such a way that the upper indices have their natural order 1,..., n; then 
the order of the lower indices is the inverse permutation of h, ..., q. A 
permutation is odd (even ) when its inverse permutation is odd (even). Hence 


det (A) € Xa, ... 0^, 


where j, ..., p takes all the permutations of 1, ..., », and the sign -- has to 
be taken according as the permutation is even or odd. Hence det (A) = 
det (a*, ..., a"). 


From this proposition it follows that in every proposition which holds 
for determinants, we may exchange the column-vectors and the row-vec- 
tors (i.e. the upper and the lower indices). "This duality of rows and columns 
in a determinant can be extended to the cofactors A*, by the help of the 


following proposition : 

Proposition 13. If one replaces in the matrix A the element a*, by 
the value 1 and those elements which are in the same row or in the same 
column as o*, by 0, the determinant of this matrix is equal to s 


A*, = det («,. e. =* (n, as e*, 0.1 — — det (a*, — 5 aut, e, e. T2 a, ). 
(10) 


Proof. Let e, be replaced by c‘, then every term a',... a*, ... a*, 
of (7) is zero unless g — k. Sine therefore in every non-vanishing term the 
factor a occurs, no factor a*,, j 5-5 can oceur. Hence A*, is independent 
of the elements a*,, which may therefore be replaced by any value, e.g. 
by zero. In exactly the same manner it can be proved that if in A the row a* 
is replaced by the m-vector «', the determinant becomes independent of 
a*,, for g # E. Hence the proposition. The essence of some of the pro- 

positions proved in this article i» given by the following theorem and the 


ue Ipod 

Theorem 2 det A is a linear function of its row-vecters (its column- 
vectors). It is invariant to row-addition (column-addition), to even per- 
mutation of the rows (columns) and to the interchanging of the rows with 
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the columns with the corresponding index. «det A changes its sign only, 
if an odd permutation of the rows (the columns) is performed. Lf rank A 
— n, then det A = 0. 


det A — det (e, ..., &,) — det (a', ..., cr”) 
=> + GF. s. OM — X ck a’, ... ans 
Xa, A‘, = ral, Ay = 0 for j ~i (11) 
= det A for j = i. 


1-9. The Minora of a determinant. 


Again, let A be a matrix with » rows and » columns. It has been proved 
in 1-8 prop.3, and theorem 2, that if the columns of A are dependent and 
therefore the rows are dependent, then det A — 0. It is important to know 
that the converse holds too, i.e. that if the determinant ia zero, the columns 
(and the rows) are dependent. Of course if det A — 0, then 1-8 (11) shows 
that X a* A*, — ya, Al, — 0, for i — I, ...,n. Hence the columns (the 
rows) are dependent; only in the case when every A*, is zero, this con- 
clusion fails, To get a general proof, one has to go somewhat deeper into 
the matter. Consider : 


: ds, | 
A‘, — Y--a'., a6...a*, where a', — 1, since C die 4 is an 


even or odd permutation according as( s - — pf )is. Hence 


A‘, = + + a*. --- a, 


where -- has to be taken for the even permutations of 2, ..., n», and — for 
the odd ones. Hence A', is the determinant of the matrix which is ge- 
nerated by striking out the first row and the firat column of A. Similarly 
the determinant A*, is generated by replacing a*, by | and putting 0 for 
the other elements in the * row and for those in the @* column. The 
k* row may be interchanged by a simple transposition with the (& — 1)", 
then with the (k — 2)" ete. Thus by & — I transposition the £'" row is dis- 
placed to the first place, the relative order of the remaining rows not being 
altered. By this operation A*, takes the factor (— EI)'". Subsequently 
the # column is moved to the first place, and A*, is therefore replaced by 
(— 1)"* A*,. Then the first clement of the first row is equal to 1, whereas 
the other clemengs of the first row and of the first column are equal to zero. 
VEL Dodo: own above, these two lines can. be omitted without altering 


the determinant. Hence : 
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Proposition 1. (— 1)"* A*, ia equal to the determinant which ix 
generated when the row and the column which intersect in a*, are both 
omitted. 


Definition. Let B be a matrix with m rows and » columns. If one 
omits » — r rows and » —r columns, the determinant of the remaining 
square-shaped matrix multiplied with « — -- 1 is called a minor of B of 
order r. 


E.g. let A be a square-shaped. matrix ; ite minors of highest possible 
order are det A and — det A. From prop.l it follows that the cofac- 
tors of the elements of a square-shaped matrix are minors. By permuta. 
tions of the rows and of the columns, à minor is transformed into à minor 
as this permutation means a multiplication with -- 1 only, Let Ray i, he 
be r «— n» different numbers If uus, m, are replaced in det (a,, ..., a) 
by ef), .., e, one gets a determinant e 


SM (1) 


By applying r times prop.l, it follows : 


Proposition 2. The determinant (1) is a minor of A, and it is genera- | 
ted by omitting in A the rows &,, ..., k, and the columns Es, $2 t0 
determinant of the remaining matrix multiplied by « — + 1 is equal to 
the determinant (1). © is equal to + 1, or — 1 according as i, +... + i, 
+ hy + ... + & is even or odd. 


As det A is à linear and homogeneous function of minors of order n — 1 
[see 1-8, prop.9], detA—0 if every minor of order n —1 in equal to zero. 
Similarly, if every minor of order 5» —2 is equal to zero, the same holds for 
every minor of order » —1 and therefore for det A. By repeated applica- 
tion of this consideration one gets the following result : 


Proposition 3, If every minor of order m is equal to zero, then the same 
hokis for the minora of higher order. x 


The rank of a matrix is equal to zero if and only if every element is 
equal to zero, ie. if every minor of order 1, and therefore every minor is 
equal to zero. The connection between the rank of a matrix and the 
maxiroum order of non-vanishing minors will be investigated now. —— 

Ht Proposition 4. Let B. be à matrix with m =n rows and n» columns. 


Au. 


" Y a minor of B of order m ix different from zero, rank B. — m. 
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Proof. Let the minor composed of the m column-veetor a, ..., e 
be different from zero; then these m-vectors are independent [see 1-4, 
prop. 4). Hence rank B -— rank C(B) — m. 


If m 2n, and a minor of B of order n is different from zero, the matrix 
can be transformed by interchanging of rows and columns to the case consi- 
dered in prop.$. Henee rank B = m. 


Theorem. If B has à minor of order r which i» different from zero, 
but every minor of higher order (if any) is equal to zero, then rank B. — r. 


Proof. Since the rank of a matrix i» not altered by permutations of 
rows and of columns, we suppose without low of generality that the detgr- 
minant formed by the rows 1, ..., r and the columns 1, ..., r ix different 
from zero. Thus the matrix formed by the rows |, ..., * 


' 
J » NT "p, a sey re 8 a’, 


ahteaee*eoeeeeeereeeeee 


a. ses #8 a’, *"* "3 a. 


is of rank r, and the row-vectors a, ..., a* are therefore independent. Con- 
sider the matrix formed by a*, ..., a^, a*, r « v S n, and for any particular, 
v, consider those minors of order r-4-1 whieh contain the columns 1, ..., f. 


LI 
e^. “Fe 7 d'a ** © 8 a’, re. a. 


eesceeeee eee hb &k & 2" 9? * * o* "*"-"*"*"-"'* 


er err a’. 
a, o. OM gy sees t VETE em 
Fach of these minors is equal to zero, and the cofactors, say 
A* :..., At, A’ of 
G'o i. 08 0. 
have the same values for every €; they are minors cut out of the columns 


d.e. rm dme particular 
| — 


üt. ce y 
CUR 
Hence AM ah + .-- Ar a + AT aO 
holds for — Sn eer Hence 

A's urcp Arat tae = D. 


£0. 
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Since A" = 0, the n-vector a* is dependent on a@', ..., a". "This holds for 
e-—r-l....n. Hence ae',...,a' form a basis of the vectorspace 


R(B) generated by the rows of B. Hence rank B — r. 


If therefore A has » rows and n» columns and det A — 0, then 
rank A « m, i.e. the rows (columns) are dependent. 


1-0. Generalised cofactora.* By the formula det A= x a A^, the 
LO 


determinant is expressed as the scalar product of the n-vector (a*,, ..., @',) 
and the w-vector (A*5,..., A‘); thus det A is represented as a function 
which is linear in two different sets of variables (filinear function), one set 
consisting of minors of order 1, the other set consisting of minors of order 
» — l. This representation can be generalised to a representation as a bi- 
linear function by one set of minors of order m and one act of minors of order 
m —m. For this purpose the indices ],.:.,- are subdivided into two 
portions 1, ..., m and £,...,» where 1 — m, and m --1—ft« n. Every 
term of det A — x >a", ... a*, can be represented as the product of 
two terms 


+ at, ... a, — (— Il)? a*,... a^. (—1)85 a... 0%, (1) 


where e + 8 is even or odd according aa r,..., 5, r’, ..., # i8 an even or 
an odd permutation of 1,...,». Every term generates a partition of the 
lower indices into two classes, one class r, ..., * of m elementa and one 
class r’,..., 4° of n — m elements. ! 


There exist ( x) such partitions; each partition corresponds to 
m'ín-— m) terms of the determinant, as the elementa of the first class 
admit m! permutations. Of course ( ce ) m! (n — m)! = n! is the number 
of the terms of the determinant. Consider at first the partition, where 


7, ...,49 = 1, s, THE 
(2) 
$9... 9 mL..." C= m+ dL 
ee ee eee 
* This section may be omitted at a first roading. 
1 The expansion of a determinant given in 1-9, (5) i» named after Laplace- 
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Put c= 0 or — 1 according as the permutation of r, ..., ^ is even or 
odd. Since e + 8 is even or odd according as v, ,.., 5, 7',..., 4 in an even 
or an odd permutation, 58 is even or odd ——— aM r’,...,4° is even or 


odd. The sum of these terms is equal to 


S(—1)' — . (3) 
F"»**"»- ee ee 
An arbitrary even permutation of the lower indices of the product on the 
left hand side of (1) transforms this term into another term of the deter- 
minant without altering the sign + or — . Let now 


Pop Oe Ned (4) 
be an even permutation of the indices 1, ..., n, then the terms 
(—21)€9-9*...... a", veo 


which one gets by multiplying the two sums on the left hand side of (3) 
are terms of the determinant, each with the correct sign + or —. Hf by 
the permutation of the indices, dashed indices are exehanged with non- 
dashed ones, none of these terms will be a term of (3). Therefore one’ gets 
the n! terms of the determinant with the correct signs each once and only 


once in the following manner: One performs all the (7) different parti- 


tions of the indices 1,..., » into m indices without dash and n—m indices 
with dash: one arranges the dashed and the non-dashed indices in such 
a manner that (4) is an even permutation, and one forms the product (3). 
This product contains the m'(n- - m)! terms of the determinant corresponding 
tothe partition. The sum of all these products is equal to the determinant, 


Hence 


MAS E una Mi ) 


where the sum has to be taken, as explained above. 


Since an even permutation of the rows does not alter the determinant, 
the upper indices 1,..., m, £, ..., n (where t= m + 1) can be replaced by 
any particular even permutation of these terms. This permutation must be 
the same for all the terms of (5). If the permutation is an odd one, the sum 
(5) is equal to — det A; if the upper indices are not all different, the sum 


às equal to zero. 
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1-10. Solution of systema of linear equations by the help of determinants, 


Consider m linear equations with » variables 
a’, gm, +... + a, = a", 
a Re a et AN (1) 
qo, d.a ode s.s FO, T, = PN. 


Multiply the equations with the cofactors of the &'* eolumn and add ; then 
x, det A — xaX AL — det (oe,, ..., a, ..., a), where in the determinant 


on the right hand side, e, stands on the &'* place. If det A =~ 0, 


-— det — — cx &,) - det A, (2) 
for b- E ^2. PW. 


This condition ix necessary, but as there exists a solution and z,, ..., 2% is 
uniquely determined by (2), the condition is sufficient too, Verify this 
result by putting (2) into (1). 


Soa. A): det A — (a, a^, A’, ) : det A, 
^ : : 
but € a, AY — det A for ) — i 
" 
= 0 for $ ; hence 


Lf 


As this result. holds for j — 1, ..., m, the equations (1) are satisfied by (2). 
For the case when the number of the equations is different from the number 
of the unknown quantities, the method needs some modification. If the 
rank of the fall matrix is greater than the rank of the homogeneous portion, 
the system has no solution, Let the two ranks be equal, and equations 
depending on the other ones be omitted. The rank of the matrices is there- 
fore supposed to be equal to the number m of the equations 


a. yt we t+ Mere toe tae x =", 
ee "9^ €" * 9^ ^» »"*" *"-^*^*"*»9"9*-9-*"*«-* "*---*"" ""*^"*"*-9?*"9 & (3) 


a", zx + — + A^ = Xe ct sos td am. Nu = a". 


There exists therefore a determinant formed by m columns of the coeffi- 
cients on the left hand side which is different from zero. Without loss of 
generality, suppose that it is the determinant 
| a, es, atus 
2994 8 Vua» 6-9 ILIO 
G55 oso OU 
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Multiplying the equations with the cofactors of the £* eolumn (k— 1, ..., m) 
and dividing by d, one gets | 


Na = " + dis mis Tun “sca d d qe k= » eo. TH, (4) 


where d., iT) = det(e,, "^" ^5 m... "-"» 0.) 


dV p = — det(a,, ..., py ..., 0), Momm mm + iI, ..., w. 


In the determinants on the right hand side, e, and a, are supposed to be 
put in the &* place. 


1-(10)1. | Comparison of the different methods for solving systema of linear, 
equations, ‘Three methods for solving linear equations have been discussed : 
“Sweep out”, "orthogonalisation", and "determinants" ; furthermore the 
method of ‘substitution’ has been mentioned in the introduction. Common 
features of these methods are the following : 


(1) A given system of linear equations, say 1-10, (1) or (3) is replaced 
by another one which either gives the solution, if there exists one only, 
[see 1-10, (2)] or shows a method of finding any number of solutions 
[see 1-10, (4) ], if there exist more solutions than one. 


(2) The derived linear equations are homogeneous lincar combinations of 
the original equations, such that if the original equations are satisfied, 
the derived equations hold. Le, the derived equations are necessary condi. 
tions. 


(3) The original linear equations are homogeneous linear combinations of 
the derived ones, Hence the derived equations are «ufficient conditions. 
By the method of “sweep out" as well as by the method of substitution, 
this reduction of the given linear equations js done step by step. Consider 
the method of substitution, 


a(x) zm d, , + ... + d. 0. — 0, = 0 
b(x) == b, f, + --- + b, x, — 6, = 0 


& »9999»99^»9*9»99*--"»959299* ae 4^5» 479? *9"*99* 


k(z) e kb, 2, + --- 4b r,—k-90 
. " 
"The symbols on the left hand side are only abbreviations for the linear 
functions in the centre. 
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If a,550, zr, —[2a,—23, x,...,— 3, 7,]: «e,. By putting this 
value into the other equations, we get equations of the type 


( b, — zx * dee. (^. — Es * ~ (^».— A) ww (). 


This equation is identical with b(x) — 3! -a(r) — 0, Thus this "putting 
in" means the same as the "sweep out” of the first column. By the help of 
one of these new equations, x, is represented as a function of z,. .., 2 ; 
this value is put into the remaining m — 2 equations ; thus the second 
column is swept out in » — 2 rows. "The substitution leads after » — 1 
*steps to a system of the following type (provided the rank of the matrix of 
the homogeneous portion is equal to ») : 


a, xa + e. + 4, — 2, = 0 


Cy hy 3- ... “Cy My — 06, =O 


The matrix is swept out below the diagonal. By putting x, —£, : 4, into the 
other equations the »'* column is swept out. The (n—1)" equation is 
transformed to s r,, — 4 — 0; putting x, — 5,: s into the other 
equation the (n — 1)" column is swept out, ete. Finally the matrix is 
completely swept out and the values of x,, ..., x, are determined. 


The method of substitutlon is therefore not essentially different from 
the method of sweep out. The method of determinants does net use o 
procedure by steps. One determines numbers A, B,..., K such that 


A a(z) + B b(z) +... + K kx) 
is independent of x, ..., z,, and is therefore of the type 
w x, — v — O, or x, - v: MW. 


This condition is necessary, but it may not be a sufficient one, In the 
preceding sections it has been shown, that by the method of determinants 
one gets necessary and sufficient conditions for the unknown quantities 
24, --+) %m, in a suitable form, provided the fundamental corfilition for the 
ranks of matrices holds [see 1-6, theorem 2. ]. For numerical calculation 
it is sometimes useful to use methods of elimination and of "sweep out” 


i 
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jointly. When one proceeds on this way, it is advisable to consider very 
carefully whether the necessary conditions stated in this manner are also 
sufficient, 


In general, the methods of determinant and of orthogonalisation are 
not very suitable for numerical caleulation. To calculate a determinant, 
it is in general not advisable to determine the mn! terms of 1-8, (7), but 
to simplify the determinant by sweeping out the matrix below or above the 
diagonal. The value of the determinant is then equal to the product of 
the elements in the diagonal, A determinant can be swept out by row- 
addition as well as by column-addition. In some cases it is useful to cal- 
culate a determinant by the help of 1-8, (5). 


1I-(11). Linear transformations, In the preceding sections, the a-vector 


€ m (Fy) «+ ee Hu) (1) 


has been considered as an unknown quantity, whereas the coefficients were 
supposed to be given numbers. For many applications of the theory (e.g. 
application to Geometry), it is necessary to investigate the mutual connec- 
tion between the numbers, n-vectors and matrices occuring in these for- 


mulas. 
Consider E da ie RE Titi it et Ee ae 
picid sleek CRESCE 0 88) (E (2) 
a^, m, + cp" Fy = ys 
then to every n-vector £, there corresponds an n-vector 
9 = (uses |. (3) 
This correspondence will be denoted by an arrow 
6. (4) 


This formula may be read: A transforms £ into y. The formula (2) is 
called a linear transformation. From (2) it follows (the same notations 
as in previous sections being used): 


— (5) 
e a. (6) 
If . fan, j-142,..., 
then € & HE 6S 6 0, E eb 49 I (7) 
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Hence, if £ takes all the n-vectors of à vectorspace V, the corresponding 
vectors form a vectorspace VF", as from £ — 9, £' — 9’ it follows, that 
£d-£'— 9 -- »y' and c £—c [5e 1-3, prop.10]. A system of 
dependent n-vectors is transformed into à system of dependent n-vectors, 
but the converse may not hold. 


Let V be a complete vectorspace of rank m, then £ — (r,, ..., x) 
— x € 4b... a, ©. Hence $—9 2, a, 4o... or, «, Every vector 
of V' can be represented in this manner, and z,, ..., z, take independently 
all values, F' is therefore generated by «,, ..., «, and rank V' = rank A. 
Hence : 


Theorem 1. By a linear transformation (2) a vectorspace is trans- 
formed into a vectorspace and the vectorspace of rank » is transformed into 
a vectorspace of a rank equal to rank A. 


The notion of linear transformation can fully be characterised by the 
manner how sums of vectors and products of numbers and vectors are trans- 
formed. This fact is shown by the following theorem. 


Theorem 2. M the n-vectors (1) are represented by n-vectors (3) in 
such a manner that to the sum of two vectors there corresponds the sum 
of the corresponding vectors and that to the product of a number c and 
an n-vector there corresponds the product of c and the corresponding 
nevector, then the representation is effected by a linear transformation. 


Proof. Let a = (a*,, ..., be the n-veetors which represent the 
unit-vectors «* (k= 1, ..., ») Then z, &* is represented by z, «,, and 
€ = (x,...,7,) = X x, ©“ is represented by X z, a, t.c. by the n-vector 9 
which is determined by (2) and (3). Hence the theorem. 


1-(11)1. Composition of transformations. Product of matrices, Let 
£ be transformed into y by 1-.(11), (2) and * be transformed into £ by 
another linear transformation. 


ota P vip P ———— " (1) 
| b^, yy d e +O, ya = £.. 
The matrix ((b*,)) will be denoted by B. 
'Then HSM y= Xx, a, t= Tg. æ. " (2) 
r where X= TO; a',. » 
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Thus £ ia transformed into { by à linear transformation which is said to 
be composed of the transformations £ — 9 and »—-+f. The matrix 
((g^.)) = G is said to be the product 


G — BA. 


To get the elements g*, of G, one must multiply the elements of the £'* 
row of B with the corresponding elements of the « column of A, and add 
the products. In terms of scalar product [see 1-7]: 


g^. — p Te, 
where 8* denotes the * row-vector of B. 


In general A B and B A are different matrices ; i.c. the commutative law 
does not hold for the multiplication of matrices. 


Let C = ((e',)) be an arbitrary matrix 
CB = H = ((A',)), where A’, = - eV b^, 
HA-P-—(p) " p.—xM a= xe b,a, 
CS = Q = ((¢'.)) " w* ==, iion! dd b a!,. 


Hence P = Q, ie. 
(CB)A — C(BA). (3) 


This formula can be expressed as a theorem. 
Theorem: For the multiplication of matrices the associative law holds. 


1-(11)11. m-vectors considered as matrices. It is often useful to consider 
an m-vector 


& am (55, «+» Sud 


as © matrix, e.g. ns a matrix 


z, 0,...,0 
GQe[ ett ]. (1) 
M00 


where the first column is formed by the coordinates of £, whereas the other 
elements are equal to zero. If we multiply such a matrix from the left 
hand side with an arbitrary matrix with » rows and columns, the result 
is again a matrix of the type (1), The linear transformation 1-(11), (2) can 
#8 eX equetion for satio 

A(z) = (y). 


UP 7.1 
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Similarly 1-(11)1], (1) is equivalent to 


B(y) — (2). 
By putting in, one gets the equation 
BA(r) — z, 


which expresses 1-(11)1, (2) in a matrix form. 


1-(11)12. Special matrices. A diagonal-matriz i» a aquare shaped 
matrix, the elements of which are equal to zero, except those in the diagonal. 


D = ((d@')), dX — 0, if i Kk 


* Hence 


An elementary matrix is a square shaped matrix 
E, (A)=( (ei). res 
for which e', = 1 (i = 1, ..., n) 
et, =A 
e, = 0, for i 5 k, and (i, k) = (r, 4). 


To multiply A from the left with E,, (A), means a row-addition in A, by 
which the row a’ of A is replaced by a" + A a*. To multiply A from the 
right with E,, (A), means a column-addition in A, by which the column 
a, of A is replaced by a, + A «,- 


1-(11)2. Decomposition of Matrices. By the method of sweep out, it 
has been shown that every matrix can be transformed into a matrix of a 
special type by row-addition, row-omission and row-multiplication [ see 1-4, 
theorem | ] In a similar way, it will now be shown that a square shaped 
matrix ean be transformed into a diagonal-matrix by row-addition and 
column-addition. In terms of matrix-multiplication this proposition can be 


Theorem. Every square shaped matrix A can be represented as à pro- 
duct 





DETERMINANT OF A FRODUCT 47 


where P, and P, are products of elementary matrices, and D is a diagonal- 
matrix. 


Proof. Tf the matrix is the zero-matrix, then it i» already a diagonal- 
matrix, otherwise one can arrange by column-addition (if necessary) that 
nt least one element in the first column is different from zero, and by row- 
addition that a’, =~ 0. Thus one can sweep out the first column by row- 
addition, and subsequently one can sweep out the first row by column. 
addition without altering the first column. If the matrix is not already 
a diagonal-matrix, one can arrange now by row-and column-additions 
without altering the first row and the first column that o?, — 0; then the 
second column and the second row are swept out. This procedure can be 
continued up to the matrix is made a diagonal-matrix D. As every row~ 
addition means a multiplication with an elementary matrix from the left, 
and similarly a column-addition corresponds to an @lementary-matrix as 
a right hand side factor, formula (1) holds. 


A representation of A as a product of diagonal-and elementary 
matrices is also called a decomposition of A into these factors. 


1-(11)3. The determinant of a matrix product. Let D be a diagonal. 
matrix, then 


det D =< d,... d, det (#4...) «*) = d, ...d,. (1) 


As n multiplication with an elementary-matrix from the left (right) hand 
side means a row-(column) addition only, the multiplication with elemen- 
tary matrices, or with products of them, does not alter the determinant. 
Whereas by the multiplication of any matrix by D, the determinant is multi- 
plied by det D as is seen from 1-(11)12, (1) and (2). 


Hence, if A — P, D P,, then det A — d, ... d,. 


Consider AB. 
det AB = det DP,B 


det P,B = det B 


detAB — det D(P, B) — d, ... d, det P, B = det A det P, B 
= det A det B. 


Hence det A B = det A det B. (2) 
1-(11)4. * The inverse of a linear transformation. 
By A(x) = (y) (1) 
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the »-vectors (r) are transformed into the vectors (y). If det A — 0, then 

the rank of the vectorspace generated by the n-vectors. (y) is less than n, 

and therefore the (x) are not generated. by a linear transformation of the 

n-veetors (y). Let det A 5-0. Then det A x, = X A', y, holds. Hence 
: 


A’ (v) = (x), 


— — D^ 
"Vt M Meo t XT 2 
—— 
and b». -— A*, det A, 


A A’ (y) = (y). 


Hence AA’ is a transformation which transforms every n-vector into itself. 
Let C be any matrix. C (c) is an n-vector whith is equal to the i'* column 
of C, If therefore C(c) — (ce), then C is the diagonal matrix 


where 


1:007, O 
ES 03. os. 0b (3) 
00, ...,1 
Hence A A' — E. 
Furthermore A’ A(x) = (x). 
Hence A’ A = E. 


The matrix A’ is said to be the inverse matrix of A and is mostly denoted 
by A^. The necessary and sufficient condition for the existence of an 
inverse matrix is det A = 0. 


E is called the unit-matriz. For every matrix A, 
AE=A=EA (4) 


holds, and 
E = E". 





CHAPTER Il 


FUNDAMENTALS OF GENERAL ALGEBRA 
2-1. Principal Notions. 
2-11. Fundamental laws. Let 
Gira (1) 


be arbitrary numbers ; then there exists, for every pair of them a uniquely à 
determined number 4, the sum 


a+b=s (2) 
and a uniquely determined number p, the product 
ah = p. (3) 


The operations of forming sums and products are called addition and 
multiplication, — 


These operations satisfy the following laws : 


Commutative laws : a+t+b=b+a (4a) 
a b ba, (4m) 
Associative laws : (a +b) -- e — a + (b 4- c) (5a) 
: (ab)c = a(bc). (5m) 
Laws of inverse existence: For every pair a, 6 there exists an x such that 
x-+a=b. (6a) 
For every pair a, b satisfying the condition 
a (60) 
there exists an y such that 
gab. (6m) 
Distributive laews : 
(a + ble = ac+ be (7) 


a(b + c) —ab-rac. 
69 O. P.—7 
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Though these formulas are fundamental for calculation with numbers, 
they do not characterise completely the notion of number. Of course in the 
different branches of mathematics, the word “number” is used in different 
senses, One speaks e.g. of natural numbers, rational numbers, complex 
numbers, hypercomplex numbers ete, The rational numbers as well as tho 
real numbers and the complex numbers form three systema each of which 
satisfies the above conditions, whereas the system formed by the natural 
numbers does not satisfy the laws of inverse existence; the reader may verify 
it. On the other hand, in the system formed by all the analytic functions of 
a complex variable, all the laws mentioned before hold, though the system 
is not composed of numbers. In this chapter, systems of apy kind will be 
,Cconsidered where either all these laws, or some of them hold. In general, 
nothing will be supposed about the nature of the mathematical elements 
which form these systems. The essential thing is that the elements are 
interconnected by the help of certain operations which obey particular 
laws. These operations will sometimes be called rational operationa, 


2-12. Modules. A system of elements for which an operation satis- 
fying the conditions (4a), (5a), (6a) of 2-11 is defined, is said to form 
an abelian group or a module*. The system formed by the rational numbers 
is an instance of a module ; similarly the system of the real (the complex) 
numbers. The vectorspaces (see 1-3) are modules of a different type ; the 
elements of them are n-vectors, and the addition but not the multiplication 
of n-vectors has been defined. Consider especially n — 3. The 3-vectors 
can be represented by vectors in the space; thus one gets in this way 
modules which are formed by geomtrical entities (vectors). Moreover to 
every vector there corresponds a paralle] displacement of the space trans- 
forming the starting point of the vector into its endpoint, and conversely 
to every parallel displacement of the space there corresponds one and only 
one vector. To the «um of two vectors a -i- 8 there corresponds the parallel 
displacement which is generated by performing succesively the two parallel 
displacements corresponding to « and to 8. Thus the parallel displacements 
of the space form a module ; this module therefore is composed of elements 
which are geometrical transformations. 


The intergral numbers form a module in which besides addition and 
subtraction also multiplication can be performed ; whereas division is 
possible in special cases only. 

* There i» no essential difference between the meaning of eo two worda. 
The term “ addition and the sign + are only notations, and there is no harm in 
replacing them by other words. In these cases it i» unusual to «peak of “modules” 
and the word module is replaced by “ abclian group ". 
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The rotations about any particular axis form a module which i» connected 
with the module of the real numbers as follows: Let g be a particular 
positive integral number, and let to every real number e correspond. the 
rotation through the angle 27a: g, then there corresponds a rotation to every 
real number, and to two real numbers « and 8 there corresponds the same 
rotation if and only if e — (8 is an integral multiple of g. Two rotations 
corresponding to the numbers « and A generate, if taken one after the other, 
a rotation which corresponds to «-+- A. The rotations for which e is 
an integral number, form a finite system which is a module. Each of these 
rotations corresponds to one of the integral numbers 0, 1, 2, ...,g — 1, 
which occur as residues when an integral number is divided by g. Two 
integral numbers corresponding to the same rotation (and therefore to the 
same residue) are said to be congruent. 


a — b (mod g); 


they form a class of residues modulo g. It will be proved later on that these 
classes form a module ; this module is of a special interest, especially in the 
case when g is à prime number. 


2.13. Partition into classes. In the example considered just before, a 
partition of the set of all integers into classes has been generated by a 
congruence of its elements. ‘This consideration will now be generalised. 


An arbitrary set A of elements a, b, c, ... may be decomposed into 
classes, so that every element belongs to one and only one class. Two 
elements are said to be equivalent, written a — b, if they belong to the same 
class. Then the equivalence has the following properties | 


a — ad law of reflexivity. 
If a — b, then 5b — a law of symmetry. (1) 
If a — b, b — c, then a — c law of transitivity. 


Hence to every partition of a set A into classes, there corresponds an 
equivalence of its clements, such that the three laws (1) are satisfied for this 
equivalence, The usual way of mathematical investigation however is 
the converse one : An equivalence between the elements of 4 is given, and 
from this equivalence, a partition into classes is derived, It hna been shown 
just before that an equivalence which generates 4 partition into classes 
must satiafy the conditions (1) ; by the following lemma it will be established 
that these fonditions are not only necessary, but also sufficient for a 


partition into classes. 
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Lemma. Given an equivalence between the elements of A satisfying 


the condition (1), and let (a) (b), (e), ... be the classes of the elements 
equivalent respectively to a, b, c, ..., then each element of A belonga to 
a class, and two classes have either all elements in common—i.c., they are 
identical — or they have no common element. 


Proof. Asa — a, the element a itself belongs to the class (a), formed 
by the elements equivalent to (a) . If b is a common element of (a) and (c), 
then it follows from the law of symmetry that @ and c belong to (^). 
From the law of transitivity it follows that each element of (a) and of (c) 
belongs to (b), and that each element of (5) belongs to (a) and to (c). 
Therefore (a), (b) and (c) are identical. 


Each element of a class will be called its representative, and we will 
use the notation : 


(a) — the class represented by a. (2) 


By the method of forming classes, often new mathematical entities are 
created. From the operations on the original elements, operations on the 
classes are derived in the following manner: 


Let an operation, say addition, exist for the elements of any system 4, 
and let a partition of A into classes be given. The sum of two classes is 
mostly defined by 


(c) + (d) = (c + d). (3) 
But this definition is admissible if and only if the class (c -- d) is the same 


whatever elementa c and d are chosen as the representatives of their classes. 
Similar in tlie case when the operation is multiplication. 


Now the congruence (mod. g) defined in 2-12 is an equivalence satis- 
fying obviously the conditions (1). This congruence generates a partition 
into g clases of residues 

(0), (1), "ttg (g am 1). (4) 
The lemma proved just before will be applied to these classes. As every 
integer is congruent to its residue after division by g, (a) = (a') if and only 
if a c= a’ (mod. g); furthermore if (a) = (a^), (b) = (b'), à' =a+rg, b= 
b sg, hence (a + b) and (a’ + b') = (a + b + [r + s] g) denote the 
same class. It is therefore admissible to define addition of classes by : 

(a) + (b) = (a + b); d (5) 


similarly : (a) (b) == (# b)- 


* 
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From (5) it follows directly : 


(a) 4- (b) = (bh) + (a), [(a) +- (b — | 
(a) + (b — a) — (b), (5)] + (c) = (a) + [(b) + (0)] 


(a) (b) == (b) (a), [(a) (b)] (c) = (a 
| ; == (a) [(b) (c)] 

[(a) + (b)])(e) = (a) (e) + (b)(e), (^) [(b) +- (6) = (a) (b) + (a) (c). 
Hence the classes of residues (mod.g) form a module in which a second 
operation, the "multiplication" ix defined satisfying the conditions (4m), 
(5m) and (7) of 2-11. 


2-14. Singular elements. Although a module is not necessarily a set 


of numbers, there exists in every module an element which has about the 
same properties as the number zero, and which is therefore used to be denoted: 
by the character 0. 


Theorem. In a module M there exists one and only one singular 


element 0, such that for every element a of M, a +- x equals (does not 
equal) a, if x is the singular (a non-singular) element. 


Proof. Let a be any particular element of M. — As the law of inverse 
existence (6a) of 2-11 holds for the addition, as defined in M, there must 
exist an element, say 0 of M satisfying the condition 

a d 0 — a. (1) 
Thus the sum of a and @ is a itself. It will be proved now that this 
element @ has the same property with respect to every element of M, and 
that it is unique. Let b be an arbitrary clement of M, then there exista 
an element e of M, satisfying 


e a -— b, 
Hence 
b + 0 = (c + a) 4-0-—c--(a--0) —-*t-r a — b. 
Hence 0, when added to any element & of Af gives b. 

To prove its uniqueness, one may suppose that there exists another 
element, say 0 in M, so that a + 0 — a, then Ó has the same properties as 
0, and the elements of Af will not change, when @ will be added. Hence 
0 + 6 = 0, but on the other hand 0 + 6 = 0 holds. Hence 0 = 6. 

There exists in M an element a', for which 

- a+ o = 0 (2) 


holds. The uniqueness of a’ is a consequence of the following consideration, 


ac. 4 = E 
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Let c +a — c 4- a — b, then 


I 


e=¢+0—c + (a +a’) =—b +a’ = (¢+a) +a’ = c+ 0c. 

Hence : 

Theorem, The equation x + a — b has one and only one solution. 
2-15. Operations in a module. The addition of a’ is the operation 


inverse to the addition of a. The addition of a' will therefore be called 
the subtraction of a, and the following notations will be used : 


a = —a (1) 
d+-a’ — d — a. (2) 
Since — a’ = a, — (— a) = a holds. 


Now (a, + a.) + a4 — a, + (a, + a,); hence one can omit the brackets 
in this sum. By mathematical induction one can prove in the same manner, 
as is done in elementary arithmetic, that the brackets in the sums of n 
elements can be omitted. In place of a, + a, +... + a, one writes 
sometimes 


for abbreviation this notation is often replaced by 2 d, or by Xa,, when 
there is no ambiguity. 
If a, = a, — ... = à, = à, the sum will be denoted by 

na; (3) 
thus n is à positive integer, and not necessarily an element of M. 


The product of a non-positive integer with an arbitrary element a 
of M ia defined by 


( —n)a = —(na) = n( —«) 
Oa = 0. (3) 
Hence for all integers p,q the following distributive laws hold : 
pa qa — (p-tqa - 
p (a + 6) = pa + ph. 
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A system S' which is formed by elementa of any set S ix said to be a 
subset of S, In particular, a subset M’ of a module (an abelian group) M 


in suid to be a submodule (a subgroup) of M if it forma a 
: module 
to the addition defined in M. ua wiht Teepe 


Theorem. A subset M’ iw a submodule of M, if and only if the 
differences of the elements of M* belong to MM’, 


Proof The condition ix obviously necessary. Let the condition 
hold, and let a and 6 be elements of M’ then b — b — 0,0 — b — —b, and 
a —(—6) =a + b belong to M'. Henee the addition defined in M can be 
carried out in Af’; for this addition the associative amd the commutative 
laws hold, and the equatation z + a — b can be solved by the element 4 — 4 
of M'. Hence M" is a submodule of M. 


2-16. Rings. If ina module 7', a multiplication satisfying the associa- 
tive and the distributive laws are defined in such à manner that the product 
of every pair of elements belongs to 7', this module is called a ring, and 
if in a ring the multiplication satisfies the commutative law (4m) of 2-11, 
the ring is said to be m commutitive ring. 


The integral numbers form a commutative ring A: other instances 
of commutative rings are the sets Z7, of the integral multiples of an integral 
number g, and the classes of residues (mod.g). Non-commutative rings 
are e.g. formed by matrices [see ch. VI]. 


A subset of a ring 7', which itself is a ring with the addition and the 
multiplication, as defined in 7' as its operations, is said to be a subring of T. 


Exercises : (1) A subset 7" of a ring T is a subring of T if and only 
if the differences and the products of the elements of 7" belong to 7". 


(2) Replace the law of reflexivity by the following condition: “To 
every element of A there exists at least one element which is equivalent to 
it'", and show that this condition in connection with the laws of symmetry 
and transitivity implies the law of retlexivity. 


As the distributive law holds in a ring, 
Q 2 co — tc — c(c — c) —c0 
= (c — c)c = Üc. 
= 
! | 411 in any ring 
Therefore it is impossible to satisfy the condition (6m) of 2.11 
without restriction. If we want to introduce the condition that to every 
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pair of elements a,b there should exist such an y that 
ya = b, 
we are compelled to make the restriction 


a <= 0, 


We get this restriction from formula (60) of 2-11 by replacing the number 
0 by the singular element 0 of the module 7T ; when mentioned in the follow- 
ing, the formula (60) of 2-11 should always be understood in that way, 


2.2, Fields. Wf in a commutative ring which contains more than 
one element the condition (6m) with the restriction (60) of 2-11 holds, it 
is said to be a field. In other words: a field is a set of more than one element 
in which an addition and a multiplication are defined, and the conditions 
(4a), (4m), (5a), (5m), (Ga), (6m) with (60) and (7) of 2-11 hold for these 
operations, 


Theorem. Uf a, b are elements of à field F and a 6 = 0, then at least 
one of the factors a, b must be equal to 0, 


Proof. Let a — 0,40. From (6m) and (60) of 2-11-ít follows that 
there i» in F an element ¢ such that e 6 0 (e.g. e b — a) and an element 
y such that y à — c. Then: 0 — yO — yab —cb-; 0. Hence the 
theorem. 


From this theorem it follows, that the elements 54 0 of a field F form 
a system € where the multiplication is commutative and associative, and in 
which for every pair a, b of elements of X, the equation a xr — 5b has a 
solution in X. Hoenee the multiplication satisfies in € the same conditions, 
as the addition must satisfy in a module; only the sign of + has been 
replaced by the notation of the multiplication. So one can "translate" the 
results of 2-15 from the “additive language" into the “multiplicative 
2.21. Nullelement and  Unitelement. From 2-14 there follows the 
existence of a unique singular element J satisfying the condition 
«1-—1a-—a (1) 
for every element a of X. But, aa (1) holds also for a = 0, it follows : 


Theorem 1. ‘There is one and only one element J in a field satisfying 
(1) for every element @ of the field. 
~ 
To every element a of X there is an element a^* satisfying 
aa =a*a= I. (2) 
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By translating the theorem of 2-15 into the “multiplicative language'' one 
gets ; 


Lei 


Theorem 2. If a and b are elementa of " field F and a= 0, then tho 
equation a r = b has one and only one solution in F, namely x — a^ b. 


Corresponding to the sum of n elements one can form the product 


4 a, of n elementa, and if the elements are all equal, the product is the 


power 
a". (3) 


The powers with non-positive integral exponents are defined by 
a® =], a4* = (a*)* — (q!)*, 
Hence for every pair of integers p,q the equation 
a" q* — gs (4) 
holda. 


The necessary and sufficient conditions which a field must satisfy, 
can also be given in the following manner : 


A system F of more than one element, for which the addition and the 
multiplication are uniquely defined, is a field if and only if : 


l. The elements form a module; the singular element may be denoted 
by 0. 


2. The elements different from 0 form a system X of at least one element 
which is an abelian group with respect to the multiplication. 


3. a0-— 0a — 0. 
4. a(b + ¢) = ab + ac, for arbitrary elementa a, b, e of F. 
The singular element 0 of the module will be called the nullelement or zero- 
element, 
The singular element / of X will be called the unitelement. 
I~ 0. (5) 

2.22. Pomomorphism, Isomorphism and  Automorphism. Let the 

elementa a, b, c, ... of an arbitrary ring 7' be represented by the elementa 


e(a), a(b), a(c), ... 
69 O. P.—8 
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of a set A, and let an addition and a multiplication exist in A for which 
the formulas 
a(a) +- a(b) — a(a + b), 

a(a) a(b) — a (ab) 
are satisfied for all elements a, 6 of T, then the representation is said to 
be a homomorphism and A is said to be homomorphic to T. The element 


a(a) of A is anid to be the image of the original element a of T. The 
representation of a by a(a) is denoted sometimes by 


(1) 


LS 


a —> a(a) ; 
one says that a particular homomorphism maps A on T. There are 
-homomorphisms where different elements are mapped on the same image. 


Theorem 1. Aisa ring. If 7T is commutative, A is also a commu- 
tative ring. 


Proof. Every element of A is of the form a(a), where a is a suitable 
element of T, not necessarily defined uniquely by its image a(a). 


[a(a) -4- a(6)] + afc) — a(a + b + 6) — a(a) + [a(b) + a(c)] 
e(a) + a(b) = afa + b) = a(b) + aa) (2) 
e(a) + a(6 — a) = a(h). 


Hence A is a module. 


The nullelement of A is oe(0), since 
a(a) + a(0) — ala + 0) = a(a) 


holds. After replacing the notion of addition in (2) by that of multipli- 
ention, one realises that the multiplication in A is always associative, and 
that it is commutative if T is a commutative ring. To verify the 
distributive laws consider : 


a(a) [a(6) + a(c)) — e(a) a(b + e) = o(ab + ac) = e(ab) + a(ac) 
= a(a) a(b) + a(a) a(c). 


From this formula and the commutative law, the accond distributive law 
follows. 


- 
Exercise. Prove: e(a*) = a(a)*, for any positive interger n, and 
e(ma) = m e(a), for any integral number m. 
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Now e(b) + e(— b) — a(0) ; hence 
e(— b) — —alb), and therefore — 
a(a — b) = a(a) -- (— b) — ala) —o(b). Hence " 


Theorem 2. The necessary and sufficient condition for a(a) = a(b) 
in ala — h) = e(0). 
The number of the original elementa which are mapped on «(0) is important 
as is soon from the following corollary, 


Corollary. Either every element of A is an image of more than one 
vlement of a ring 7, or every element of A is an image of one and only one 
element of 7’. 


In the second case A is said to be isomorphic to T, and the homomor- = 
phism is called an tromorphiyn. An isomorphism is therefore a (1,1). 
correspondence of two rings by which the sums, differences and products 
of corresponding paira of elements correspond. In some cases therefore 
isomorphic rings are considered to be equal or to differ by the notation 
only of the elements, but in general, the notion of isomorphism must be 
distinguished from that of identity. A ring 7’ may have, e.g. two different 
subrings which are isomorphic. Of special interest is the case when two 
sets are isomorphic and form the same set; this jisomorphism is called an 
automorphism. Hence automorphism is a permutation of elements for which 
addition and multiplication are invariant. The isomorphism mapping A 
on BH and conversely is sometimes denoted by A — BH. 


Examples, 1, The ring of the classes of residues (mod. g) is homomor- 


phie to the ring of the integers. 


2. In the ring of the numbers a 4- b 4 2 (a, b integers), the transfor- 
mation a + b 4 2 — a — by 2 is an automorhbpism. 


2-23. The ring of classes of residues generated by a homomorphism. 
If a is à homomorphism of a ring T, there is a partition of the elements 
of 7 into classes, two elements a and b being equivalent if a(a) =< a(b), 
ic, if a(a — b) = a(0). These classes are classes of residues as consi- 
dered in 2-13, but they are of a particular kind as the elements ¢ for which 
e(c) = (0), form a subring 7" of T, with the property that each product 
of an element of 7' and an element of 7" belongs to 7". The converse of 
this statement is contained in the follwing theorem : 

Theorem 1. Let a ring 7 contain a subring 7", and let every product 
in T', one facter of which is an element of 7", be contained in 7", then the 
classes of residues of 7" in T' form a ring which is homomorphic to 7. 
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Proof. Let r, r', ... be elements of 7", and let. ua consider two 
clementa of 7 to be equivalent if and only if their difference belongs to 7". 
This definition satisfies the conditions of 2-13, and furnishes therefore a 
partition of 7' into classes. Furthermore 


[a--rc])--[5--n]—a--band[a-d-rD][5-7]1-—ab. 


Hence it is admissible to define the addition and the multiplication of the 
classes (a), (b), ... by the corresponding operations exercised on their 
representatives : 


(a) + (b) = (a + 5), (a) (b) = (ab). 


Every rational formula holding for elements a, b, ... remains correct if these 
elements are replaced in the formula by the classes which they represent. 
Hence the classes form a module in which the associative law of multipli- 
cation and the distributive law hold, £.e. they form a ring which is homo- 
morphic to T. 


Consider e.g. the rings which are homomorphie to the ring & of the 
integral numbers. To investigate this important class of rings, one has to 
find out all the subrings of R having the desired property. Every subring 
is also a submodule ; in the case of A, it is easy to prove that also the 
converse holds. 


Lemma. Every submodule of the ring R of the integral numbers is 
a ring AR, consisting of the multiples of a non-negative integral number g. 


Proof. If + g is contained in a submodule M of KR, then M contains 
R.. Now M either consists of © only, and is therefore equal to R, or it 
contains a minimum positive integer, say g. Let m be any number out of 
M and m = kg + g', where g' is the residue 0 = g' < g. Then g' is an 
element of M, and since g ia the smallest positive element of M, g' = 0. 
Hence m is contained in A,, and therefore M — R,. 


It is obvious that AK, is a commutative ring, and that it has especially 
the property, supposed in the preceding theorem, that the product of any 
element of R and an element of R, belongs to R,. 


To get the rings which are homomorphic to £, one has to consider the 
classes of residues of R, in KR (for g = O0, l, v4) 


Let g = 0, then R, consists of the number 0 only. Every class of 
residues consists of one element only. The ring formed by*these classes is 
therefore isomorphic to A. 


* 
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Let g — 1, A, is identical with R. There i» one class of residues only, 
all the numbers are equivalent to 0. The ring formed by the classes. of 
residues consists of the nullelement only, 


Let g > 1. The classes of residues form a commutative ring 6 
consisting of the elements 


(0), JL (gu "s 1) 


which has already been considered in 2-13. 6 is homomorphie but obviously 
not isomorphic to HK. One has to distinguish whether g is prime, or not. 
This distinction is afforded by the following two theorema. 


Theorem 2. Wf g > 1 is not à prime number, the classes of residues of 
& form a commutative ring € which is neither itself a field, nor a subring 
of any field. 


Proof. That G is a commutative ring, follows directly from the 
preceding theorem. As g > 1 is not prime, g — r s», where both the factors 
are positive and less than g. The classes of residues (r) and (s) are both 
different from (0), but their product (r) (s) — (0). Since in a field the 
product of two elements which are different from the nullelemoent, is itself 
different from the nullelement, G cannot be a field nor a subring of a field. 


Theorem 3. The classes of residues 


(0), (1), ..-. (p — 1) (1) 
of à prime number p form a field GF,. 


Proof. 'To prove the theorem, it must be shown only that for every 
particular pair of classes (a) 5 (0) and (b), the equation 


(a) (x) — (b) (2) 


has a sulution, Let (x) run overr the p classes (1), and consider the 
products (a) (x). If two of them are equal, say (a) (xi) — (a) (x,), then 
(a) (x, — x4) = (0), and therefore a [x, — x.] is divisible by p. But since 
for (a) = (0), a is not divisible by p, the factor x, — x, must be divisible 
by p. Hence (x,) — (x,). The p products (a) (x) form therefore p different 
classes. One of them must be the class (b) ; the equation (2) has there- 
fore a solution. Hence the theorem. 


By this theorem it has been hown that a field may be homomorphic 
to a ring which is not itself a field. One may wonder whether a ring can bo 
homomorplye to a field ; especially it is interesting to know, whether a field 


can be homomorphic to a field without being isomorphic to it. 
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Theorem 4. When a ring A which contains more than one element is 
homomorphie to a field F, then A is isomorphic to PF, and A is therefore 
a field. 


Proof. Let a, b, c, d. ... denote elementa of F. If a and 5 are repre- 
sented by the same element of 4, then a — b is represented by the nullele- 
ment. Let c be represented by an element @ of A, which is different from 
the nulleloment, and put 0c: (a — b) — d. The product d(a — b) must 
be represented by the nullelement, since a — b is represented by it; this 
contradicts to the supposition that d (a — b) — c is represented by a. 
Hence any two different elements of F must be represented by different 
elements of A; i.e. A is isomorphic to F, hence it is a field. 


A ring can therefore be homomorphic to a field in the two trivial cases 
only, where the ring either consists of a nullelement only, or ia isomorphic 
to the field. As a field is supposed to contain more than one element, 
it follows : | 


Corollary, Wf à field is homomorphic to another field, it. is isomorphic 
to it. 


2.24. Suhfielde of a field. Let 
— 


be modules, finite or infinite in number. If these modules have common 
elements, these form a module, which is called the meet of the modules 
(1), since if a and 6 are common elements, then a — 4 belongs to M, as well 
as to M,, ... and is therefore à common element. In the special cases 
where the modules are rings, the products a5 belong also to the meet which 
is therefore n ring. If the modules are fields, and the meet contains more 
than one element, the meet itself is a field. A subring F' of a field F which 
is itself a field, is said to be a subfield of F ; this connection is denoted by 
F'C Fandif F' ;& F, by F' C F. Ifa subset X of F has the property that 
the sum, the difference, the product and the quotient of any two elementa 
of X (the divisor being + 0) belong to X, then X is a subfield of F. Indeed 
the commutative, associative and distributive laws hold in X as they hold 
in F. The meet of all the subfields of a field F contains at least the elementa 
0 and J, and it is therefore a field which is called the primefield of F, The 

d of F is therefore a subfield of F and it is also a subfield of every 
subfield of F ; the primefield has no other subfield than itself, *und it is the 


only subfield with this property. 
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Theorem. The clementa which one gets by repeated addition, «ub- 
traction, multiplication and division of the unitelement of F and of the ele- 
ments generated in this manner, form the primefield of F. 


Proof. Every subfield of F must contain an element different from 
the nullelement, say the element a. Furthermore it contains a — a = 0, 
a: — J, and it contains all those elementa which are generated by repeated 
addition, subtraction, multiplication and division of 7, and of the elements 
generated successively by these operations. Hence these elements form a 
set. P which is contained in the primefield of F. On the other hand, the 
sums, differences, products and the quotients—unless the divisor is the null- 
clement—of two elements of P belong to P. Hence P is a subfield of the 
primefield and P is therefore the primefield itself. 


From this theorem it follows that the primefield of the field of the 
complex numbers is the field of the rational numbers, and that the fields 
GF, are their own primefields, 


2.25. Primefields. To investigate the primefield of F consider the 
module generated by the unitelement / of F. This module is a submodule 
of this primefield, and it consists of the elements 


n d (1) 
where n takes all the integral numbers. As has been shown in 2-15, 
pl + ql = (p + q) 7. 
To prove the corresponding multiplicative formula 
»/1[27]-—pP347. (2) 


we use mathematical induction. The formula is obvious for q — 0 and every 
arbitrary integral value of p. From 
[p/J] [(q =e 1) 7] = [p/] [qt > 7] = [p7] [q7] > ps, 

it follows that if (2) holds for a particular value of g, then [p/] [(q + T] 
-pqi-pl = p(q + 1) 7; thus (2) is correct also for q + 1 and q — 1. 
Hence (1) holda for every pair of integral numbers p,q. The module 
formed by the elementa (1) is therefore a ring #*, and is homomorphic to 
the ring of the jntegral numbers. Hence there is no harm in introducing 
the shorter notation 

n J = n. (3) 
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P tq denotes the element of F which corresponds to p + q, and it is 
simultaneously the sum of p and 4; the corresponding holds for p — q and 
p 4. One should notice that the italic characters 


Ü,st: ee s. Woo (4) 
denote elements of PF, whereas the roman characters 
0, 2-1, + 2; .-., 


denote integral numbers which may not be elements of F. On the other 
hand, the elements (4) may not be different. 


Let e.g. F be a field GF, [sce 2-23, th. 2], say GF,, then 2 — 7, etc. 
The notation 0 for the nullelement tallies with the notation of (2-1). The 
ring of the elements (4) is homomorphic to the ring of the integral numbers, 
and it is therefore isomorphic to a ring of classes of residues. The null- 
element corresponds to a subring A. of the ring of the integral numbers 
[see 22-3]. The number g is called the characteristic of the field F. 


2.26. Fields of characteristic p. Let g — 0. Then R* is isomorphic 
to the ring G, as considered in (2-23). From the 2nd theorem of 22-3 it 
follows that g is a prime number p and A* is therefore isomorphic to GF,. 


Hence &* is a field, and since R* is contained in the primefield which 
has no subfield different from itself, R* is the primefield of F. Hence : 


Theorem. f the characteristic of a field F is different from zero, it 
is 4 primenumber p. The primefield consists of the clementa 


L5 2l.» 
and is isomorphic to GF,. 


That every primenumber is indeed the characteristic of a suitably chosen 
field, is obvious by the example of the fields GF,. In a field of a charac- 
teristic 2, a = — a + 2a = — a holds; the positive sign and the negativo 
sign are therefore not different. The caleulation in fields of characteristic 
2 is much simplified by this fact; on the other hand there exista no 
arithmetie mean of two elements, For this reason the case of fields of 
characteristic 2 has sometimes to be considered separately. 


If p is à primenumber, the binomial coefficienta LJ 


(A) = wie 


w- 


= 
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are divisible by p for 0 << m < p, since the primefactor p does not occur 
in the denominator. If one calculates in a field of characteristic p, those 
numbers have therefore to be replaced by zero. Hence in a field of charac- 
teristio p 

(a - b) — a» --b* (1) 


holds. Replace b by — b, then 
(a — b) — af — i» (2) 


holds for every odd primenumber p; the same formula holds also for p — 2, 
since in fields of characteristic 2, subtraction is not different from addition. 
Thus (2) i» true for every field of characteristic p. 

2.27. Fields of characteristic 0. Let @ = 0; then A* is isomorphio 
to R, and therefore it cannot be a field; to find out its nature, apply the 
following theorem which holds for fields of any characteristic : 


Theorem 1. Let A be a subring of a field F, and let A contain more 
than one element; the meet of those subfields of F which contain A is a 
field consisting of the solutions .X of the equations 


where a - 0 and b are elements of A. 


(In other words: The meet of the subfields is proposed to consist of the 
quotients of the elements of A). 


Proof. 'The meet of those subfields is a ficld containing the set X of the 
solutions. One must therefore prove only that X itself is a field. Since 
A is supposed to contain an element a = 0, anda J] — a, a 0 = 0 hold, the 
elements 0 and J belong to X. ‘Therefore X contains more than one element. 
We need to show only that the sum, the difference, the product and the 
quotient of any two elements of X (the divisor being supposed = 0) belong 
to X. Let a, x, = 5,, d; zr, — b, then 


a, 04 (r, + x) = a, b, & a, b., (1) 
a, a (r, 24) = bi bs, (2) 

and if x, 0, and therefore 6, 3-0: 
. a, b, (zr, : x.) = b, a. (3) 


09 O. P.—9 


LE d ny 
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The meet P of all the subfields of F which contain #* is a subfield of F 
and contains therefore the primefield ; on the other hand, the primefield 
i» one of the subfielda of F containing AK* ; hence P is the primefield of F. 
If F is supposed to be of characteristic zero, to every pair of integral numbers 
rand s = 0, there corresponds a pair of elements r and «== 0 in R* and there 
exists therefore in P a quotient r:s« From (1), (2) and (3) it follows that 
addition, subtraction, multiplication and division of those quotients are done 
in the same manner as the corresponding operations for rational numbers. 
Hence P is homomorphic to the field of the rational numbers. A field cannot 
be homomorphic to a field, unless the two fields are isomorphic. P is there- 
fore isomorphic to the field of the rational numbers. Hence : 


Theorem 2, ‘The primefield of a field of characterisic 0 is isomorphic to 
the field of the rational numbers. 


2-28. Quotient fields. The methods used in 2-27, will now be applied 
to characterise those rings which are saubrings of a field. As in every field 
the multiplication is commutative, a ring which is a subring of a field must 
be a commutative ring ; as furthermore the product of two elements which 
are different from 40, is itself different from 0, the same holds in every sub- 
ring of a field. It will be shown that these two necessary conditions are 
also sufficient. 


Theorem. Let A be a commutative ring with the property that any 
pair of its elements which are different from zero, form a product which 
is different from zero. Then A generates a field which is called the quotient- 
field QUA) of A. The field @(A) contains a subring A’ which is isomorphic 
to A and every element of Q(.4) is a quotient of two elements of A’, 


Proof. Consider the pairs of elements a, b of A for which b= 0, These 
pairs are distributed into classes by the help of the following equivalence : 


a, b— a’, b 


if there exist elements e and d of A such that e =< 0, d x 6, ca — da' and 
ob = db". "This equivalence is obviously reflexive and symmetric. ‘To prove 
the transitivity, suppose a’, b' — a", b", hence c'a' — d'a", c'b' — d'b'', 
where c' = 0, d' 4 0. Then cc' a = dd’ a", cc’ b = dd’ b". Since ec’ 4 0, 
dd’ 4 0, a, b — a^", b". Thus the equivalence generates a partition of the 
pairs into classes, The class represented by a, b. will be denoted by a/b. 
Especially a/b = cajeb. Addition and multiplication of classes will now 
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be defined by the following formulas (well known from the calculation with 
fractional numbers), 


a/b, + a,/b, = (a, b, + a, b,)/b, b,, (1) 
a, ib, a.ib, — a, asib, by. (2) 


It must be proved that these formulas are independent of the choice of the 
representatives. 


Let | a,b ~ 0';,6',, ca, = dja',, e b, — di b, for «= 12; 
then 
a, a,/b, b, = e, e, a, aslo, c, hb, b, = d, d, a', a'4jd, d, b/, b, — a', a^; b^, V^. 
Similarly it is shown that 3 
(a, b, +- a, b,)/b, b, = (a', b. 4 at, b). 8. 


The two commutative laws and the associative law of multiplication are 
obvious. Now : : 


(a/b -+- cfd) + ejf = (adf + chf + tde)/bdf = ajb + (e/d-+ef) 
(associative law of addition), 
ajb cjd + ajb ejf — ab (cf + ed )/b df = alh (cid + eif ) — (e/d+e/fjalb 
(distributive laws). 
The equation a/b + x/y — cjd is solved by 
y=ch—ad, y= bd; 


the elements a/b form therefore à commutative ring. Db is its zero-element, 
For a = 0, 


ajb ule — cid ia solved by wu = be, € = ad = 0. 
The ring is therefore a field, say Q(A). 


For every particular clement à of A, there is an element ca/c of Q(A). This 
element is uniquely determined by e, since 


cale — dajd. 
As in 2-13, denote this class by ( « ), then. it. follows from (1) and (2) that 
* (a) + (5) = (a + 9) 
(a) (b) — (ab). 
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The elementa of type (a) form therefore a subring, say A’ of Q(A) which 
is homomorphie to A. If a = b, then cajc = cb/c ; hence the homomor- 


phism is an isomorphism. Finally 
a/b (b) — (a). 


Therefore every element of Q(A) is the quotient of two elements of A’, 
Hence Q(A) is the quotient field of A, and the theorem holds. 


2-20. elation between a field and its subrings. Integral domains. 
To embed the ring A into a field of which A is a subring, we use the following 


lemma. 


' Lemma. Let A be a subring of a ring B, and let A’ be a ring which is 
isomorphic to A; then there exists a ring B' which is isomorphic to B and 
which contains A’ as a subring. 


Proof. Denote the elements of A by a,, «,,, .., in general by the letter 
« with an index but without a dash; the remaining elements of B be 
denoted by B,, B. ... with indices, but without dash. Consider now an 
isomorphism J, mapping A on .4' and denote by a’, the element of A’ 
corresponding to 2a;, where j runs over all the indices which occur. If 
€, > c, = e, and e, e, = e, then it follows from the isomorphism that 
e, + «', = a', and a’; a, = a',. Create now new elements 8',, B',, ... 
corresponding to the elements B,, B., ... of B. These new elements together 
with the elements of A’, form a set B’ which is in a (1,1) corespondence to B; 
of course the correspondence can be generated by simply affixing a dash 
on the notations of the elements of B. The addition and the multiplication 
in B will now be defined in this way. If for any elementa p, v, and p» of 
B,p r and po = » hold, then p’ + o = r', and p' o’ — u'. By this 
definition .B' is made a ring and the mapping of B on B' generated by 
affixing a dash becomes an isomorphism J; for the elements of A‘ this 
isomorphism is identical with J, and the addition and the multiplication of 
elements of A’ is the same as it was defined originally. Hence the ring 
A’ is a subring of B'. 

If in particular B is a field, then B’ is a field and A’ is embedded into B’ 
as a subring. Applying the lemma to the preceeding theorem, one there- 
fore geta the theorem : 


Theorem 1. If A is à commutative ring in which 0 cannot be represen- 
ted as a product of two elements different from 0, then A is a subring of a 


field which is isomorphic to Q(A). 
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Definition. A commutative ring containing a unitelement is said to 
be an integral domain if the product of any two of its elementa which are 
both different from zero is itself different from zero. 


Hence: An integral domain can be embedded into a field. The close 
connection between A and its quotientfield (QUA) is shown by the following 
theorem. 


Theorem 2. If A is a subring of F, the meet of all the subfields of 
F which contain A is isomorphic to QA ). 


Proof. As it has been shown in 2-27 the meet X of those subfielda 
consists of the quotients of the elements of A. Addition, subtraction and 
multiplication of these quotients are given by the formulas (3), (4) and (5). 
To every element of Q(A) there corresponds an element of X, and as the 
formulas (1) and (2) of 2-28 for the rational operations tn WA) tally with 
the corresponding formulas of 2-27 for the elementa of X, the field X is 
isomorphic to Q(A). Since Q(A) is a field, the theorem follows from the 
corollary in 2-23. 


2-291. Identification. The notion of isomorphism and the lemma of 2.29 
can be generalised. Consider any system of mathematical objects which 
may be subject to certain operations. Modules and rings are instances 
of such systems ; the objects are called "elements", In a module there 
is one operation (addition), in a ring there are two operations (addition and 
multiplication). Another example of a system of this kind is the ''affine 
space"; its objects are "points" and "vectors" ; the operations are: addi. 
tion of vectors, multiplication of vectors with real numbers, addition of a 
point and a vector. A system is therefore not uniquely determined by the 
objects alone ; of course the same set of objects furnishes different systems 
if the operations are different. In the same module a “multiplication” 
can be introduced possibly in more than one way ; thus one may construct 
two rings which are different, though composed of the same elements, If 
in the geometrical system just introduced as "affine space", in addition 
to the operations already introduced, the relation of "scalar product" is 
established, the affine space becomes a “metric space" which is not the same 
system as the affine space. Let now X and X' be any two systems with the 
same operations, but possibly different elements, and let there be a (1, 1)- 
correspondence J generated by mapping the elements a, 8, ... of X on the 
elements a’, Be: of X'; let furthermore A be one of the given opera- 


tiona which from «,, Be, ... results JA(a,, B, «a Yu) Ky 
B's its =x’, is the element of X' on which x, is mapped by J, then 
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R is said to be invariant for J. If every operation of X is invariant, then 
J is said to be an isomorphism and X is isomorphic to X'. Obviously the 
isomorphism satisfies the 3 conditions for an “equivalence”, For rings and 
fielda, this general definition of isomorphiam tallies with the definitions 
given earlier. The lemma of 2-28 can be generalised now in the following 
way: 


"Let € and T be two systems with the same operations and let every 
element of X be an element of T (£e. € is à subsystem of T). If X' is 
isomorphic to X, then there exists a system T' which is isomorphic to T and 
which contains €' as a subsystem". 


This lemma is proved in the same way as the lemma in 2-28. The 
reader may work out the proof as an exercise. 


Often, isomorphic systems are considered to be equal. They are con- 
sidered to be different representations of the same thing. £g. one speaks 
of the affine plane though there are different planes which are isomorphic 
only, but for affine planimetry one needs to consider the common properties 
of all these planes, and it is therefore convenient to take these planes 
as representations only of "'the'" plane. It is not always possible to 
proceed so; in solid geometry one has to consider simultanously different 
(isomorphic) planes, say p, and p., and these may intersect in a line, say s, 
whereas if p, and p, are considered to be the same plane, every point of them 
is a common point ; thus one has to distinguish between isomorphic systems 
án this case. Similarly in Algebra. As far as the properties of a particular 
ring R are investigated, it is not necessary to make any distinction between 
R and a ring R’ which is isomorphic to A. On the other hand if one dis- 
cusses a ring S which contains two isomorphic rings Rand EK", it is necessary 
to make a distinction between them, There are however cases where two 
isomorphic systems X, and €, will not be considered later on as subsystems 
of a larger system, e.g. when by the introduction of X,, the system X, 
becomes superfuous. In this case, there is no harm to identify them, 
is. to consider them as the representations, or as different names only, of 
one and the same thing. 


Now consider the ring A of the last theorem of 2-28, then its quotient- 
field Q(A) contains a subring A’ isomorphic to A. From the lemma it follows 
that A can be embedded into a field B which is isomorphic to Q(A) ; it 
i» now very convenient to identify B with Q(A) and A with A’, Of course, 


if on building up elementary arithmetic one extends the ring of the integral 


numbers, at first the quotientficld of the fractions a/b is introduced, and 


E - 
v 
- — —— —— laa — — 














IDENTIFICATIONS "1 


then the fractions a/1 are identified with the integral numbers a; otherwise 
it would be necessary to make m distinction between the fractions a/b 
and the rational numbers a:+. That could be done: one is not loosing any 
logically important step in renouncing identification, but the mathematical 
language must become very heavy and overloaded by isomorphisms. To 
. understand this clearly, a short review of the steps leading from the 


notion of natural number to the notion of complex number may be helpful. 


(1). Out of the two signa +, — and the natural numbers a, form all the pairs 
+ «and — a. These pairs together with a new symbol 0 form a system. 
Addition and multiplication are defined now in such a manner that the 
system becomes a ring /K and the subsystem of "positive numbers" 4+ a 
ix isomorphic to the system of the natural numbers. Natural numbers 
are identified with positive numbers. # is the ring of inlegral numbers. 


(2). Form Q(R) and identify R with the subring of the factors with deno- 
minator 1. Q(RH) is the field of the rational numbers. 


(3) Form the Dedekind sections in the ordered system of the rational 
numbers. For a suitable definition of addition and of multiplication, these 
form a field D. "The primeficld P^ of D consists of those sections which are 
determined by rational numbers, — P is identified with Q(R), and D is called 
the field of the real numbera. 


(4) Form pairs (a, b) of real numbers a, b. For suitably chosen operations 
of addition and multiplication, these pairs form a field F, and the elements 
(a, 0 ) form a subfield which is isomorphic to D. Identify D with this sub- 
field. F is the field of the complex numbers. 


Thus four identifications are performed to get the complex numbers 
starting from the natural numbers. It is well known that there are also 
different ways; eg. one can define real numbers as continued fractions, 
or as decimal fractions etc. Similarly complex numbers may be introduced 
by classes of residues ete, Obviously a Dedekind section is a thing which 
is different from a continued fraction, The real numbers defined by con- 
‘tinued fractions form a field which by its substance is different from the field 
of the real numbers defined as Dedekind sections ; however the two fields 
are isomorphic, Every mathematical statement holding in one of these 
fields holds also in the other one. In investigations on, mathematical logic, 
it may be necessary to consider these two fields simultanously, and there- 
fore to make gistinction between them. In “pure mathematics" there is 
‘no reason to do so; thus we are justified in identifying these two fields 
(and some others), and to speak of "the" field of the real numbers. 
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2-3. Polynomials. 
2-31. Preliminary investigations, Let 


T, a, Oi, s. One b... by, *-t8g9 b, 


be elements of a ring, then this ring contains also elements 


06, dm ...-FG, zr" = Xa (1) 


and OE E EE S LEE E T A (1^) 


Suppose x to be commutative with every element of the ring. From the laws 
of addition and multiplication (sce 2-1) as far as they are bound to be satis- 
fied in a ring of this kind, it follows that 


s Ics 
Ss 
+ 

s 14g 


n N 
b, xh = & 6, 2” (2) 


4s 
A 

4 

! 
s 14g 


^ 
b. x! = 3% d, 2 (3) 


(4) 


s Ma 
^ 
+ 

s MG 
T 
x 
| 
! 
> 
4 


where 


N znmand m, M z n +m, ais, = 0, bj = 0, 


8, = a, + b, (2^) 


d, — — b, (3) 
g, = >= ty by. (4°) 
i* pre 


If v is greater than m and m, s, — d, = 0, similarly for & > n + m,g, — 0. 
Independently of x, the element (1) of the ring is not altered if some terms 
with coefficients equal to zero are added. For particular values of z, such 
expressions may determine the same clement, even if they differ in every 
coefficient, e.g. x — 2 and z* + 2x — 4 are equal for x — 1l. It isof a 
fundamental importance that there exists a class of rings in which two 
elements (1) are equal if and only if corresponding coefficianta are equal 
(terms with zero-coefficients being omitted). Every ring can be extended 
to a ring of this kind by the operation which will be described now. 
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2-32. Definition of a polynomial. For the purpose mentioned above, 
one starts from a ring A, whose elements are denoted by 


(45, 034, vts Us, WU UY UE 2459 Das erry Cu, Cy, «9$ C4. see. a 


Introduce now a symbol x which is not used for the notation of elements of 
ft. Then create new elements, the polynomials in x over R which are denoted 
in the sume manner as formula (1) of 2-31. It may be emphasised that the 
polynomials are not yet elementa of a ring, but they will be made so by 
suitable definitions. The system of these polynomials is called 


Rl x}. (1) 


As usual, the elements a,, a), ..., @, are called coefficients, the symbol x 
is said to be an indeterminate, Two polynomials are considered to be equal 
if and only if, after omission of the terms with zero-coefficients, they tally 
in every coefficient. This definition of equality is admissible, as it satisfies 
obviously the laws of reflexivity, symmetry and transitivity. For abbre- 
vialion, we are allowed to omit terms with zero-coecfiicients, furthermore 
we may omit any coefficient which is equal to / (provided that a unitelement J 
exista in A). Thus the symbol x can itself be considered as a polynomial 


r-0--1z7. (2) 


This formula is not trivial, as — up to now — the sign + in 2-31, (1) is a 
mere symbol and not the sign of addition. Addition, multiplication and 
subtraction of polynomials have not yet been defined, but suitable detfini- 
tions will be given below. 


Definition. If a, = 0 for i > d, but ay 0, then d is called the degree 
of the polynomial X a, 2’. If every coefficient is zero, the degree is equal 
to — 1. 

By this definition, to every polynomial a definite integral nu mber =— 1 
is alloted as its degree. Equal polynomials have the same degree. The 

i E for degrees = 0, there exist 
polynomials of degree — 1 are all equal, whereas : 
different polynomials of the same degree. The polynomials of degree 
< 1 are of the type 


a, + Or+ ..- +O, (3) 
where a, runs over all the elements of R. These polynomials form a subset 
R [x] (4) 
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of R(x]. Every polynomial (3) is, by the definition of equality of poly- 
nomials, equal to a polynomial a,. Thus there is a (1,1) — correspondence 
between the elements of the ring A and those of R°[x] so that corresponding 
elements are written in the same way. The distinction between A and 
R[x) will disappear later on. 


2.33. Rings of polynomials, 


Definition. The sum [the product] of two polynomials of H[r] is a 
polynomial in R[x]; the coefficients are determined by (2') [by (4°)] of 2-31. 


Theorem.  R[x] is a ring, R[x] is a subring of R[x] which is iso- 
morphic to A, corresponding elements being denoted in the same way. 
A polynomial is the sum of one-term polynomials a,, a;z, ..., a2", and 
cach polynomial a,2* is the product of the polynomial a, (of degree < 1) 
and the polynomial z*. 


Proof. To show that R[x] is a ring, one has to prove that the commu- 
tative law of addition, the associative laws of addition and multiplication, 
the distributive laws and the law of inverse-existence for addition hold. 
Since these laws hold in A, one can easily derive them for R[x] by the help 


of the formulas of 2-31. ‘The commutative law of addition follows directly 
from (2) and (2' of 2-31 


$8,*"--Z£ oz” = Ft, 2", 


where (, = 4, +¢, — a, + 6, + e, a, + (b, + e) Hence X (f, x" = 
Za, 2” + (= 6, 2 + Ee, x’), Le. the associative law for the addition 
of polynomials. Similarly one shows that (5 a, 2" Xb, 2") Se, 2” and 
X a, x'(X b, x* X c, x") are both equal to X v, x, whereu,— X 

‘=—a+h+p 
It may be left to the reader, to check the two distributive laws in the 
same manner. lf d, is defined by 2-31, (3'), Sd, x* + Sb, 2” = Xa,z* 
follows from (2') of 2-31. Hence R[x] i» a ring. The remaining proposi- 
tions of the theorem are immediate consequences of the definition of 
addition and multiplication of polynomials, 


a, b. Cy 


Since A^[r] is isomorphic to the ring R#, one identifies the elements of 
R*[x) with the elements of 7? which are already denoted in the same manner. 
It is therefore not necessary any more to distinguish between the polynomial 
a, (of degree < 1) and the element a, of R. The ring Rix is an extension 
of the ring # since by the identification carried out just b ore, A becomes 
a subring of R[x]. As every subring (and even every submodule) of a ring 
(a module) contains the nullelement of the ring (module), the rings [x] 


Heol mm. 
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and AH have the same nullelement. J.¢. the nullelement 0 of R is also the 
nullelement of RA[r] Furthermore if A contains a unitelement J, this 
unitelement is also the unitelement of R[r]. 


Since a polynomial has been proved to be the sum of its terms (which 
are polynomials with at most one coefficient different from zero), one can 
interchange the terms without altering the polynomial, e.g. one can write 
the terms in the opposite order 


a, | d LL zx! — “+ ES a... 


Exercises, Let R be a ring which may or may not be commutative 
but contains a unitelement. 


l. Prove that 2° is commutative with every polynomial of Afr}. 
2. Let H[x] be a subring of a ring R,, prove that A[r] is the meet of all 
those subrings of JM, which contain A and «x. 

2-34. Commutative rings of polynomials. 
Theorem 1. It H is a commutative ring, then Zr] is a commutative 
ring. | 

Proof. By the theorem of 2-33, it has been shown that A[x] is a ring ; 
one has only to check the commutativity of the multiplication. Of course 
the commutativity follows from 2-31, (4') and X a, 6, = x b, aj. 

i*j-m i*j-m 

Theorem 2. If R is an integral domain, so is Jr]. 

Proof. Asin consequence of theorem 1, R[x] is a commutative EM con- 
taining the unitelement 7, one has to prove only that if = X a, z^ and X b, zx” 
are of degree = 0, then the same holds for there Sodadt E ig. z^. Without 


loss of generality we can suppose that a, A 0 and 6,, * 0, hence gy. = 
a, by ~ 0. Hence the theorem. 


In a similar way one proves: 


Theorem 3. 1C R is a subring of a field, then the degree of the product 
of two polynomials of Rix) is the sum of the degrees of the factors, 
provided the factors are both of degree — 0. 


Exercisee Show me the condition: ‘A is an integral domain" cannot 
be replaced in theorem 2 by: "H isa commutative ring". 
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Theorem 4. R[x] is not a field. 


Proof. If R consists of the nullelement only, then R[x] is equal to R, 
and as it consists of one element only, it is not a field. Let a = 0 be an 
element of E, then R[x] contains ax. If Rix) is a field, Kis a subring of a 
field; hence theorem 3 can be applied. On the other hand there exists 
in #[x] a polynomial of degree, say m, which is inverse to ar. The product 
of the two polynomials is equal to 7, and therefore it is a polynomial of degree 
0. Now m > — 1, but from the theorem 3 it follows that m 4 |] = Q. 
This is a contradiction. 


2-35. Integral functions, Let C be a commutative ring containing 
the unitelement 7; then the same holds for C[r]. Let a,, Gi, r.c f. D6 
elements of C, and A an arbitrary element of Cx], then 


@ + d À + d; Ae +... + a, AN = f(a) (1) 


is again an element of C[r]. The correspondence mapping A on f(A) is 
called an integral rational function over C or briefly (as we are only concerned 
with Algebra) an integral function over C. These functions map the 
elements of C on elements of C, and the elements of C[x] on elementa of 
C[r] Especially 0 is mapped on a,, and x (which indeed is an element 
of C[x] as 7 is supposed to be an element of C) is mapped on the polynomial 
f(x) which has the same coefficients as (1) has. On the other hand, given 
any polynomial in x over C, there exists an integral function over € having 
the same coefficients ; one has only to replace the indeterminate x by the 
variable A running over the elements of C[r] or a subset of them, 


Again consider all the polynomials in x over C, say 
f(x), flr), fia). **x 


and any particular element of C[x], say A. To every element fir) of C 
let correspond the element f(A) which also belongs to C[r] Let SI (x) 
and f,(r) be any two elements of C[x] 


fix) — €a,zr, f(x) = b, x, I(x) + f(x) = f(z) = = a, =", 
fiin) fle) = fix) = = g, x^. 
Then the coefiicients a, bj, *,, g, are interconnected by 2-31, (2') and (4’). 
Since C[r] is a commutative ring, A is commutative with the clements 
a, and b, Hence (see 2-31) the addition and the multiplication of X a, À' 
and X b, A! is done also in accordance with 2-31, (2), (2°), (4) and (4’). 
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LMA) + f) = fA), f,0) fi) = f.(A) hold. 


The correspondence f(x) —» f(A) i» therefore a homomorphism, By it, 


the ring of all the elements of C[z} is mapped on a subring C, which is 
homomorphic to C[»]. 


Let A = b be an element of C. Then every clement of C, is an element 
of C ; on the other hand the polynomials x + (a — b) of C[x] are mapped 
on a, which is supposed to be an arbitrary clement of C. Hence C, — C, 
Thus every element of C generates an homomorphism mapping C[z] on €. 


Exercises : Consider the homomorphism generated by an element A 
of C[r]: (1) if A is of degree > 1, (2) if A is of degree 1 and C is a field. 


By an homomorphism the nullelement is always mapped on the null- 
element. Lf therefore 


F( f(x), «cos Jn(x) ) = 0, 


then 
F( f(A), , «03 ful) ) - 0 


for everv A out of C[r] Hence 


Theorem. Every equation between elements of C[r] remains correct 
if for x one puts any particular element of C[x]. 


It may be mentioned that the commutativity of C is essential for the 
validity of this theorem. 


2.36. Polynomials in two indeterminates, Derivatives, Let R be a 
ring, x and y be indeterminates, then 


Rix) = T, Rly) = S 


are also rings. Ty] consists of the polynomials in y of which the 
coefficients are polynomials in x over A, i.e. it consists of the sums 


X ay, x! y*, (1) 
where aj, runs over the elementa of R. The same holds for S[r]. Hence 
T[y] = (R[x) ly] = Six] = Ale). (2) 


. 
This statement can easily be generalised for any number of indeterminates. 





78 
Thus we can extend R to 
B[z, £4 ...,9] 
without making any distinction about the order in which the extension is 
performed. 
Let 
é(r) = Sa, zi, and X e(0) — 0, then a, — 0 and o(x) = = ox), 


where ¢,(x) is a polynomial in x over the same ring as (x) is, provided 
this ring contains à unitelement. 


Let D be an integral domain; as in 2-25 the sum of n terms, each being 
equal to 7, is denoted by n. Now let f(x) be a polynomial of D[r] — T, 
then f(x + y) is à polynomial of TT[y]. 


fix + y) — f(x) = Fly), F(0) = 0. 
Hence 
Fiy) = y F,(y). 
Now F,(0)isan element of T — D[r], say 
F,(0) = Jf'(x), (3) 


where f'(r)is a polynomial in r over D and is uniquely determined by f(x). 
The polynomial f'(r) is said to be the derivative of f(x). If D consists of 
real numbers only, this notation tallies with what in Analysis is called the 
derivative of an integral rational function. "The reader knows that in 
Analysis the notion of derivative applies to a much larger class of functions 
of a real variable than rational functions only. Here, a derivative is defined 
for polynomials only, but the coefficients are not necessarily real numbers. 
The formulas for the derivatives of sums and products are the same as in 
Analysis even the proofs are nearly the same, the only consideration being 
that there is no passage to limit. Readers are advised to compare carefully 
the following proofs with those given in analysis to understand clearly the 
difference between an indeterminate and a variable which takes real values 
some of them making the functions possibly senseless. 


Let 
Ji) = fix) + fix), 
y Foy) = (Jule t v) — fx) + (fle + 9) — fio) 
= (FW) + Faly))- » 


yl Fy) — Fidy) — Faty)) = 9. 
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Since D and therefore D[y] are integral domains, and y is not the nullelement 
of D [y], the factor in brackets is zero. Put y — 0 then from (3) follows : 
f'(x) = f'.(x) + fit). (4) 
Similarly, let. 
gir) = f(x) f.lx), 
then 


y G,(x) — (f+ y) — fo) fiie -- w) t (Le t y) — fiin) filo) 
= y(Fauly) fio y) + Pa ly) Sy), 
wherefrom it follows by the same consideration as above that 


g'(r) = f',() f(z) + f£) fi G). (5) 
Furthermore : f'(x) = 0 for fiz) — c 

(=z) = 1 for f(x) — =z. (6) 
From (4), (5), (6) it follows in the same way, as in analysis : 
For faz)—xa,z, f'(r-—zja,zx!. (7) 


2.37. Homogeneous polynomials. Again let D be an integral domain, 
Mares, Xy. € DO indeterminates, denote 


D, -D,..., Zn), D, = Diz,, Fan etre Ta] =>» D, = Dix, — ⸗ Zi] 


(1) 
hence 


S: D. ese, Xa] = D, [,], for b = 1, ec «9 Ne (2) 


Every polynomial f(x,, ..., %) of S can be considered to be a polynomial 
in rz, over D, 


f(x, m) = fin), k-—1l...m (3) 
ftx, «V 06) 
which belongs to S[']. 
Definition, f(t, +--+ 70) in anid to be homogeneous of degree m if 
fitz;, ..., ee) — t" fin, + <=> Xn) (4) 






5 — s ie RARE ! - Sai 
Let fle, +++» %) be homogencous of degree m 
RU y 


TRA 5 fins 8) = Xa xtM,..aY45 (8) 
* dim 
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where to different j correspond different sets (4), ..., vw). Then 
"m fix, "343 tal = fitx,, ** *5 tx.) = X d, Ta"), 7-2 #6 T."1 pu rne tms 
Hence & + .. + w, = m, for every occuring j (6) 


i» à necessary condition for f(z, ..., x,) to be homogeneous of degree m. 
Obviously this condition is also sufficient. Forming the n derivatives and 
multiplying each of them with the corresponding indefinite r,, one gets 


T,Jír)-—Xesau,m," ... "i 


X. fux) — X0 x," 2. XUM 


where, as in 2-25, (3), «, stands for the element which one gets by 
taking the unitelement s, times. By addition it follows from (6) that 


x nux) =m fr...) (7) 
holds. (Euler's formula). 


2.4. Factorisation. 


Fundamental notions. Suppose R to be a commutative ring. If a, b, ¢ 
are elements of R, and 


ab=c (1) 


holds, a and b are said to be factors of c, and c is said to be divisible by a and b. 
Whereas in a field every element is divisible by every element different from 

ro, there is no corresponding theorem for rings, As some rings — ¢.9. 
the ring of the integral numbers, and the rings [x] — play an important 
role in mathematics, it is necessary to consider the mutual divisibility of 
elementa of certain classes of rings which are not fields. 


Let D be an integral domain. Vf every element of D is divisible in D 
by a particular element say e, then / is divisible by e, and therefore e! 
belongs to D. If on the other hand, e and €? belong to D, then for every 
a of D, the elementa a e and ae belong to D; henee every element a of 
D is divisible by e and ¢'. Thus the elements which are factors of every 
element of D are exactly those elements of which an inverse element exista 
in D. The unitelement 7, for instance, has this property ; so these elementa. 
are called the wnities of D. If e, and e, are unities, ibo dif me Bad 
fore, e, and e, e,.. Thus the unities in D form a multiplicative commu- 
tative group. — ae | 





J 
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Some examples :. 1. Let D be the ring of the integral numbers, then 
4- land — Lare the only unities, 


2, Let FP be a field, then every clement different from zero is a unity. 


3. The unities of F[r] are the polynomials of degree 0 (ie. the elementa 
of F, with exception of 0). 


Let a and h be two elements of D for which a: b — e is a unity of D ; 
then a and b are said to be associated. This association of elementa 
satisfies the laws of reflexivity, symmetry and transitivity ; thus D is parti- 
tionel into classes of associated elements: (associates). 


Every clement of D is divisible by its associates and by the unities. A 
non-zero and non-unity element which is not divisible by any other element 
than its associates and unities, is said to be a prime-clement. — E.g. in the ring 
of the integral numbers, an element is associated to itself and to its negative ; 
the primenumbers taken with positive or negative sign are the prime- 
elements. In an arbitrary field the non-zero elementa are all unities, but there 
might be elements which are neither zero nor unities and are non-divisible by 
any prime-element provided the domain D is suitably chosen. — E.g. consider 
the numbers 

&, -a,9! 4-a, 9! -- .— fa, 2, (2) 
for n = 0,1, ... and a,, @,, ... being integral numbers. The numbers (2) 
form an integral domain D with the unities 1 and — 1, the prime-clementa 
being the odd primenumbers with positive or negative sign. The number 
2 is not a unity and is not divisible by any prime-clement of D. 


If an element can be represented as a product of unities and prime- 
elements it i» said to be factorisable ; the representation itself is called a 
factorisation. Obviously a prime-element is always factorisable. Hf an 
element @ is non-factorisable, it is neither a unity nor a prime, and it i» 
divisible by an element 6 which is not associated to @ and is itself non- 
factorisable. Two factorisations of an element will not be considered to be 
different if there is a (1, 1)-correspondence between tho prime-elements, 
corresponding prime-clements being associated. — If all the factorisations of 
an element a are equal in this sense, then the factorisation of a is said to be 
unique, If the factorisation of every element which is neither zero nor a 
unity is unique, then one anys that the factorisation in D is unique. Thus the 
factoristion in a field is unique. ' 


Exercises. (1) Construct an integral domain D which is not a field 


| but ov OMM A 
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(2) Investigate the extension of the notions explained here to rings 
which are not integral domains. 
2-42. Domains with factorisable elements. 


Theorem. Let D be an intezral domain and to every element a x 0 
of D let there correspond an integral positive number Nia), the norm, 
such that 

N(ab) = Nia), (1) 
where equality holds if and only if b is a unity, then every element = 0 
in D is factorisable. 


Proof. M a is a product of non-unity elements, 


a — @, “ee us 


then 
N(a)z N(a,...44,..) - 1z— N(G, ....0&.3) + 2... = m. (2) 
Again, if a is not factorisable, it is the product of two non-unities, say 
a — a, b, of which at least onc, say 6,, is not factorisable. Hence 
aa, 6; =a, a,b, = ... a, a, ... 4, 6,, 
where n can be chosen > N(a) and none of the factors is a unity. But 


from (2), N(a) = n + 1 which is a contradiction. Hence the theorem. 


Examples, (1) Let D be the domain of the integral numbers, and N(a) 
be the absolute value: N(a) — |a|. Then N(a) satisfies (1). Hence the 
integral numbers are factoriaable. 


(2) Let D be the set of the numbers 


« +- By (— 6), (3) 
where a, 8 take all the integral values ; then D is an integral domain. 
Put i 

N(a + By (—6)) = a* + 68 = (a + 84 (—9) (« —84(— 96), (4) 
then N(ab) = Nia) N(b) (5) 


and for a ~ 0, N(a) > 0 is an integral number. 


If N(a + B 4 (— 6)) — 1, then (a — B 4 (— 6)) = 1: (a + B 4 (— 6); 
hence a + 8. (— 6) i» a unity. Therefore 
aes a bien On the other hand, 
is a unity, a , 








UNIQUE FAOCTORISATION 83 


and therefore N(e) = 1 as 1 has no positive factor other than 1. Finally 
N(ae) = N(a) N(e) = N(a). Henee the norm (4) satisfies the condition (1). 
In this integral domain the factorisation is not unique, since 


6 — 23 = —[xN (— 9]. 


We have to prove that 2, 3 and J (— 6) are prime-clements in D. N(2) — 4, 
N(3) = 9, N(q(— 6) = 6. If one of the 3 elements would not be prime, 
there must be elements of which the norm is equal to 2 or 3. If a is an 
integral number 


a? x ©, or 1 (mod. 3) (6) 


according as « is divisible by 3 or not. Again let N (a + 8 4 (— 6)) — 2, 
then a* + 68* — 2, a? = 2(mod. 3) contrary to (6). Let N(a + 8X (— 6)) 
== 3, then a* +- 68* — 3, therefore a is divisible by 3, say a — 3« multiply- 
ing with 2:3 one gets 6<* + 48? — 2, hence (28*) == 2 (mod. 3) contrary 
to (6). Thus 2, 3 and «4 (— 6) are prime-elements ; so 6 can be factorised 
in two different ways. 


2.43. Unique factorisation. The following criterion is often used, 

Criterion for uniqueness of factorisation. Let D be an integral domain 
in which every element 5 0 is factorisable. The necessary and sufficient 
condition for the uniqueness of the factorisation is that no product ab can 
be divisible by a prime-element p, unless a factor a or b is divisible by p. 


Proof. (1) Let the factorisation be unique in D. One gets the factori- 
sation of c — a by putting together the factorisation of a and that of b. 
On the other hand c — d p, and one gets the factorisation of e, by putting 
together the factorisation of d and the prime-element p. From the unique- 
ness of the factorisation it follows that an associate of p oceurs among the 
prime-factors of a or of b. Hence a or 6 is divisible by p. 


(2) Let the above condition for the products hold; then it can be 
proved by mathematical induction that if aa, ... 4, is divisible by p, at 
least one of the factors is divisible by p. Of course the proposition holds for 
n = 1; suppose it to be true for n « m. Ifa (a, ... a) is divisible by p, 
and a is not divisible by p, the product in brackets is divisible by p, and 
therefore one of the factors is divisible by p. Let now cbe factorised 
c= p, ..- ps and c be divisible by a prime-element p, then at least one 

| e prime-ejements p, is divisible by p and therefore associated with p. 
| /, there exist in D rt dn are not uniquely factorisable, 
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all different) such that b = g, ... q, admits a different factorisation*b = 
P. --. p.(where s — or 5& r). Obviously r > 1. Ash is divisible by p., 
one of the factors q, is associated with p, — w q,, where w ia a unity. Then 
9, --- Gry Pao pua ore different factorisations, contrary to the suppo- 
sition that products of less than r prime-elements are uniquely factorisable, 
Hence the theorem. 


If to two elements a and b of D there exists in 2) a common factor 


(a, 6) (1) 


such that every common factor of a and b is a factor of ( a, b ), then ( a, b) 
is called a Aighest common factor, or h. c. f. of a and b. Every element of 
D associated to (a, b) is also an A. c. f. of a and b. Conversely two A. c. f. 
of a and 4 must, by definition, be divisible one by the other and are 
therefore associated. Hence (1) is not determined uniquely, but up to 
a unity-factor only, provided that an A. c. f. exists at all. 


Suppose that to every pair of elements of D there exists an A. c. f., 
then every common factor of 3 elements, say a, b, c, is a common factor 
of (a, b) and e, and therefore a factor of d = ((a, b), ce). On the other 
hand, d is a common factor of a, b and c, Thus there exists an A. c. f. to every 
triplet of elements of D. Obviously this A. c. f. is uniquely determined up 
to a unity-factor. By repeating the procedure, the following result is easily 
obtained : 


Theorem 1. If to every pair of elements of D anh. c. f. exists, then there 
exists to every n-tuplet a,, ..., a, of elements of D an b. c. f. 
(a,, assy &) -— ( (a,, 53 oe) a.) (2) 


which is uniquely determined up-to a unity-factor. An element of D is a 
common factor of the elements of the n-tuplet if and only if it is a factor 
of (2). 


The operation for h. c. f. is commutative and associative ; moreaver 
it satisfies a distributive law : 


a (b, c) = (ab, ac). (3) 
Let D be uniquely factorisable, and 
 — p," p," T Pw'", 


where p, p, Pp. are different prime-elements. If 0's 5 Er | 
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e p, «++ Pa™ (5) 


is a factor ofa. On the other hand, it follows from the above criterion that 
a and therefore any factor of a can be divisible by such prime-elementa only, 
as are associated to p,, ...,Pm- AA p,'2 ... p.m is not divisible by p,, the 
element a and any factor of a cannot be divisible by p,'>". Similarly 
for the other prime-clements. Hence the elements (5) are the only factors 
of (4). Given two elements a and b of D. Using the notation z^, — J, one 
can express both elementa simultaneously by 


acp... pum, — oup... ps, where u is a unity. (6) 


An element (5) is therefore a common factor of a and b, if 0 = s, =r, and 


s; St, hold for j = 1, ..., m. Let w, be the smaller of the two numbers 
r, and t;, then 


(a, 6) = p"... py" (7) 
is an A. c. f. of a and b. Hence 


Theorem 2. If in D the factorisation is unique, there exists a highest 
common factor for every pair of elements - 0. 


These considerations on unique factorisation tally nearly verbatim with 
the corresponding theory of elementary arithmetic. The only essential 
difference consists of the unities which occur as factors and which remain 
arbitrary to a certain extent. In the domain of the integral numbers, there 
exist two unities + 1 and — 1 and therefore the prime-clements occur in 
pairs of associated ones, but in arithmetic, one uses to give preference to 
the positive numbers, thus the factorisation becomes unique in a stricter 
sense. In the genegal case considered here, there is no way of making a 
similar distinction. 


2.44. Euclidean domains. Let c,, c, run over the elements of D, and 
a,b be two particular elements ; then the elements 


c,a-+e¢, 6 (1) 


form a commutative ring which with every clement contains also its mul- 

tiples and especially its associates. Every element (1) is divisible by every 
common factor of a and b. If the A. c. f. (a, b) is an element of the form 

| ur (1), then thé*set of the elements (1) consists exactly of those elements which 
— are divisible by (a, 6). "This case is of a special interest. 
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Theorem 1. If the elementa = 0 of D are factorisable, and for every 
pair a, b of elements of D, an A. c. f. exists, and can be expressed by (1), 
then D is uniquely factorisable, 


Proof. Let ab be divisible by a prime-element p, say ab — k p, and a 
not be divisible by p, then the highest common factors of a and p are unities ; 
hence a unity, say «' can be expressed by ca +dp—]e'. Hence 
(ce) (a b) + (deb) p — b — (eek d e b) p. Therefore b is divisible by p. 
Hence the theorem follows from the criterion of 2-43. 


Let 


a,, as, "»")» hes Ones (2) 
be elements of the integral domain D satisfying the following conditions 


a, +6,a, = a, 


B (3) 


a,.; + b, a, = a,,. 


Then every common factor of a, , and a, is also a common factor of a, and 
a,.,, and conversely, and since this property holds for every k, each pair 
of consecutive elements has the same common factors. If especially a,,, —0, 
then a, is the A. c. f. of a, and a,.,, therefore every pair of consecutive ele- 
ments of the sequence (2) has an A. c. f. and this factor is equal toa,. Hence 


| (4) 


The construction of a sequence (2) ending with a,,, — 0 is called the 
“Algorithmus of the A. c. f.". This algorithmus allows one to expresa suc- 
cessively a, d,, ..., — (a,, 4,) as linear homogeneous functions of a, 
and a,. If therefore the elements 5 0 of D are factorisable, and the algo- 
rithmus can be performed for every pair of elementa, then D is uniquely 
factorisable. ‘Thus it is very important to have a condition whioh ia suffi- 
cient for the working of the algorithmus, Let in an integral domain D 
a norm-funetion N be determined which satisfies the conditions explained 
in 2-42. Let furthermore to every pair of elementa a,., ~ 0 and a, + 0 
of D exist elements a,,, and b, of D such that . 


4 + b, 0, = 0,,, (5) 


a2, = (a5, a). 


M * 
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where either “i, = 0, or Niay.,) c N(a,), 


then D is said to be a Euclidean domain. 

Theorem 2. To every m-tuplet of elements of a Euclidean domain D, 
there exists in D an h. e. f. which can be found out by a repeated appli- 
cation of the algorithmus ; the A. e. f. can be represented as a linear ho- 


mogeneous function of the n elements with coefficients out of D. The 
factorisation in D is unique. 


Proof. Since a norm-function exists in D, the elements are factoris- 
able. From (5) it follows, that given any two elements a, and a,, one can 
find a sequence a,, a,,..., in D such that Nia.) > Ní(a,)) > .... As 
the norms are positive integers, their sequence cannot have more than 
N(a,) elements. If N(a,) is the last norm in the sequence, it follows 
from (5) that a, = 0. Hence a, = (a,, a,) can be found out by the 
algorithmus, and therefore a, — ba, 4- ca,, where b and c are elementa 
of D. The theorem holds therefore for m — 2, and the factorisation in D 
i» unique. From 2-43, theorem 1 it follows that the A. c. f. of every m- 
tuplet existe. Suppose that 


(d, ... hh) = b d, Fus. bade 
and that this A. c. f. can be found out by applying the algorithmus k — 1 
times, then 
(d,, eeey d, 4) — ((d,, did — d, ), d, i) u— d(b, d, + -* T b, d.) + Cs d. 
— €4 d, 4 — “+ 6.3 dua 


can be found out by applying the algorithmus k times. Hence the theorem. 


29.45. The domain of the integral numbers. Consider the domain J 
of the integral numbers, and put 


N(a) — [a]. 


This function has obviously the properties postulated for a norm-function 
in 2-42, (1), and it satisfies also the condition 2-44, (5). Hence the factorisa- 
tion in J is unique, and the A. c. f. can be found by the algorithmus. 'The 
multiplicative properties of integral numbers are therefore determined by 
‘their represgntation as products of powers of primenumbers. Thus it 
is important to know that there exists an infinite number of prime- 





-* 
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Proof (Euclid). Suppose there exists a finite number of primenumbers 
only, say the numbers p, ( j — 1, ..., 5») ; then (p, p, ... p.) + Lis neither 
divisible by any primenumber, nor is it a unity. Hence the supposition 
i» wrong, and the above proposition holds. 


2.46. Homomorphism modulo a prime-element. Suppose D to be an 
integral domain, where factorisation is unique, and let p be any particular 
prime-element in D. "The elements which are divisible by p form a subring 
D, of D. As has been shown in 2-23, the classes of residues of D, in D form 
a ring D* which is homomorphie to D. By this homomorphism an element a 
of D is mapped on an element (a) of D*. Hence (a) — (a + k p) for 
every element kof D. The zero-element (0) of D* consists of the elements 
divisible by p, i.e. the elements of D,. Since D is commutative, and D" is 
homomorphic to D, the ring D, is commutative. It will be shown now 
that D° is an integral domain. Suppose (a) (b) — (0), then (a b) — (0), 
that means that a b is divisible by p. Since the factorisation in D is supposed 
to be unique, and p is a prime-element, at least one of the factors a, 6 must 
be divisible by p, ic. one of the elements (a), (5) of D must be the 
zero-element, Furthermore (7) is the unitelement of D*. Hence the 
commutative ring De is an integral domain. 


2.47. Factorisation in F [x]. Consider now the domain F [x] of the 
polynomials in x over a field F (see 2-34); with exception of the element 
0, for every element f (r) of F (x) a positive integral norm is defined by 

N (f (x) ) — degree ( f (z) ) + 1. (1) 
The elements = 0 of F are the unities. Hence N(a) = 1 holds for unities 
only. Applying 2-34, theorem 3, one gets for non-zero-elements a, 6 of F[x] 
N(ab) = N(a) + N(b) — 1. |. (2) 
Hence Nia b) = N(a), where equality holds if and only if 5 i» a unity. 
Let , 


fix) = Xa, 2, f(x) = X b, a" n zm, b, AO 
be two polynomials of F [x]. The ‘condition n E m does not involve any 
‘loss of generality, as e.g. a, may be equal to zero ; ten coed — 
only forbids f,(r) to be the zero-element. 
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f.i) = (a, ; hi) a f.) — * a‘, = >,(x) 
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9e-m(X) — (a*^ ^, :5,.) f.) = ES anc pr = fix) 


then f(z) + bfx) fix) = f(r), (3) 
where the degree of f,(x) is less than the degree of f(x). 


Hence 


either N (CfÉo)) — — — (4) 
or fa] = 0: Hence 


Theorem Y. Let f,(z) and f,(x) ~ 0 be polynomials of F [x] (where 
F denotes a field), then there exist in F [r] polynomials b, (x) and f, (x) 
satisfying (3) and (4), and these polynomials can be calculated by a 
finite number of steps. " 


The method of calculating 6, (2) and f, (x) is called the algorifhmus 
of division and f, (x) is the remainder. By theorem 1 it is established that 
the norm-function satisfies the conditions of 2-44. Hence : 


Theorem 2. F (x) is a Euclidean domain; the A. c. f. of any m ele- 
ments $,,...,94,4 can be represented as a linear homogeneous function 
g,(x) o,(x) -- ... + gu(r) $4(r), and the factorisation is unique. 


It may be mentioned that f(r) is uniquely determined by (3) and (4), 
since if f(x) + e(x) fix) — 9 (x) f, (x) — 9 (x) is divisible by f; (x), 
and (x) therefore cannot satisfy the conditions stated for f,(r) in (4), 
unless ¥ (2) — f,(x) holds. A similar uniqueness does not hold in the 
domain J of the integral numbers. Indeed 


]— 7-—- 5 NS =5 < N(7)= 7. 
12—27— —3 N(—2) = 2< Ni7)= 7. 


"SP, . - - 
The prime-glements of F[r] are said to be irreducible polynomials. Since 
polynomials of degree zero are unities, an irreducible polynomial of degree 
LÍ 1 cannot be represented as a product of two polynomials of degree = 1. 
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Hence every linear polynomial in « over F is irreducible. A. polynomial 
of degree = 1 which 1! not irreducible is said to be reducible. Uf F ia a 
subticld of F,, every polynomial f(x) of F [x] belongs also to F, [x]; 
f (x) may be irreducible in F [+] and reducible in F, [x]. XE. the poly- 

nomial f (x) = x* — 2 is a polynomial of F [x], where F is the field of the 
rational numbers ; in F [x], the polynomial f(x) is irreducible. Let F, be 
the field of the real numbers, then f(x) — (x — « 2) (r + « 2) is reducible 
in F,[r]. 


Theorem 3. Let f,(x) and f.(x) be two polynomials of F [x], and 
let there be no common irreducible factor of f,(r) and f.(x), then there 
exist polynomials e,(x) and o,(r) of F[r] such that 


eG) ftx) + ©, (4) fe) = 7 (5) 
holds. 


Proof. Every highest common factor of f,(r) and f.(r) is a unity 
of F(x), i.c. any element a = 0 of F. From theorem 1 it follows that there 
exist polynomials (2) and v. Gr) satisfying ¢,(x) fi(x) + vx) fix) = a. 
Putting $,(zr) — @ »,(z) (for i= 1, 2), one gets (5). 


If especially f.(x) is irreducible, and f,(c) is not divisible by f.(x), then 
$i() f(x) 29 1 (mod. f(x) ), te. 


esy(x) == (f(x)! (mod fix) ). (6) 


In 2-46 it has been shown that in an integral domain with unique factorisa- 
tion, the classes of residues of a prime-element form an integral domain, 
As F [x] is an integral domain with unique factorisation, the classes of 
residues of f(x) form an integral domain, and as (6) holds, these classes form 
a field. Hence : 


Theorem 4. Let f (x) be irreducible in F (x), then the classes of resi- 
dues of f (z) in F [x] form a field. 


If f(x) is reducible, say f(x) — e(r) 9 (x), then the classes of residuea 
do not form an integral domain since f(r) is not à prime-element. Of course 
between the classes, the equation (s(x)) (¥(z)) = (f(x) ) = (0). holds, 
though ($(x) ) (0) and ($(x) ) 5 (0). 

The elements of the field considered in the last theorem are classes of re- 
sidues of f (x). Let n be the degree of f(x) and let f (x) be ang nomial 
52 ye hoe — 

^ dix) — 5 (x) fix) — fx s c 
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where f(r) is the remainder of the division and therefore of a degree 
<n. Since file) — f.(r) is divisible by f(x), f.(2) belongs to the same 
class of residues as f(x); thus every clan contains a polynomial of degree 
— n. Let there be two such polynomials, say f,(r) and f,(z) in the same 
class, then f,(x) — f,(r) is of degree <n and divisible by f(x), hence 
it is zero, Thus in every class there exists one and only one polynomial of 
degree < n which characterises the class. Consider in particular the classes 
containing polynomials a, of degree — 1. These classes form a subfield 


which is in a (1, 1) and isomorphic correspondence with the elements a, 
of F. This subfield is therefore isomorphic to F. Hence : 


Theorem 5. Each of the classes of residues as considered in theorem 4 
contains exactly one polynomial of a degree which is less than the degree 
of f(x), and characterises the class. The classes characterised by poly- 
nomials of degree — 1 (i.e. elements of F) form a subfield which is isomorphic 
to the field F, every class being represented by its characterising element, 


2.48. Factorisation in D(x] Let D be an integral domain with 
unique factorisation ; consider the factorisation in D[r]. At first the divi- 
sibility of polynomials f (x) of D [x] by elements of D will be investigated. 
In the special case where D is a field, every f (x) is divisible by every element 
of D which is different from zero as these elementare unities, This special 
case has been investigated already in 2-47. 


If f (c) is divisible by an element c of D, then 
f(z) = cs 5, x = = ch, x’; (1) 


hence every coefficients of f (x) is divisible by c. If the A. c. f. of the co- 
efficients of f (x) is equal to /, then f (x) is divisible by unities only, and 
conversely, In this case f(x) is said to be a primitive polynomial of D [x]. 


Let p be any prime-clement of D; as in 2-46, the subring of the ele- 
ments which are divisible by p will be denoted by 4D. 


Then D,[r] consists of the polynomials the coefficients of which are divi- 
sible by p, whereas (D[x]), consists of the polynomials of D [x] which 
are divisible by p. From (1) it follows that 

D,[x] = (Dix), (2) 
As the factorisation in D is unique, the classes of residues of D, in D form 


an integralelomain D* of which D, is the zero-element. («se 2-46) ; from 
2.34, theorem 2 it follows that [x] also is an integral domain of which 
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the class D, [x] is the zero-element. The classes of residues of (D [r]), 
in D [x] form a ring (D [r]) which ix isomorphic to Z"[r] and is there. 
fore an integral domain. Let (xr) — f, (x) f, (x) be divisible by p, 
then e(x) belongs to the zero-element (Dix]), of (D[x])" and therefore 
at least one of the two factors is divisible by p. Hence: 


Lemma. Tf the factorisation in D is unique and p is a prime-clement of 
D, furthermore f,(z) and f(x) belong to D[r] and f(x) f(x) is divisible by 
p, then at least one of the factors f,(r) and f,(x) is divisible by p. 

Corollary 1. Tt f,(r) and f(x) are primitive polynomials, then 
f(x) f.(x) is primitive. 

Corollary 2. 1f ae(x) is divisible by a primitive polynomial f(x), then 
e(x) is divisible by f(x). 


Proof. Since a belongs to D, it is factorisable ; a = p, p, ...p,. Let 


a g(x) — fix) f,(2). 


Since f(r) is primitive, it is not divisible by p,; hence from theorem 1 it 
follows that f,(r) — p, f,(r) and therefore 


Ps Hs ole) = f(x) f.i). 
By n—fold repetition of the procedure, one gets 
e(x) =f (x) fi, (x). 


Corollary 3. 1f f(r) is factorisable in D [zx], then f(x) — a, ... a, 
fix) ... f(x), where f(x), .... f. (x) are primitive, and a, ... a, — a is the 
factorisation in D of the A. e. f. of the coefficients of f(x). 


Proof. A prime-element of D [x] is either an clement of D, or it is 
& primitive polynomial since if the coefficients have a common non-unity 
factor, à polynomial is not a prime-clement. Let f,(r), ..., f,(z) be the 
primitive polynomials of degree > 0 among the prime factors of f(x), 
then the product of them is a primitive polynomial, say e(r). The product 
of the prime-factors of f (x), belonging to D is an element a of D, Thus 
fiz) = a ¢(x). Hence a is the hc. f. of the coefficients of f(x). The factors 
a, of a are prime in D[r], hence they are also prime-elements of D and a = 
a, ... 0,, is & factorisation of a in D.. 


Theorem. Wf the factorisation in D is unique, so the facforisation in 
D[x] is. 
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Proof. Since D is an integral domain, there exists a quotient-field F, 
of which D is à subring ; every element of F ix the quotient of two elementa 
of D. Let f(x) be a primitive polynomial of D[x], then f[r] is also a poly- 
nomial of F[x], and it is uniquely factorisable in F [x] 


fx) = ex) ... pala). 


The factors (x) are determined up toa unity of F[rx], Le. up to an element 
of F. Since the coefficients of &,(r) are quotients of elements of D, there 
exists an element b, 5— 0 such that b, e,(x) is a polynomial in Dix), hence 


by g(x) = c, f(x), 


where f\(x) is primitive.  f,(r) and »,(z) are associated in F[x], hence 
f, (r) is a prime-element of F(z], moreover f,(r)is a prime-element in Dx], 
otherwise it must be a product of primitive polynomials in D[r], contrary 
to the fact that it is a prime-clement of F[r] Putting b, ... b, — b, 
Cy ..-. €, = €, one gets 


b f(x) = c f(x)... fix). 


From the corollaries 1 and 2 it follows that the primitive polynomials f (z) 
and f,(r)... f,(x) are divisible one by the other one and are therefore 
associated. Hence 


Siz) = e fir) "+ Sul®), 


where e is a unity, and f(x), ..., fr) are prime-elements of F[x] as well 
as of Dir}. In the special case where f(x) is a prime-element of D[r], the 
number n is equal to 1l. Every prime-clement of Dix) which does not belong 
to D is therefore also à prime-element of Fiz]. Since the factorisation 
of f(x) in F[r] is unique, the primitive polynomial f(x) is factorisable in 
D[x] into prime-elements f, (zr) of Dix] which are determined up to unities of 
F[x] i.e. up to elements of F. But since each f(x) is primitive, these 
elements must be unities of D. Hence  f(r) is uniquely factorisable into 
the prime-factors of a and those of f(x), (í = 1, ..., n) these factorisa- 
tions being unique. On the other hand it follows from Corollary 3 that 
every factorisation of a f(x) consists of a factorisation of a and a factorisa- 
tion of f(x) Hence the theorem. 


This theorem may be considered as a generalisation of 2-47, theorem 1, 
but it does not*reneralise its full statement. Of course D[x] is not nece. 
ssarily a Euclidean domain, even if D is. Consider e.g. the domain J of the 


o4 





integral numbers which has been proved to be a Euclidean domain. 
a(zr) = r — 2 and (xr) = x + 2 are primitive polynomials of J[x] and are of 


degree 1; hence they are prime. -clements. Since + | nre the only unitics, 


they are non-associated ; hence (a(x), b(x)) — |. If this A.c. f. would be 
linearly dependent on a(x) and b(x), say 


u(x) a(x) 4- e(x) b(x) — 


then this equation must hold when zr is replaced by any element of J ; 


for x = 0, one gets — 2 u(0) + 2 »(0) which is obviously even and therefore 
z-1. Hence J[r] is non-Euclidean 


Exercise. Let a(x) and b(r) be two polynomials of E[r], where E is 
a Euclidean domain ; show that f(x) — a(x) u(x) + b(x) r(x) if and only if 
f(x) i» divisible by a particular polynomial. 


2.49. Comparison between R and R[r] If the factorisation in D is 
unique, then the same holds for 


D Dium) Dae Die). sy Dy = De fa) = Dies eos Sa) 


Hence the polynomials in n variables form a uniquely factorisable domain 
if the coefficients run over a uniquely factorisable ring, e.g. a field, of the 
domain J of the integral numbers. On the other hand starting from a domain 
of this kind, one gets again integral domains by a homomorphism which 
maps a particular prime-element and its multiples on zero. 


In 2-3 and 2-4, two methods have been developed to generate new rings, 
integral domains and fields from given ones; these two procedures are of 
a fundamental importance for general algebra. One method consists of 
the construction of a ring of polynomials over a given ring, the other is a 
homomorphism by which a suitable subring is mapped on zero, The 
following collection of results obtained before may be useful. 


Let R be then K [x] is &ee 





a ring a ring | 2.33, th.1 

à commutative ring a commutative ring 2-34, th.1 

an integral domain an integral domain 2-34, th.2 
uniquely factorisable uniquely factorisable 2-42 

? a field not a field, 2-34, tha 


- but a Euclidean domain 2.479 tb.2. 
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Moreover : If in D the factorisation is unique and D, is the subring 
of the elements which are divisible by 4 particular prime-clement Pp. 
then D is mapped on an integral domain D* by the homomorphism mapping 
D. on zero [see 2.46] It is not necessary that De has a unique 
factorisation, 


If in particular D = Fix), where F isa field, then De isa field. (see 
2-47, th. 4). 


2-5. The fundamental theorem of General Algebra. 

2.51.  Eristence of a root in a suitable extension, Let a be any element 
of a field F, and f(x) be a polynomial of the ring F[r] From the al- 
gorithmus of division, one gets 


f(x) = (r—2) $(x) t B, 


where $9 (x) i» a polynomial of F [xr] and 8 is an element of F. By putting 
r — «e, (see 2-35) one gets f(x) — B; hence 
f(x) = (x — «) e (x) + f (a). (1) 


Therefore f(r) ia divisible by (x — a) if and only if f(«) — 0. If in 
particular f(r) is an irreducible polynomial of a degree — 1, it cannot 
be divisible by any factor of degree 1, and therefore there is no element a 
in F which satisfies the equation 

f(a) — 6. (2) 


To solve the equation (2), it is therefore necessary to consider a field F, of 
which F is a subfield. Every polynomial f (x) of F [x] is also a polynomial 
of F, [x], but if f(x) is an irreducible polynomial of F [x], nevertheless 
it may be a reducible polynomial of F, [z); in particular f(x) may be 
divisible by a factor x — a, where «a is an element of F,. In this case, « 
satisfies the equation (2). If F is a subfield of F,, then PF, is called an 
extension of F, and if a satisfies the equation (2), then @ is said to be a root 
of the polynomial f(z). To find a root of an irreducible polynomial f (x) 
of F [x], one has to extend F to a field F, which contains such an clement a 
that f (x) = (x — a) f, (x), where f, (x) is à polynomial of F,[r] Let 
e.g. F be the field of the rational numbers; then f/(r) — x* — 2 is irre- 
ducible, but f(x) is also a polynomial of F, [x] when F, is the field of the 
real numbers, As a polynomial of F, [x]. f (x) = (x— 2) (x-- 4 3) 
is reducible. Let F, be the field of the complex numbers, then x* -- 1 which 
is an irreducible polynomial of F, [x] is a reducible polynomial of F, [rz]. A 
fundamental question of general algebra is whether, given a polsbonifél fx) 


EM. a. 
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of F(x], one can always extend F to P, in such à way that f(x) has a 
root in F, This question is answered in the affirmative by the following 
theorem. 


Fundamental theorem of General Algebra, If f(x) is à. polynomial of 
F [x]. then there exists an extension P, of F which contains a root a of 


of f (x). 


Proof. Since f (x) is a product of (one or more) irreducible polyno- 
mials, and the roots of these polynomials are also roots of f(x), there is 
no loss of generality to suppose that f(x) = 4, + 4, frd --- 7% * is 
irreducible. The classes of residues of F [x] — f (x) — a field 
F',, and the classes characterised by elements a of F form a subfield which 
is isomorphic to F. By this isomorphism the class a, + k (x) f (x) corres- 
ponds to the element a, of F (see 2-47, th. 5). One can therefore extend 
the field F to a field F, which is isomorphic to F',. Let a be the element of 
F, which corresponds to the polynomial +, than a, -+ a.a ...-F-a,a* 
corresponds to the class containing the polynomial a, + a, x + . . + a, 2 
= f(x), but this class is the class (0). Hence f (a) = 0 and « is a root 
of f (x). 


2.59. Extensions of F containing a root of f (x). Let f (x) be a poly- 
nomial of degree n which is irreducible in F [x]. Again consider the field F, 
which is isomorphic to the field of the classes of residues of f(x) in PF [x]. 
By o, (x), polynomials of F[r] of a degree — n will be denoted; then 
every class of residues of f (x) contains one and only one element of the type 
¢, (r) and the elements of F, can therefore be represented by 


6, (a) = b^, + b^, a+... + 5",., at. (1) 


Different polynomials », (2) belong to different classes of residues and 

correspond therefore to different elements of PF, Hence every element of 

F, can be represented in one and only one manner by (1) and it corres. 

— (1, 1) to the ordered set 

DLs Diy, «sing Cues (2) 

a 

of elements of F. Those elements for which b, = ... = 6,., = 0, corres. 
ond to the elements of F. To add —— — of F,, one has 
add (subtract) the corresponding coefficients (2). The addition and the 

subtraction is therefore performed as if the elements were vectors, the corres, 

ponding holds for multiplication with elements of F. 
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Let now o,(9) and $,(«) be any pair of elements of F,.. From 2-47, theorem 1 
it follows that by the algorithmus of division, à polynomial ¢,(+) satisfying 


sí Gr) os) — Dix) ftr) = o.) (3) 


can be found; hence 
oe) Oy(@) 7 Oyler) (4) 


can be obtained by a calculation composed of a finite number of elementary 
operations in the field F. Let o,(«) #0, then o,(x) 5— 0. As f(z) is 
& primitive element of the ring F [x], and therefore relatively prime to 
¢,( 2), the highest common factor ( f(x), ¢,(2)) — 4 can be obtained by 
the algorithmus of tho A.c. f. Hence a polynomial 9,(z) of degree <n 
satisfying 


pulz) e, Gr) + A(x) f(x) — 41 (5) 
ean be found by elementary operations in F, and 
1: ¢ (a) = (a). (6) 


The considerations leading to the fundamental theorem enable us there- 
fore to extend the field F to a field F, which contains a root. of f(z) and in 
which the elementary operations (addition, subtraction, multiplication, 
division) can be performed by methods based only on the elementary opera- 
tions in F, Thus if F is given in the sense that one can perform the elementary 
operations in every case by a finite number of steps, the same holds 
for F,. On the other hand F, is not uniquely determined, but in the sense 
of isomorphism only. Obviously there are extensions of F which contain 
a root of f(x) and are non-isomorphie to F,, e.g. every extension of F, 
has that property. It will be shown now that every extension of F which 
contains a root, say @ of f (x) contains a subfield which is an extension of 
F, and is isomorphic to F,. r 


Theorem. Lot f(z) be an irreducible polynomial of F [xr], and E 
be any extension of F which contains any root, say « of f(x); then the 
meet of all the subfields of E which contain F and «, form a field which is 


isomorphie to the field F', of the classes of residues of f(x) in F[r]. = * ^ 


*- usse 
ua Proof. Every subfield of E, which contains F and a, contains also the — 
elements i " 
| gia) mA, db adu mh (7) 


ii. a 
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where n is supposed to be the degree of f(z), and the coefficients run in- 
dependently over all the elements of F, and e(x) again denotes a poly- 
nomial of degree « n. Obviously the elements (7) form a module M. Let 
e4(«), $:(a) be two elements of M ; if ¢,(*) is determined by (3), then 4,(a)=— 
o,(a) 9.(«). Hence M is a ring which is homomorphic to the field F',. As 
has been proved in 2-23, the module M is a field and is isomorphic to F’,. On 
the other hand, every subfield of E containing F and a must contain A, 
thus it is the meet of all the subficlds of E which contain M. Hence the 
theorem. 


9.53. Factorization of f(x) into linear factors. General remarks, It 
has been shown in 2-52 that the fundamental theorem of general algebra 
is far more than a mere theorem on existence of roots. Fields in which those 
roots exist, can actually be constructed, and the operations of addition, 
subtraction, multiplication and division can be performed practically in the 
extended field, By the last theorem it has been shown that if the polyno- 
minal f(x) under consideration is irreducible in F(r) there exists one 
extension F, of F which is uniquely determined in the sense of isomorphism, 
such that every extension of F containing a root of f(x) is isomorphic to 
an extension of F,. Obviously there exists an infinite number of exten- 
sions of F which are isomorphic to F,; one can even arrange them in such 
a way that they have no common elements other than elements of F. In 
each of these fields there exist roots of f(x). It is therefore of no use to 
peak of the roots of f(x), but only of the roots of f (x) in a particular 
field, About the number of roots of a polynomial of degree n in a field, 
the following theorem holds : 


Theorem. Suppose f(x) to be a polynomial in Ff) of degree n. 
1. if F is any extension of F, then f(r) has not more than n roots in. F'. 
2. There exists an extension, say F* of F, such that in &, f(r) = a(r — 9) 
sd — aV), where a belongs to F*, and a,, ..., % belong to #, ancl this 
representation of f (x) in F*[x] is unique up to an arbitrary permutation of 


en. -"*2 &- 


Proof. Y. Let e, ..., a, be roots of f(x) in. F', Then f (x) is di- 
visible by x — a, where j = 1, ..., m ; since the factorisation in F'[x] is 
unique, f(x) i» divisible by (xr — «,)...(@ — am) which is a polynomial 
of degree m. Heneer m «x n. 

2. If n— I, then the proposition holds for F*— F. * Suppose by 
mathematical induction, that the proposition holds for degrees < m, and 
let n =m. From the fundamental theorem it follows that F has an ex- 


PT 
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tension F, which contains a root, say «e. then f (x) in divisible in F,[x] 
by *X— My, "hy f (x) = fi) (xr — Mgy)- Now J =) ix of degree m — I, 
and from the supposition made for mathematical induction, it follows that 
f,G) = a (x — m)...(x — o,.,), and therefore f(x) — ale — e,)...(x — a). 
The uniqueness of the representation follows from the uniqueness 
of the faetorisation of f(x) in F*{ +}. Henee the proposition follows 
by mathematical induction. 


By this theorem it is shown that the number of the roots of a 
polynomial does not exceed the degree in any field and that it is equal 
to the degree (certain roots possibly being counted multiply) in à suit- 
ably chosen extension, It is however often of a great interest to 
know the exact number of the roots in a particular field, e.g. in the field of 
the real numbers or in the field of the complex numbers. These problems 
are not solved by the fundamental theorem of general algebra, they need 
investigations of a special kind. For the field of the complex numbers, 
the question is completely solved by the “fundamental theorem of classical 
algebra". Methods of determining the number of the real solutions of any 
polynomial with real coefficients will be given in 5-2. The fundamental 
theorem of general algebra and other theorems derived from it are of a more 
general nature than the classical investigations on real and complex roots. 
In the general theory one does not suppose that the cosffi-ients of the poly- 
nomial are numbers; they may be elements of any field, e.g. they may be 
polynomials in an indeterminate y with complex coefficients 


fu) +S Aye m se fane = Fix, y). (4) 


Thus it follows from th» fandamental theorem of gsneral algebra, that 
a suitable extension of the quotientfield of the polynomials f(y) contains 
an clement «, for which JF (x, y)-0. This consideration is the very 
basis of the theory of algebraic functions. Oa the other hand, it is obvious 
that the field of the real numbers and the fisld of the complex numbers are 
of a special interest as they play an important role in nearly every branch 
of mathematics, ‘Thus the classical question for the roots of a polynomial 
in these fields is of general importance far beyond its historical interest. 
In enquiring about the roots in the field of the real (the complex) numbers, 
one is in general not satisfied to know the number of the roots in the inter- 
-yals (the domains) of the real axia (the complex plane). By choosing these 
intervals (domains) suitably small, one gets approximately values of the 
roots. To dejermine the "magnitude" of a root, means nothing else than to 


‘eonstruct a way leading to an approximation of the root with an error less 
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than any predetermined number. Of course, an irrational number cannot 
be determined otherwise than by a method approximating it by rational 
numbers. Even the most familiar formulas expressing irrational numbers 
(e.g. 2) are only rules for an approximation given in a short form. The 
importance of an approximative calculation of the roots is obvious, especially 
for problems of applied mathematics. On the other hand, if the elementa 
of a field are not put into a definite order, there are no intervals or domains 
in that field. For this reason, the question about the magnitude of a root, 
does not arise at all in general algebra. 


Thus the problem **to solve an algebraic equation" needs for itself some 
more detailed specification. If one wants to find a root in any suitable 
extension, then one has to apply only the methods of 2-52. Again, if the 
roots in any particular field are required (e.g. the field of the real numbers, 
or of the complex numbers), then methods appropriate to the special nature 
of that field are necessary. For the field of the complex numbers, the “fun- 
damental theorem of classical algebra" (sce 3-8) gives the most important 
information. Sometimes, the problem is put also in a different way. ‘“‘Is 
there a root of the given polynomial in a suitable field out of a particular 
class of fields !'" ‘To this class of problems belongs the investigation of 
those roots which can be expressed by a finite number of radicals (square 
roots, cubic roots, ete.). Again an interesting special case concerns those 
roots which can be expressed by a successive drawing of square roots; 
every problem of planimetry which can be solved by the help of ruler and 


“Seompass leads to a root of this class. 


2.60. Extension of a field. 


9.61. Vectorspaces over a field. The representation of the extension 
F, of F as performed in 2-52 reminds one of the vectorspaces considered 
im Chapter I; this ximilarity has already been mentioned in 2-52. The 
only essential difference is, that the coordinates are elements of F which is 
supposed to be an arbitrary field, whereas in Chapter I, the coordinates 
have been supposed to be numbers, It has been mentioned on p. 26 
that—except for 1-7—the property of the coordinates “‘to be numbers" can 
be disposed of easily. Thus a more general definition of a vectorspace will be 
given now. Let M be a module, and F be n field; the elements of F are 
denoted by characters a, b, c, ... and the elements of M by Greek charac- 
ters a, B, 8, ... The common nullelement of M and of F is denoted by 0. 
Suppose that the elements of M can be multiplied by the elements of F, 
the producta being elements of M, and that for this multiplication, the 
following laws hold: 
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a(ba) — (ab)= 

a(a + B) = ae + ap 

(1) 

(a +- b)a = aa-+ ba 


la = a. 


Then M is said to be a module over F. Now 


Qa—(c — c)x — ca — ca = 0. Similarly it follows from (1) that 
e 0 = 0, whether the factor 0 in c0 is regarded as the zero-element of F 
or of M. 


Let in particular M be a module over F, where there exists à basis of n 
elements of .M 


WILLE Ry 
such that every element a of Af can be represented by 
a--0,0,L-..d- Gy €, (2) 
and that 
€, a + ... + 6, a, = O implies e, = ... = Q — 0; (3) 


then M is a vectorapace over F of rank n, and the elements of .M are called 
vectors. Wf 


a-0,0 + ... $+ a, a, = 0, a, T... T Oy s 
then 
0 = (a, — 6,) e, do. + (a4, — 0) e. 


hence it follows from (3), that e, — b, — ... — a4, — 6, — 0. The repre- 
sentation of a vector of Mf by (2) is therefore unique. Thus there exists a 
(1,1)-mapping of the vectors of M on the ordered sets of n elements of F 


(vou) (4) 


tho addition of vectors and the multiplication of vectors and elements of 
F being determined by 


(as sess Me) + (b,. eevee On) = (04 + b,, — Gy ^F b.) 
€ (a,, (0o. US) = (cay, (ues Os 


(5) 
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Hence : Pe: 


Theorem. | Every vectorspace of rank n over F is isomorphic to the 
system of all the ordered n-tuplets (4), where the operations of addition of 
vectors and of multiplication of a vector with an clement of P are determined 
bv (5). " 


In particular, a "veotorspace. W of rank n over the field of the real (or 
the complex) numbers” is tromorphic to the “weetorspace V of rank n" 
of Chapter I. Every vector of W is represented by an n-vector (x; .. +. %) 
of F. But W is not identical with V, nor are the vectors of W identical with 
the »-vectors which represent them, as the latter ones are n-tuplets by de- 
finition. Of course, if a different basis of W is used, the vectors of W are 
mapped in a different way on the n-vectors of V. In consequence of the 
isomorphism between W' and V, the formulas established for V can be 
applied to W, and it is often convenient to identify V and W. On the other 
hand, whenever different representations of the same vector will be considered 
(e.g. in 6-2) it is necessary to distinguish between a vector of W and its re- 
presentation by an a-vector of V. In a corresponding manner the notion 
of n-vector will be used in connection with vectorspaces over any field K. 


A linear transformation of a vectorspace W over K is à. mapping of W 
on itself leaving invariant addition of vectors and their multiplication with 
elements of K. This definition tallies with a characteristic property of linear 


"transformations of spaces V of n-vectors [see 1-(11), th. 2]. Thus £ - £', 


Amplies Ee, £. -— Ee, &: when ¢,,..+, Gm are elements of K. Im the same 
way as theorem 2 of 1-(11) has beea proved, oa» shows easily that the 
n-veotors (x,,...,%,) Topresenting tas vectors of W ace transforned by 
linear equations 

=", = xa, Ez. (8) 


with coefficients a', out of K, whon W is transform»l by a linsar trans- 
formation. Oa the other hand, every transformation (8) corrssponis to a 
linear transformation of W wasa any baais of W is selected. 


9.62. Extension of the results of Chapter Y to vectorspacea over an arbi- 
trary field. If F is the field of the real (or the complex) numbers, a veetor- 
space over F is isomorphic to a vectorspace as considered in Chapter I of 
this book. It was however a matter of convenience only that in Cà. I 
the coordinates of a vector have been supposed to be numbygs. With the 
only exception of 1-7, no other property of "numbers" has been used than 
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that they form a ficld. For this reason it was stated in 1-16 that the notion 
of number could be understood as real number or as complex number. The 
reader may check that 1-2 to 6, and 1-8 to 11 hold without any further al- 
teration if the notion of "number" is systematically replaced by "element 
of a field F"', 


In 1-7, it has been supposed that “number” should mean “real number". 
This section forms a portion by itself; for the methods used there, it is 
essential that 0 cannot be represented as à sum of equares. This supposi- 
tion is not satisfied in fields of characteristic p, and not even in every field 
of characteristic O. The condition holds in the field of all the real numbers 
and in every subfield of it, but it is not satisfied in the field of all the complex 
numbers. ‘The main-result of these considerations will be stated now as a 
theorem. 


Theorem. Given any field F, then the investigations of 1.2 to 6 and 
1-8 to 11 hold without any further alteration, if the notion of vectorspace is 
replaced by ''vector-space V over F", n-vector by vector of V, and if the co- 
efficients of the linear equations, the coordinates of the matrices and the 
terms of the determinants are supposed to be elements of F. 


Eg. A vector « is considered to be dependent on the vectors B,, ..., By 
if a —b, B,-- ... b, B, holds, and the vectors B,, ..., ,, are indepen- 
dent if e, B, + ... + Gx Bu = Ü implies c, =... 7 6, — 0. The rank n 
of a vectors-space V is equal to the maximum number of independent vectors 
in V, and n is therefore independent of the choice of the basis of V. 4 


2.43. Finite extensions. 1f à module R over a field F is itself a ring, 
: then A is said to be a ríng over F. In chapter VI, rings of matrices will 
be considered which are rings over the field of the coefficients of the matrices 
A special case of great interest is when F is a subring of the ring A over F 
In this case the unitelement of F is also the unitelement of R. 


Let K be an arbitrary field, and let x be an indeterminate (the letter x 
not being used for denoting elements of K), the polynomials in x with coeffi- 
cients of K form an integral domain K(x) which is a ring over K, and con- 

| tains K as « subring. This ring is not a veotorspace, since the powers of x 
— frin an infinite set of independent elements ; thus there exists no maximum 


—.  — gumber of independent element in K [r] and therefore K [x] has no basis. 
LS The quotientfffid of K [x] will be denoted by 


K (x). (1) 
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This field is an extension of K, but it is not a vectorspace over K since it 
contains an infinite number of independent elements. Every extension of K 
which contains x, must contain every clement of K(x), and every ring over K 
which contains x must contain every element of K [x]. This notion ean be 
generalised when zx is an element which is not necessarily an indeterminate. 
Let A be an extension of K, and « be any element of a. If f(x) runs 
over all the polynomials of K [x], then the elements f (a) of A form a ring 


K [a], (2) 
and its quotientfield will be denoted by 
K (a). (3) 


Henee K [a] is the meet of all the rings containing K and a; similarly K(a) 
is the meet of all the extensions of K which contain a. The correspondence 
by which f (x) is mapped on f (a), when f(r) runs over K [x], is a homomor- 
phism ; thus K [a] is homomorphic to K [x] If the field 4 is a vector- 
space of rank, say n over K— i.e. if there esixt« a maximum number n of 
independent elements in A —, then A is said to be finite over K. The rank 
n is» denoted by 


= [A : K]. (4) 


In this case, there exists in A a basis a,, ..., a, of A over K such that 
every element a of 4 can be represented in one and only one manner by 
, a, + ... +4, 0, by the help of elements a,, ...,a, of K. If an ele- 
ment «a of A is a root of a polynomial of K [x], then « is said to be algebraic 
over K, otherwise a is franscendental over K. If every element of A is 
algebraic over K, the extension 4 of K is said to be algebra;c over K. The 
interconnection between these notions is shown in the following theorem. 


Theorem. Y. If A is finite over K, it is algebraic over K. — 


2. If « is algebraic over K, then K (a) is finite (and therefore algebraic) 
over K, and it is isomorphic to the field, formed by the classes of residues 
of the irreducible polynomial f(x) of K [x] of which « is a root ; further- 
more K (a) = K[a]. The rank [K(a): K] = n which is equal to the degree 
of f (x), is said to be the degree of a over K ; 7, a, ...,a** form a basis of A 
over K.—3. Ifa is transcendental over K, K [a] is isomorphic to K [xr], 
and therefore it i» not a field. 


Proof. (1) Let A be finite over K, say of rank n, andelet 8 be any 
- element of A. Then 1, 8, ..., 8" cannot be independent ; hence a relation 
€, -+- ¢, B +-...+- 6, B* = 0 holds, where the coefficients ¢,, ¢,,..., ¢ belong 
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to K, and at least one of them is different from 0. Therefore e, 4- e, x + ... 
+ c, x"= f(x) is not the polynomial 0 and f(8)—0. Hence every ele- 
ment 8 of A is algebraic over K, and therefore A is algebraic over K. 


(2) Let 4 be any extension of K, and « be an element of A which is algebraic 
over K. Then there exists à polynomial e (7) in K [x] such that $ (a) = 0. 
e (r) is a product of irreducible factors o (x) — f(x) f, (x) ... fm (x). 
Therefore f (a) fila) ... f.(o) — 0, and as the factors on the left hand side 
are elements of the field 4, one of the factors is zero, say f (a) — 0, where 
f (x) is irreducible and of degree, say n. The ring K [o] is homomorphie to 
K [x]. The subring R of K[r] which is mapped on the zero-element of 
K [a] contains f (x) and all the polynomials divisible by it, but no element 
of K besides 0. Since K [x] is a Euclidean domain, & contains the A. c. f. 
of any two of its elements, and since # does not contain 7, it cannot contain 
any element which is relatively prime to f (x); thus AK contains those and 
only those elements of K [x] which are divisible by f(r) Hence two 
elements of K[x] are mapped on the same element of K[a] if and only if their 
difference is divisible by f (x). K [a] is therefore isomorphic to the ring of 
the classes of residues of f (x) in K [x]. Since f (x) is irreducible in K [x], 
this ring is a field (see 2-47, th. 4). Hence K[a] + K (a) and [(K(«) : K] 
— n. In every class of residues there exists one and only one polynomial of 
degree « n say b, + b, x + ... + b,., (see 2-47). The elements of K (a) 
can therefore be represented in one and only one manner by b, + b, @ + ... 
+h,., a*". Hence 1, a,..., a*^' is a basis of K (a) over K. 


(3) Let « be transcendental over K. K[a]is homomorphic to K[r]. The 
ring R of the elements of K[r] mapped on 0 does not contain any element 
of K other than 0. Let A contain à polynomial f (x) of degree > 0, then 
f (a) = 0, and this implies that a is algebraic over K. Since « is supposed to 
be transcendental, R contains the element 0 only, and therefore the homo- 
morphism is *m isomorphism. Hence the theorem. 


2.64. Rank of a field over a field. 

Theorem. Let A be a finite extension of K, and M be a finite exten- 
sion of 4, then M is a finite extension of K, and 

(M: K] = [M: A] [A : K] (1) 
holds. 

Proof. Let ey, ++++ % 
basis of M over A; then n — [A : K] and 
can be represented by y = XA, Bi, where Ay - 
09 O. P.—14 


be a basis of A over K, and f, ..., B. be ^ 
m — [M: A). Any element y of M 
Qa Ap are elements of A and 
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therefore A, == e, e, where cach c; is an element of R. Hence y —Xc* a, A. 

To prove that the n m elements of a, 8, form a basis of M over K, one 

has therefore to prove only that they are independent. Suppose now 

0— Xxd,a,B,— XB,Xd',a, Since in the last sum, the coefficients of A, 
<a. ‘ E 


are e.ements of A, and ff, ..., By are independent, these coefficients are 
equal to zero, Similarly X d'; a, = 0 implies d'; — 0. Hence the n m cle. 
ments are *ndependent and form a basis of M over K. Hence the theorom, 


Corollaries. 


1. If A is a subfield of M and an extension of K, and M is finite over K, 
then M is finite over A, A is finite over K, and (1) holda. 


Proof. As M is finite over K, sav of rank q, and the elements of a 
belong to M, no set of more than q elements of 4 can be independent over K. 
Hence A is finite over K. Similarly every set of more than q elements of M is 
eonnected by a linear homogeneous equation, the coefficients being elements 
of K —and therefore elements of A— of which at least one is different 
from 0. Hence M is finite over A, and (1) follows from the above theorem. 


2. If{A: K] — q, then the degreo over K of ony element a of A isa factor 
of q. 


Proof. [A4 : K(«)] [K(a): K] = q. 


3. If 9 (2) isa polynomial of K[r], and [K(a) : K] — q, then [K(o(a): K] 
is a factor of q. : 


4. If [K(a): K] = pisa primenumber, and 0 < degree » (x) < p, then 
K(o (a)) = K (a). 


Proof. From the inequality it follows that & (a) is not an element 
of K. Hence [K (6 (a): K] > I and it is therefore equal top. Hence 
[K(a): K(o(a) )]] — Il. Hence the proposition. 


2-65. Highest common factor and extension of a field. Uf F' ia an ex- 
tension of F, and f, (x) is a polynomial of F [7], then it is also a polynomial 
of F'[r] If a polynomial f(x) of F(z] is a factor of f,(z) in the ring 
¥ [x], it is also a factor of f,(z) in F' [r] ; if on the other hand J (x) is 
a factor of f,(x) in F' [x], one geta the quotient of the polynomials by the 
algorithmus of division ; these coefficients therefore belong to F,; hence 
f(x) i» divisible by f(x) also in F [x]. However f (zx) may have factors 
which are polynomials in #" [z] without belonging to F[r) Let f(x) 
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and f.(r) be two polynomials of F {xz}. The highest common factor 
Cfi(x), f.(x)) can be calculated by the algorithmus of the A, e. f. ite coeffi- 
cients are obtained by rational operations and belong therefore to F ; 
& common factor of those coefficients which ix any element 5^0 of F, remains 
arbitrary. If one considers f,(r) and f,(x) as elements of F'[r], then 
the algorithmus furnishes the same polynomial ( f(x), f.(x)), but a common 


factor of the coefficients remains arbitrary which is an element 2k 0 
of F'. Hence 


Theorem. Let F' be an extension of F, and J), fi(r) and f (x) 
be elements of F[r] A highest common factor of f,(x) and f,(x) in the 
ring of polynomials F [x] is also a A. c. f. of those polynomials in F'[r]. 
If f (x) is a factor of f,(x) in F' [x], it i» also a factor of f,(r) in F fr} 
and conversely. 


2.66. Multiple roots. Let a be a root of a ploynomial f (x) of K [x] 
and let K (a) = A, then f (x) can be represented in A [x] by 


f(x) = (x — a) fix). 


Hence f(x) is divisible by (x — a)’ if and only if fí(a) = 0. Denoting the 
derivatives in the usual manner: 


f(x) =f) + (x-—« frui 


and therefore 
f'(a) = fta). 


Thus f'(a) = 0 is the necessary and sufficient condition for f(x) to be divi- 
sible by (x — ay. If 


fiz) = x a, x!, then f'(z) — xj d, xi*. 


Except for the case that f(x) is 0, the degree of f'(x) is less than the degree 
of f(x), It may be remembered that the factor j means a sum of j terms, 
each being equal to the unitelement 7 of K (see 2-25, (3) ) ; thus if the charac- 
teristic of K is zero, j = 0 implies j —0, but if the characteristic is p, the ele. 
ment j i& equal to zero if and only if j is divisible by p. Hence in the case of 
& characteristic p= 0 the degree of f'(r) may differ by more than I from 
the degree of fiz). Especially f(z) = 0 if j aj = 0, for j — 0, 1, ....n. In 
the case when the characteristio isa primenumber p, this condition means 
that only the*coefficienta of terms 2™ can be different from zero. One can 
formulate this result in a manner which holds for both the cases: 
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Theorem 1. f'(x) — O if and only if 
fix) = 4 (2), (1) 
where m is the characteristic of K. 


Indeed for m = 0, the condition means that f(x) is of degree < 1, whereas 
for primenumber characteristic, the theorem has been proved just before. 


Let f(z) be irreducible and of degree > 0; consider the A. c. f. 
(f(x), f'(x); then two cases have to be distinguished. 


(1) f(x) = 0, then (f(x) J'(x)) = 1. 
(2) f'(x) = 0, then (f(x), f'(x)) = f(x). 
If again a« is a root of f (x), then f'(«) 5 0 in the first case and f'(a) — 0 in 
the second case, Hence : 
Theorem 2. Lot f(x) be an irreducible polynomial of K[r], and let « 


be a root of it. Then f(x) is divisible by (x — a)* if and only if K has 
a primenumber characteristic p, and f(x) is a polynomial in z* over K. 


If /(x) is not divisible by a factor (x — e)* in any extension of K, then 
it is said to be separable, otherwise non-separable.  Irreducible polynomials 
over a field of characteristic 0 are therefore separable, whereas irreducible 
polynomials over a field K of characteristic p are non-separable if and only 
if they belong to K [2*]. 


2.67. Non-Separahble Polynomials. Let K be a field of characteristic 
p, and f(x) be an irreducible polynomial over K, and of degree n. Then’ 
there exists a uniquely determined integral number e = 0, such that f(z) 
belongs to K[x*'], but not to K [x]. Thus f(z) is separable if and only 
if e — 0. At any rate 


‘ fix) = 4 (xv). (1) 


The polynomial ¥(y) of K[y] is irreducible as ¢(y) = ¢,(y) v;(y) implies 
Siz) = 4x) vx). Moreover ¢(y) cannot belong to K[y*], otherwise 
f(r) must belong to K[z?""']. Hence ¢(y) is irreducible and separable. 
Let q be the degree of $(y), then 
n= qp. 
In a suitable extension A of K, the polynomial ¢(y) can be fepresented by 
vy) = a(y—f,) .-- (y—B.), (2) 
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where B,..., B, belong to A, and a belongs to K. Hence 
fiz) =a (z^ — B.) ... (à — fy). (3) 


Since $(y) is separable, B,, ..., 8, are q different elements. 


In a suitable extension M of A, there, exist elements y; such that 


yi" = Bj, for j = 1,...,q. (4) 
Since the characteristic of M is p (see 2-26, (2) ), 


(x — y, = m — 0° = ae" — fj. 
Hence 
Siz) = a[(z — yi) -.. (x — v4). (5) 
Since the q elements 8, are different, it follows from (4) that y,, -.., 7, are 
different, Hence: 


Theorem. An irreducible polynomial f(x) over a field K of charac- 
teristic p which is of degree n, has exactly q — n : p* different roots in a suit- 
able extension of K and it can be represented by (5). The integral number 
e 0 is uniquely determined by the condition that f(x) belongs to K[z*'], 
but not to K[x*''!]. 


2.7. Repeated extension of a field. 
2.11.. Extension of a. field to a ring and to a field by a finite number of 
steps. Let K be a subfield of A, and let 


(y dias «rom (1) 


be elements of A. Denote 

K(a,) = K,, K,(a,) = K,, «+0, Kaa(os) = Ka- (2) 
Thus K, is the meet of all extensions of K which contain a, (see 2-63), and 
K, is the meet of all the extensions of K, which contain «,. Hence K, is an 
extension of K containing «, and «,. On the other hand every extension 
K' of K which contains a, and a, is an extension of K,, therefore K, is 4 
subfield of K'; hence K, is the meet of all the extensions of K which contain 
a, and «,, Similarly K,, is the meet of all those extensions of K which con- 
tain all the elements (1). One therefore denotes 


) om -— Kío;, --. fa). (3) 
where the el@ments in the bracket can be interchanged among themselves 
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Let /f(r,,...,rx,) run over all the polynomials of K[z, ..., x] 
(see 2-36), then the clements Si@s, ..., 04) form a ring 


K[a,, ..., Om) (4) 


which is homomorphic to K[x,, ..., z,]and which is contained in K,.. The 
quotientfield of (4) is also contained in K,. Since on the other hand the 
quotientfield is an extension of K containing the m clements (1), it must 
be identical with K,.. Hence every element of K,, can be represented in 
the form 


Sia,, seep Bm)? 0(0, ..., €m), (5) 
where the numerator runs over all the elements of (4), and the denomina- 
tor over those elements of (4) which are different from zero. "Though 
K[a, ..., «,,] is homomorphie to K[z, ..., r4] the quotientfield 
K(a,, ..., «4) is in general not homomorphic to K(x, ...,z,) as a field 
cannot be homomorphic to a field unless they are isomorphic. Of course, 
the correspondence 


NX, owes Tm) — fla, «3 Om) 


cannot be extended to the correspondence 


T (57, Meas 005, Xu ouv fits», Gea} * 95 55, Qu) 


if there are polynomials ¢ which are different from the null-polynomial and 
for which nevertheless o(a,, ..., a,,) = 0 holds. If there is no such poly- 
nomial, then Kí(r,,...,z,) and K(a,,..., a4) are isomorphic. 


Theorem. If a,, ...,@ are algebraic over K, then 
K(a,, t9 s) = Kfa,, ee 29 Gy). 


Proof. (by mathematical induction), For m=1, the theorem has 
been proved in 2-63. Suppose K[a,, ..., — K(a,, ..., am.) = A. 
Then e, is algebraic over A, and Kf[a,, ..., a] = Ala.) — A(as) = 
Kía,, "9 (tu) holda. 

Exercises, Let R be the field of the rational numbers. 


(1). Consider A — Z(42,4 3). Construct a basis of A and 
show that A — A(, 2 + 43) 


(2) Investigate R(4 2, Y 2). 
2-72. Primitive element of an extension. Uf ^. 
A = K(a) [A: K] > 1, 





oe. 
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then a. is said to be a primitive element of the extension A of K. The examples 
given in the exercises just above show that even an extension generated by 
more than one step may have a primitive element. As a matter of fact, 
a finite extension of a field of characteristic 0 can always be performed by 
the Lolp of à primitive element, The corresponding statement holds for a 
large class of fields of characteristic p; that this class includes all the finite 
fields, will be shown later in 3-21 by a different method. To investigate the 


ease where K has an infinite number of elements, the following lemma is 
used. 


Lemma. Let fix) and giz) be polynomials of K[r] and let in a 
suitable extension of K, 


f(x) = (x — ay)... (x — a), g(r) = (x — B;) coe (£f — Ba); (1) 


if c is such an element of K that for i — 1,...,n and k —32,...,m the 
n(m — 1) inequalities 


Y^wo--cBi.ya-cf, (2 
hold, then 
K(y) = K(a,, 8,). (3) 


Proof. Put K(y) = K'; then é(r) = f(y — cz) is a polynomial of 
K'[r] which has a root 8, in common with g(x). If 8, were a common 
root of (x) and g(r), then y — c 8, — «a,, contrary to (2). Hence the 
h. c. f. (o(x), g(z) ) — x — B,, and therefore B, is an element of K'. Further- 
more a, = y — c B, belongs to K', thus every element of K(a,, 8,) does. 
Since on the other hand y belongs to K(a,, 8,), the lemma follows. 


Theorem. Let K be a field containing an infinite number of elements; 
let a be algebraic over K, and 8, ...,* be roots of separable polynomials of 
K[z], then there exists a primitive element A for the extension Kia, B. .... «) 
of K. 


Proof. At first will be proved that K(«e, 8) = K(a). Put a = a,, 
B — B, and let f(x) and g(x), as represented by (1), be the irreducible 
polynomials in K[r] with the roots @ and 58 respectively. Since g(x) is 
supposed to be separable, the roots B,, Bs, 2a, Bm are all different. To 
determine a’, one has to find out an element ^ of K such that 


a! — a, +68, Aa - b B, fori=1,.-.-,%, m 2,...,10. 


These conditigns are satisfied, if b i» not ^ root of anyone of the linear 


| (m —ay) + z(8, — Ax) = 0. (4) 
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Since B, — B, == 0, each of these equations has exactly one solution in a 
suitable extension of K, and therefore at most one solution in K. Now.K 
contains an infinity of elements, hence there exists an element 6 in K which 
does not satisfy anyone of the n(m — 1) equations (4). Hence a’ is a 
primitive clement of the extension K(«, 8) of K. Since «a and f are 
algebraic over K, the extension K(a) is finite over K, and K(a') = K(a, 8) 
is finite over K(a) and therefore finite over KR. Hence a’ is algebraic over 
K. Thus A — Kí(a', ..., <), where a' is algebraic over K, and the other 
elements in the bracket are roots of separable polynomials, The procedure 
can therefore be repeated, till the number of the elements in the bracket is 
reduced to one element 


A=a+bB...+kx« 
K(a, B, ..., *) = KA). 


If in particular, the characteristic of K is 0, then K has an infinite number 
of elements, and every irreducible polynomial is separable. Thus one gets 
immediately the following corollary. 


Corollary. If K is a field of characteristic 0, and a, 8, ...,* 
are algebraic over K, then there exists a (primitive) element A, such that 
K(a, B, ..., *) = K(A) holds, 


2.73. Extension by roots of two different irreducible polynomials, In 
2.471 and 2-72, such extensions of a field K have been considered which are 
generated by elements e, 8, ... of any field of which K is a subfield. In 
an earlier section extensions of a different kind have been used already. 
One can extend a field K to a field K(o) where a is not given, but has to 
be created in such a way that it is a root of a polynomial f(x) of K[r]. 
It has been proved in 2-51 that this extension is always possible and in 2-52 
it was shown that if f(x) is irreducible, the extension is determined uniquely 
in the sense of isomorphism. 


The first statement can be generalised without difficulty to the case 
of more than one polynomial. Given polynomials f,(x), f. (x), ---» A=) 
in K[z], then one can construct by repeated extension a field K(a, B, ..., «) 
such that 0 — f,(a) = f.(B) = ... = Sal*)- Let now the k polynomials be 
irreducible in K, then K(a) is determined uniquely in the sense of isomorphism 
but f(z) — though irreducible in K—may be reducible jp K(a). Let 
fAx) = 9,2) 0,(x), furthermore let 8 be a root of ¢,(z), and f° a root of 
e, (x), then it is not certain whether K(a, 2) and K(a, 8') are isomorphiq 
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or not. That both the cases occur is shown by the following examples on 
extensions of the field R of the rational numbers. 


1. S,(z) = x? — 2 J, (z=) = x* — 2. 
a= 2, f(x) = (x* — a) (27 +); Ria) = K, 


B*— a, B = —a; K,() = Rif), K (9) — RiP’). 


Hence A(a, 8) and Ria, B') are isomorphic. It may be mentioned that 
these two isomorphic fields of numbers are different fields : the first is a field 
of real numbers only, whereas the second contains complex numbers. 


2. Siz) = x* — 2, f(z) = x* — 2: 
e —2, . fx) = (a* — a) (^ + a z* + a*) ; Ria) — K, 
B* =a, B'*--aBg"--a*—0; K,(B)—K,, K,(8') -—K*,. 


K. is composed of real numbers ; hence 0 cannot be represented as a sum of 
squares of elements of K, which are different from 0, nor can 0 be represen- 
ted in that manner in any field which is isomorphic to K,. In K', however 


(28'" + ay + a? + a* + a? = 4(8"* + aB'* + a?) — 0 


holds. Hence K’, is non-isomorphie to K,. "Thus it is possible that a field 
K can be extended to two non-isomorphic fields by roots of the same two 
polynomials both irreducible in K. 


2.74. Normal extension of a field. A case of special interest is when a 
field K is to be extended by n different roots of one polynomial of degree n. 
In this case, a theorem of uniqueness (in the sense of isomorphism) holds, 
and one is led to the normal extensions of a field which play a very important 
role in algebra. For these investigations the following three definitions 
will be needed : 


Definition 1. Let I’ be an isomorphism mapping a field K on a field A; 
then a subring R of K is mapped on a subring L of A. This mapping of 
R on L is an isomorphism of A to L, say the isomorphism J. Then the 
isomorphism J’ is called an extension of the isomorphism 7. 


Often the problem occurs of finding an extension 7' to à given isomor- 
phism /. 


De e m 2. Let f(x) be 4 polynomial of K[r], then there exists an 
extension of K, in which f(z) is a product of linear factors. Let 


* 


— be the roots of f(x) in M, then f(x) can be represented as a 


69 O. P.—15 


* 
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product of linear factors only in those subfields of M, which contain 
K(o,, ....,). This field is therefore said to be a smallest extension of K 
admitting the complete reduction of fix) 


Theorem 1. Let K and A be iomorphic, fir) and ¢(2) be corresponding 
polynomials of Ki] and A[r]. Let K’ be a smallest extension of K admitt- 
ing the complete reduction of f(x), and let A^ be a smallest extension of A 
admitting the complete reduction of g(x); then every isomorphism J of K 
and ^ can be extended to an isomorphism J’ of K' and A‘. 


Proof. The theorem holds obviously if [K': K] — 1 since in this 
case K = K', and A = A’. To prove the theorem by mathematical induc- 
tion, it will be supposed to hold for [K*: K] — m. Let [K': K] — m, and 
f,(x) be an irreducible factor of f(x) of degree > 1. Let ¢,(x) be the poly- 
nomial of A[r] isomorphic to f(x), let @ be a root of f,(r) in K', and let 8 
be a root of o,(z) in A'. We can extend the isomorphism / to an isomor- 
phism of the classes of residues of f(x) in K[r] and of ¢,(x) in A[r], and 
therefore to an isomorphism J, of K(a* and ^(8). Every extension of K(a) 
admitting the complete reduction of f,(x) is an extension of K admitting the 
complete reduction of f(z); hence K' is a smallest extension of K(a) admitt- 
ing this reduction. For the same reason A‘ is a smallest extension of A(f&) 
admitting the complete reduction of e(x). As [K' : K(a)] < m, the isomor- 
phism 7, can be extended to an isomorphism /' of K and A’, and since J’ 
is an extension of 7, the theorem holds, 


This theorem can be applied also to the cases when K and A are identical, 
and J maps every element of K on itself. So one gets the following impor- 
tant corollary. 


Corollary. Any two smallest extensions of K admitting the complete 
reduction of a polynomial f(z) of K[x] are isomorphic. The isomorphiam 
ean be chosen in such a way that every element of K is represented by 
itself. 


Definition 3. Let N be an extension of K with the property that every 
irreducible polynomial of K[x] which has a root in N can be represented in 
N[r] as a product of polynomials of degree 1, then N is called a nermal 
extension of K. 

Theorem 2. Vf K' is à smallest extension of K admitting the complete 
reduction of an arbitrary polynomial f(x) of K[r], then K' is a normal ex- 
tension of K. 
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Proof. Let a,, ..., 4, bé the roota of fir) in K*, let giz) be irreducible 
in K, let @ and 8' be roots of g(r), and let f belong to K'. It will bei 
shown that 8' also belongs to K'. If not »o, then @' belongs to a suitable 
extension of K'. ‘Therefore K, = K(#) and K, = K(f) are isomorphie, 
and there exists an isomorphism J of these fields by which every element 
of K corresponds to itself, and 8 corresponds to 8". From theorem 1 it 
follows, that one can extend / to an isomorphism /' of K.(@,, ..., &,) and 
Ee. TIL K(m,,...,a,) = K'. By J’ every root of a polynomial 
with coefficients from K will be represented by «a root of the same 
polynomial; hence the elements a, will only be interchanged. Put 98 — 
F(a,, ...,,), where the coefficients of F are elements of K. Hence 8' = 
F(a, | -+ +s) and therefore 8' belongs to K'. Since f' is supposed to 


b» an arbitrary root of g(x), the theorem holds. 


*2.741. Generalisations of the theorem on normal extensions. Consider 
now two different generalisations of this theorem. 


Theorem 1. Let f,(x), f. (x), ... be a sequence of polynomials of K[x], 
finite or infinite in number ; the smallest extension of K admitting the com- 
plete reduction of all these polynomials is a normal extension of K. 


Proof. Let F(x) =f (x) f,(z) ... f(x), and let K,, be the normal 
extension obtained by extending K with the roots of Fy(z), m — 1, 2, .... 
Now K, is a subfield of K,, again K, a subfield of K,, and so on; the 
smallest extension of K admitting the complete reduction of all the f(x) is 
the join of the fields K,,, i.e. the set of all those elements which belong to 
any field K,,, for m — 1, 2, ... This set is a field K*. If therefore a 
polynomial g(r) has a root in K*, this root is an element of à suitable K,,,, 
and since K, is a normal extension of K, the polynomial g(x) is a product 
of linear polynomials in K,, and in every extension of K,,, in particular in 
K*. Hence the theorem holds. 


The second generalisation concerns the factorisation of g(x) in a field N, 
which is normal and algebraic over K when gí(r) is irreducible in K[z]. 
Let yir), .. *a(xr) be irreducible factors of g(r) in N, let 3, be a root of 
¢, (x) and 8, a root of $,(r) in a suitable extension of N, The coefficients of 


$,.(x) are roots of polynomials f(x), .--. f.(x), irreducible in K. As N is 
normal over K, the roots of every f,(z) belong all to N. Let a,, ..., a, be 
these roota ; then K © K(a,, .--.a) — ^ € N. A is a finite extension of 
K and norrgal over K ; the factorisation of g(x) in A is the same as in N. 


——— = — — — — m—————Á 
— — — — 


* May bo omitted at the first reading. 1 
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As B, an 8, are roota of g(x), irreducible in Ky, the fielda K(8,) and K(f,) 
are isomorphic, and there ie an isomorphism by which 9, is represented by 
B., and the elements of K do not change. Hence no f(x) is changed by it, 
We can extend this isomorphism to an isomorphism of K(B,. «e, .... a.) 
== A(f,) and K(B,, a,, .... e.) — A(B,). By this isomorphism, every fi(x) 
remains invariant; its roots are therefore interchanged only; hence an ele- 
ment of A is represented by an element of A. The polynomial ¢,(2) which 
is irreducible in A and which is à factor of the polynomial g(x), irreducible 
in K, must therefore be represented by a factor of giz) which is irreducible 
in A. Since the root B, of 4,(x) is represented by the root P, of vr), 
the image of ¢,(x) is ¢.{+), and as these two polynomials are arbitrary irre- 
ducible factors of giz), the following theorem: holds : 


Theorem 2. Uf g(x) is irreducible in K, and N is normal and algebraic 
over K, every irreducible factor of g(x) in N can be transformed into every 
other by a suitable automorphism of a certain field over K; henoe these 
factors are all of the same degree. 


If one of the irreducible factors is of degree 1, the others are also 
linear ; so 2-74, theorem 2 is a special case of this theorem. 


9.742. Automorphisms of a normal extension. Let N = K(a,) be a nor- 
mal extension of K, and [N:K]=n. Then J, a,, ...,a,""' form a basis 
of N over K, and therefore a, is the root of a polynomial of degree n which 
is irreducible in K[x], 


fiz) =a, + ax d os. $y +e. 
As N ia a normal extension of K, and it contains a root of f(x), this poly- 
nominl is factorised in N[x] by 

fiz) = (x —e)(—2).-- (r — a). 


Since K(a;) is inomorphie to K(e,), #0 [K(aj) : K] =n; furthermore a, and 
therefore every element of K(a;) are contained in K(a,), hence [K(a,): K(aj)] 
— ]. Therefore 


^ N = K(a,) — ... = K(a,) 


holds. There exists an isomorphism mapping K(e,) on K(e,) by which the 
elementa of K remain unaltered. This isomorphism is an automorphiam of N. 
On the other hand, if there is an automorphism of N for which the elements 
of K remain fixed, f(z) is transformed into itself and therefore évery root of 
f(x) ia mapped on a root of f(x). The roots of f(x) are therefore undergoing | 
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a permutation by the antomeorphism, and the automorphism i» uniquely 
determined by the condition that e, ia to be mapped on «e, sinoe this 
condition implies that the basis J, Oyo" i» mapped on the basis 
J,0,,..., e *. Hence there exist exactly n automorphisms of N for which 
the elements of K remain invariant, For n > 2, not every permutation of 
the roots of f(x) corresponds to one of these automorphisms. There exista 
one and only one automorphism of N for which the elementa of K remain 
invariant and a particular root of f(x), «ay «,. is transformed into any parti- 
cular root, say e,. For n — | this automorphiwm is the identity. lf in 
particular K is of characteristic 6, and M is a finite and normal extension 


of K, then there exists a primitive element afsee 2-72] euch that M — Kí(«) 
and the above statements on automorphiwm hold. 


Moreover, let K be an arbitrary field, [A : K] — 2, and 2, be an element 
of A which does not belong to K. Then A = K(g,) [sce 2-64, corollary 4]. 


B, is a root of a polynomial of degree 2, say f(r), which is irreducible in K, 
but reducible in A 


fiz) = (x — B,) (x — B,). 


Hence B. belongs to A. An extension of rank 2 is therefore always a normal 
extension. Besides the identity, there exists one automorphiam A of A 
for which K remains invariant. <A interchanges 8, and B,, and since J, B, 
is & basis of A over K, one can express 4 by 


a-a+bf, «—+»a+b6p, =e, - 


where a and b run over K. The elements a and « are said to be conjugate. 
Conjugacy is a symmetric relation, because every clement is the conjugate 
of its conjugate. Tho elements of K are the only ones which are self-con- 
jugate. The remaining elements of A consist of pairs of conjugate elements. 
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GENERAL ALGEBRA, SPECIFIED THEORY 
3-1, Cyclotomic polynomials, 
The following equation plays an important role in algebra 
— — I — 0. (1) 


As J may be the unitelement of any field K, the polynomial on the left 
hand side of (1) can be considered as belonging to any ring of polynomials 
K[r] To investigate (1), the nature of the field K has therefore to be taken 
into account. If K is the field of the complex numbers, then the solutions 
of (1) are 


erm. ou cos 2«.*. + 4$ sin 2 : 8 e (2) 
for k x» 1, ..,,n. 


By representing these points in the complex plane in the usual manner, 
one gets n points which subdivide the unitcircle into n equal ares. The 
problem of partitioning a circle into congruent ares, leads therefore to the 
equation (1). Here, the equation will be considered from a purely algebraic 
point of view. 


3-11. Reduction of the problem to the case when n is not divisible by the 
characteristic. For fiz) =x — 4, f'(x) — n x*^. The highest common 
factor is therefore found to be 


(fix), f(x) ) = f(x) if n is divisible by the characteristic of K (1) 
— lif n is not divisible by the characteristic of K. 
In the 2" case, f(r) has n different roots. 
Suppose at first that n i» divisible by the characteriatic of K : this is 
possible only if the characteristic ia 4 primenumber, say p. 


im n= p' m, where e > 0, (p, m) = 1 . (2) 


"e g(x) = =~ — 1. (3) 
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Since (g(r), g (x)) — I, the polynomial giz) is separable (see 2-6) and it has 
therefore m different roota in a suitable extension of K. As furthermore 
the characteristic of K is equal to p. 


(g(x))" — a" — 1 = fiz). 


Hence fix) has the same roots as g(x) has; each of these roots occurs once 
as a root of g(x), and p* times as a root of f(r). Thus the problem has been 
reduced to the case where n is not divisible by the characteristic of K. 


3-12, Primitive roots. Suppose now that n is not divisible by the 
characteristic of K; this-supposition holds e.g. when the characteristic 
is 0, In any field admitting the complete reduction of f(r), this polynomial 


has therefore n different roots. The same holds for z^ — 1 = 0, where h 


is an arbitrary factor of n. 


Let a and 8 be roots of f(r), thus ae" — J — f*'; hence («a B)" — I, 
(a: B)' — I. The roots of f(x) therefore form a multiplicative abelian group 
r. Let r be the smallest positive integer for which a — J holds, then r is 
said to be the order of a in T. As a***'* — J for every pair of integers s and 
t, «^ = J, where m = (r, n). Hence m =r, and therefore r i4 à factor of 
n. On the other hand, if r isa factor of n, then the roots of x* — 7 are at the 
same time roots of x" — /. The elements of Fr of order n are called primitive 
roots of f(x); the number of these primitive roots will be denoted by e(n). 


To prove that for every n, primitive roots exist, one has to show that 
e(n) > 0. In the following, the value of ¢(n) will be calculated ; it will 
be shown to be equal to a well known furction of the elementary theory 
of numbers and to take positive values only. 


Let a be a root of order h, and 0 € t. Put 8—a', (t, h) =r = at + bh, 
and h:r— s, t:r — u, then f" = a"* — 7 on the other band, let 


0s < #; 
then B* * = a" * zz G x, 


since 0 < ra’ < h; hence 8* + 1, and s is the order of a'. Thus those and 
only those elements a* are of order h, for which (t, h) = Il. Now a is a pri- 
mitive root of a^— J. Hence if there exists a primitive root, the number 
of all the primitive roots is equal to the number of the natural numbers 
which are smaller than the exponent and relatively prime to it. Let A be 
an extension of K admitting the complete reduction of f(x) = z* — J, and let 
& be a root of order h, f be a root of order k and (h, k) = 1. Consider the 
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e" B^, for r — Q,...,h—1,5220,..., k — 1. (1) 


Now a’ B* = a" B* implies a^" — f*^*. The left hand side has an order 
which is a factor of h, whereas the order of the element on the right is a 
factor of k ; since (h, k) — 1, the order of both the sides must be 1: the two 
sides are therefore equal to 1. Hencer — r' = s' —s—0, Thus the hk 
elements (1) are all different, they form therefore a full system of roots of 
the polynomial x'*^ — J. Now it will be proved that « B is of order A k. 


Let («8)" — a’ B*, where r — u (mod. h) and s — u (mod. k) and r,s 
satisfy the same conditions as in (1). As the elements a" f° are all 
different, (a 8)" = J implies r — s — 0; therefore u must be divisible by 


h and k, therefore by hk. Hence the order of the root a 8 is equal to 


hk; the same holds for the elementa 
a’ B*, for which (r, h) — 1, (s, j) — I (2) 


as in this case a* is of order h, and f* of order k. If however (r, h) — v > 1, 
then (a' 8*)'* : * — J and a’ B* is of a smaller order than h k ; similarly if & 
is not relatively prime to k. Hence the elements (2) are the only ones of 
order hk, and therefore the only primitive roots of z** — /J. Hence 


o(h k) = e(h) o(k), for (h. k) — I. (3) 


This formula can immediately be gencralised to a product of any number 
of factors, where the arguments are relatively prime. 


Especially 
Has? q;* ...q.)— 9(q, 1) $(q,* ) .-.e(dm "), — (4) 
where qi. qs... q, Are all different primenumbers. 


To determine $(q*), where q is à primenumber, consider a root « of 


z^" — I which is non-primitive. Then a" — J} =. There are q** ele- 
ments of A satisfying this condition. The number of the primitive roots is 
therefore q* — q"?. Hence 


kan — 
a) — q* (1 = (5) 
From (4) and (5) follows 
en) =n 77 (1 — a )>% (6) 


s 
where q,, ... Loss i cst ecl The essence of these 


considerations is given by the following theorem : 


2 


is 
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Theorem. If x* — J is a polynomial of K{z], and the characteristic of 
K is not a factor of n, then this polynomial has n different roots. "There are 
?(n) primitive roots of x^ — 7; o(n) is equal to the number of the positive 
integers « n which are relatively prime to n and is given by (6). Each 
root of x* — J is a power of every arbitrary primitive root of that polynomial. 


3-13. Cyclotomic polynomials of order n. Let Ti, Fy, ss, Ty be the divi- 
sors of n which are different from n and (x* — J): (x — I) = $,(r), then 
the ^. e. f. of all the polynomials $,(z) is a polynomial whose roots are just 
the primitive roots of x* — /. "This polynomial is called a cyclotomic poly- 
nomial of order n ; ite degree is o(n). 


To calculate a cyclotomic polynomial, it is not always necessary to 
compute all the polynomials ¢,(x). 


Erample n — 12. 


The non-primitive roots of (r!'* — J) are either roots of (z* — J), or of 
(x' — I), the common factor of both polynomials being (x* — 7). Hence 
the cyclotomic polynomial of order 12 is ((x'5 — 7): (x* — J) y ((x* — D: 
(xr* — I) ) = (x" +- 1) : (x* -- 1) = x! — x* 4- 4. 


Theorem. WU a is à root of 2* — I, K(a) is a normal extension of K. 


Proof. Even if n is divisible by the characteristic of K, (see 3-11), 
« is a root of a polynomial x* — J, where m is not divisible by the charac- 
teristic. The order of the root a is a factor, say h of m (possibly h — m); 
thus « is a primitive root of z^ — 7. The roots of this polynomial are powers 
of « and therefore contained in K(a). This field is therefore a smallest 
extension of K admitting the complete reduction of 2° — /. Hence the 
theorem follows from 2-74, theorem 2. 


The factorisation of the cyclotomic polynomials, especially its irre- 
ducibility in a primefield of characteristic 0 will be considered in 3-413. 


3-2. Galoisfields. 


3-21. Fundamental properties. <A field [ which contains only a finite 
number of elements ia called a Galoisfield. As the primefield of pr is finite, 
the characteristic of p must be a primenumber, say p. The primefields 
GF, of characteristic p themselves are instances of Galoisfields, [ must 
be finite over its primefield G F,, otherwise it would contain an infinite number 
of elements. Hence p is algebraic over GF (see 2-63), and there exists a 
finite basis of say n elements 

Gye <5 T Me (1) 


69 O. P.—16 
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of r, so that every element of r can be represented in one and only one 
manner by 


B = 0) a, d... + 6, ay, (2) 
where 5b,,....b, are elements of GF, Hence pr has exactly p* different 
elements, where p is the characteristic of p and n — [Ir :GPF,]. The 
elements —— 0 of p form a multiplicative abelian group A with y" — 1 
elements, Let 8 be an element of A; then B, 87?, ... cannot be all different. 
From 8* — 6* it follows ** = J. Hence each element of A is à root of a 
cyclotomic equation. Let r be the order of 8, hence 8, 8?, ..., 8 are 
all different. Let two clements y and 5 be considered as equivalent ele- 
ments if dy" = f', then this equivalence defines a partition of A in 
classes (see 2-13). Each class contains r different elements. Let s be the 
number of the classes, then rs — p* — 1 holds. Hence the order of every 
element of A is a factor of p^ — 1, and therefore every element of A is a 
root of x9"-: — J. As the polynomial cannot have more than p* — 1 roots 
in T', every root is an element of A. So the elements of P are identical with 
the roots of x*" — x, and 


x" — xu (x — B,), (3) 
where 8, are elements of p. 
Let « be a primitive root of 1x7" — 1, then 
r= GF,(a) (4) 


is a normal field over GF,, because it is the smallest extension admitting 
the complete reduction of z»*-— 7. From 2-52 it follows, that all Galois- 
fields with p* elements are isomorphic. For this reason, (4) will also be 
denoted by 


GF yr. (4') 
To prove that to every p* there exists a Galoisfield GF, it suffices to show 
that in every field of characteristic p which admits the complete reduction 


of x9 — x, the roots of this polynomial form a field ; indeed the p* roots of 
x(x*-) — I) are all different since p* — 1 is not divisible by p (see 3-12). 


Let « and f be roots, then 


(aBy" = apr = af, kc 
(a: B)" = av: —a:B; 
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moreover since the characteristic ia equal to p, it results from the binomial 
theorem : 


(a + B)" = a + B" = a + B. 


Hence a 8, a: B, a + Bare roots of x — x. These roots form there- 
fore a field. Hence the following theorem holds. 


Theorem 1. To every power p* of a primenumber p there corresponds a 
Galoistield GF,« which is uniquely determined in the sense of isomorphism. 
p is the characteristic of the Galoisfield, and n — [(GF,» : GF,]. Every 
element of GF» is à root of the polynomial (3), and the elements = 0 are 
powers of any primitive root of x9" — J, 


If r' is a subfield of GF», its characteristic must be equal to p. Thus 
l' — GF,», where m = [r': GF,] is a divisor of n = [GF,°: GF,] The 


elements = 0 of p' are roots of x5" — I. Now p" — 1 = (p™ — 1) s, 
where s = 1 + p" + ... + p""asn is divisible by m. Hence »*-' — 7 
i» divisible by (x9"-' — 7). There are therefore exactly p" — 1 roota 


of x") — J in GF,» Hence 


Theorem 2. If m is a divisor of n, then GF,» has exactly one subfield 
of the type GF,», and these are the only subfields of GF». 


Furthermore : 
Theorem 3. Every finite extension of a Galoisfield has a primitive 
element and is a normal extension. 


Proof. Every finite extension of a Galoisfield [ is again a Galoisfield, 
say D* — GF,x. This field contains primitive roots of f(r) — z9"- — J. 
If « is a primitive root, then r* — r(a), and p* is the smallest extension 
admitting the complete reduction of f(r): thus r* is a normal extension 
of r. Hence the theorem. 


The last theorem complements the theorem of 2-72 about the primitive 
elements in finite extensions of fields with an infinite number of elements. 
In that theorem, a supposition nbout separability of polynomials was made. 
The reason why no similar supposition occured in the last theorem, will 
become obvious from the following theorem. 


Theorem 4. Every irreducible polynomial of GF,»[r] is separable. 


Proof. Shppose fix) to be irreducible and non-separable ; then f(z) = 
g(z") = a, + a, 2” + ... + a, z". Since the coefficients a,,..., a, are 


- 
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elements of GF», soa, = ap^ = by, Hence fie) — b, (b, x)? + (by, amy 
w= (b, + 6,2 + ... + by x)" ia reducible, contrary to. the supposition 


made for f(x). 


it may be mentioned especially that though every primitive root 
zrv*- — 7 is a primitive element of the extension T — CF,» over its prime 
field K = GF,, not every primitive element of the extension is a primitive 
root. The only condition for an element « of pr to be a primitive element, 
is that it must be a root of an irreducible factor o 2° ' — / which has the 
degree n. Then [K(a) : K] —n -—[r: K] and therefore [P : K(a)] = 1, 
and therefore r — Kia). This condition can be satisfied by roots of ze"-'— / 
which have a smaller order than p* — 1. For an example, see 3-23, 


3.22.  Awtomorphisms. To investigate the Galoisficlds somewhat 
closer, consider the automorphisms of them. Every automorphism of a 
field leaves the nullelement and the unitelement invariant ; the same holds 
for the elementa 2, 3, ... as these elements are generated by a repeated 
nddition of the unitelement, thus the elements of the primefield of à Galois- 
field are not altered by an automorphism. r — GF,» is a normal extension 
of the primefield K — GF,. An automorphism of T' is therefore (see 2-742) 
uniquely determined if it is known into which root of the same polynomial 
any root of an irreducible polynomial of degree n is to be transformed, 
Hence there exist exactly n automorphisms of GF,». These n automor- 
phisms can be constructed in a very simple way. 


Theorem 1. Let 8 run over the p* elements of GF,» then the mapping 
B — B* i» an automorphism A of GF y». 


Proof. As» in a field of characteristic p, (a 8)" — a" B*, (a : B) = 
a* ; B*, (a + B)" — a* + B* hold, the operations of addition, subtraction, 
multiplication and division are invariant, The mapping is therefore in- 
variant, hence it is a homomorphism. ‘The image consists of more than 
one element ; it is therefore a field. <A field cannot be homomorphie to a 
field unless the fields are isomorphic. Henee the image consists of p* 
different elements of GF,«, and therefore of all the elementa of GF,«; thus 
the mapping is an automorphism. 

By repeating the automorphism A one gets another automorphiam A* 
mapping P on B", correspondingly A*, ..., A*. The last of these automor- 
phisms maps Jg on g^" — 8, hence A® is the identity. A primitive root is 
transformed by " 

A, i. 4* u) 
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into different elements. Hence these n automorphisme are all different, 
and as there exist exactly n automorphisms of GF)», the sutomorphisms (1) 


form a full set of the automorphisms of GF» Hence the following theorem 
holds. 


Theorem 2. The automorphisms of GF, consist of the transforma- 
tions (1), where A* maps every element 8 of GF,» on BI". The elements of 
the primefield remain invariant for every automorphism. - 


Corollary, Lat fix) be à polynomial of GF,lx] ; if « is a root of fix). 
then a", a9*. ... are also roots of f(r). 


Proof. GF,(a) is a Gnloisfield, say GFy-. By the automorphism A* 
the coefficients of f(x) are invariant ; therefore « is transformed into à root 
of f(r) Hence a"' is a root of f(z). 


3-23. Calculation in a Galoisfield. To show how caloulation i» done 
in à Galoisfield, an example will be considered now. The elements of GF, 
are roots of z?^ — x — 0, The cyclotomic polynomial can be calculated by 
the rules of 3-13; it is x^ — 2+ + J. This polynomial cannot be irreducible 
in GF,[r] since [FG,: : GF,) — 2, and therefore every element ix of order 
2 over GF.. Indeed in GF, there is 


(r* — xt + P) = f(r) flo) fale) fix), Zr 
where f,(z) = x* — x + 2, f(x) = x* + 2 4-2, fin) = x + 2r + 3, fix) = 
y? — 92r + 3. If @ is any primitive root of z** — 7, then the other primitive 
roots are a^, a’, c!!, a, a'*, al, a?*, since the exponents must be relatively 
prime to 24. Furthermore a* = a***, a!* = — J. From the last corollary 
it follows that if a™ is a root of fiz), a?" is the second root. Hence the 8 
primitive roots consist of the four pairs 


a, a^; a^, at; a', a”; at. a!!, (2) 


In these 4 pairs, each root is the /* power of the other one. But one cannot 
allot the pairs (2) in an arbitrary manner to the 4 irreducible polynomials (1) 
aa their roots. Without loss of generality, suppose that « is & root of f, (x), 
then — a = a is a root of f(x). Since a is a root of f,(x). 


at = a — 2. (3) 
at = at — 2g = — (a + 2), af e af da t+ ome Hence 
a* = 2a — 3, a — 4 = — 1, eu djm—2 -—1-—-—4. (4) 
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Therefore a? — 2a, a’ = —a*— 2 — a. Hence a? is a root of f,(x) Thus 
the 4 pairs of roots (2) correspond to the 4 polynomials (1) in the order as 


given there. 
I, a (5) 


form a basis of GF.s over GF.. Thus one can express every element in 
the form 
a 34 ba, (6) 


where à and b are elements of GF,, £6. integral numbers mod. 5, The multi- 
plication of two elements (6) can be effected by 


(a 3 ba) la’ 28 o) a" B's, 


a’ — aa' + 365° 


(7) 
b' — ha’ + (a — b). 
From (7) one geta a’ + b'« = (a^ + b a): (a + ba), where 
a^ = [(a + ba" + 246"): (a* + ab + 25^) 
(8) 


b! == [4ba" + ab"): (a? 4- ab + 2b). 


Since in a field the division by every clement — 0 can be performed, one 
must expect that for elements a of GF,, the divisor on the right hand side 
of (8) cannot be 0 unless a = 6 = 0. Of course for b = 0 the divisor cannot 
be equal to 0 unless a = 0. For b= 0, put a: — xr; then z* -+x+42= 
f.(x) [see (1)] is irreducible ; hence there exists no a : b = r in GF, by which 
the equation z* +- z + 2 = 0 could be satisfied. By the help of (7) and (8), 
the multiplication and the division of any pair of elementa (6) of GF: can be 
performed, but the method is not very convenient, 


To make the calculations easier, one may express a, .., «?* by the help 
of the basis (5). 

c= a at = 2a al = ta al? — 3a 

at=-3+ a a! = ] +- 2a alt — 2+ 4a at — 4 + 3a 

a! = 3 + 4a a" =I] + 3a aan 2+ a a?! — 4 2 2a 

at = 2 + 2a al! — 4 + da a = 3 + 3a — J] + a 

@=l+ta (@w=243e atad}+ a a — 3 4-2e - 


at = 2- “7.8 -8 qM = 4d HT 4 : a m. 7 a** zm J, ER ^u 


(9) 
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In this table, one gets every column from the preceding one by multiplying 
with a^ = 2, thus very little calculation only was necessary. It is conve. 
nient to supplement (9) by a second table, wherefrom the exponent m of 
a^ = n + ba is seen when o and b are known. The rows in the following 
table give the values of a, the columns give the values of b. 


b—0 l 2 3 4 


(10) 





E.g. To calculate (2 -- 3a) (4 4+ 2a), one finds in (10) that the exponents 
of the two factors are 11 and 21, the product is therefore equal to a*, and 
from (9) one sees that a* — 7 4 2e. In other examples, one has to proceed 
in a similar way. When the primenumber p is very large, it is convenient 
to provide for a special table for the multiplication in the primefield GF, 
the arrangement of the "Iog-tables'" (9) and (10) must be made according to 
the special needs of the problem concerned. 


3-24. Application on the theory of numbers, The theory of the Galois- 
field is very closely connected with the elementary theory of numbers. Some 
arithmetical propositions are immediate consequences of properties of the 
primefields GF,. Equality of two elements of GF, means that the corres- 
ponding integral numbers are congruent (mod.p) As in GF,, every ele- 
ment is a root of a ' — 7, it follows for integral numbers : 


Fermat's theorem : 
n*! == I (mod.p), for n not divisible by p. (1) 


To every element a= 0 in GF,», there exists an inverse element 9 
such that « 8 — /; only 7 and — J are roots of x5 = /, and therefore self. 
inverse, the other elements 5— 0 are divided into pairs of inverse elements. 


Hence the product of all numbers = 0 of GF, is — J. 


For n = |, it&ollows Wilson's theorem : 
(p— 1)!& — 1 (mod p). T 
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Let p be 542, p^ —1 — 2m. As z»* — 1 = (x* — J) (x + J), there 
are 2 classes of elements = 0 in GF», the m'" power of the elements of the 


first class is + 7, and the m'" power of those of the second is — 7. If « is 
& primitive element of GF», the numbers a, ..., a?*^ — J are all different, 
henee a^ — — 7, and therefore the odd powers of a” are — 7, the even powers 


are + /. If B —y^, then B" = (y")* — (+ I) — JI. Hence every square 
is an element of the first kind, and every element of the first kind is an even 
power of « and therefore a square, The product of two elements of a 
different kind is of the second kind and the product of two elements of the 
same kind is of the first kind. The clement — 7 is of the first kind if 
(— 7)" — I1 — 0, ve. if m is even, and it is of the second kind if m is odd. 


In GF,, to every element. y, there corresponds a class (0) of elements 
congruent e (mod. p), and « is a square in GF, if and only if x* — y (mod. p) 
has solutions. In this case y is said to be a quadratic residue of p ; if there 
is no solution, y is a quadratic non-residue, Hence there are 4(p — 1) quadra- 
tie residues and d(p — 1) quadratic non-residues. The product of two 
residues (two non-residues) is a residue; the product of a residue and non- 
residue is à non-residue. 


Again put p = 2m + 1; then the element — / of GF, is a square if 
and only if it is a root of z™ — /, i.e. if m is even, say m= 2n. Hence 


— | isa quadratic residue of the primenumbers 4n + 1, : 
(3) 
— lisa quadratic non-residue of the primenumbers 4n — 1. 


The primitive roots of 2" — / are the roots of the cyclotomic polynomial 
which ix of degree é(p* — 1). In GF,», each of these roots is a root of a 
polynomial of degree n which is irreducible in GP,, since à primitive root 
is a primitive element of GF,» when this field is considered os an extension 
of its primefield. The cyclotomic polynomial is therefore a product of poly- 
nomials which are irreducible in GF, and each of degree n. 


Hence: — dé(p^ — E) te divisible by n when p a prim*number, 


3.25. Application on finite geometries. Galoiatiolds have been used to 
construct finite geometries, Consider e.g. plane projective geometry. It« 
fundamental notions are: point, straight line and the relation of tneidence. 
Analytically, the points as well as the straight lines are represented as classes 
of triplets of real numbers ; two triplets belong to the sume class if. they 
differ only by a common factor = 0 ; the triplet (0, 0, 0) must be omitted. 
Thus one considera points P= p(x,, x, x,) and straight lines g = e[wu,, ws, w,]; 
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the condition of incidence is 

TQ. + ey Uy --ox,w, — 0. 
For à certain portion of plane projective geometry, it is not important 
that the numbers p, e, z,, v, are real; they may be complex or they may 
be elements of any particular field. If one selects a Galoisfield for this 


purpose, one gets a Veblen geometry, and the number of points and straight 
lines ia finite. 


The simplest case corresponds to GF,. Here 0 and / are the only ele- 
ments. The arbitrary factors p= 0 and « = 0 are equal to 7 and can 
therefore be omitted. This geometry consists of 7 points and 7 straight 
lines. 

ÁÀ (0,0, 1), B= (0, 1,0), C—(0,1, 1, D —(7,0,0) E = (i, 0, 1), 
F z(1,1,0),, G = (7, 7,2): 


& =[0,0,1], 5 —[0,1,0], c—[0, 1, 1, d={J, 0,0), e-— 11,0, 1], 
f —[11,0, g-[1.1,1] 


Every straight line is incident with 3 points, and these are distributed on the 
straight lines as follows : 


a: BDF 
6: A DE 
e; C D G 
a: A BG 
e: BEG 
f: A FG 
g: C E.F. . 


In à similar way, one gets more complicated Veblen geometries by using any 
kind of Galoisfield to build up a projective, or an affine geometry in n dimen. 
sions, 


3.251. Application on statistical analysis, Consider now the above 
scheme without any respect to its geometrical significance nor to the algebraic 
method by which it has been attained. It consists of e — 7 varieties A, B, C. 
D, E, F, G, each being repeated r — 3 times in the scheme. The varieties 
are arranged into b = 7 blocks each consisting of k — 3 different varieties. 
Each of the v(e — 1): 2 pairs of varieties occurs in A. = 1 blocks, Schemes 
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of this kind (for various numbers v, b, r, & A) are called in Statistics balanced 
incomplete block designs, and they seom to be very important for the design 
of agricultural experiments amenable to exact statistical analysis. In 
the last few years the Galoisfields and the methods of finite geometry have 
been used successfully for the construction of those designs, It is a startling 
idea that Galoisfields might be helpful to provide people with more and 
better food. 


3-3. The fields K(). 
3.31. The general case. Given à field K, where 
+f (1j 


is irreducible; consider the extension K(/) of K, when ¢ is a root of (1). 
At first, let K be of characteristic p. In GF,, x? + I = (x + J), and for 
p — 4n — Hl, the polynomial (1) is reducible since — 1 is a quadratic 
residue of p(see 3-24) ; hence p — 4n + 3. K may also be of characteristic 
0; indeed (1) is irreducible in every field which consists of real numbers, 
and in isomorphic fields. Ifa and 4 are elements of K, 


then a+ =O, implies a — b = 0, (2) 


since for 6 =~ 0, the element a : h of K must be a root of (1). The field K(i) 
is isomorphic to the field formed by the classes of residues of the polynomial 
(1) in the ring K[x] . A. L. Cauchy introduced the complex numbers in 
this manner choosing K as the field of the real numbers. The elements 
Jl, à (3) 
form a basis of K(i). Thus the elements are all represented by 
a + bea, (4) 
x 
where a, 6 ran over all the elements of K. The multiplication formula is 
(a -+- hi) (a^ + bt) — a” + b'*i, 
where 
a’ =aa’ —bi, b* = ab' + ba’. (5) 
The division-formula is therefore 
(a* A b*1) ; (a + bi) - a* 4- bt 
where 
a' = (a a^ + b b*) : (a* + b) | " 
b = (a b* — b a*) : (a* + 67). (6) 
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Independent of the general theory given before, one can define the field 
K(i) in the following manner: "Given a field K, satisfying (2); then pairs 
a,b of elements of K form a vectorspaoe of elements which are denoted by (4). 
Determine now the multiplication of the vectors by (5), and in consequence 
of it, the division by (6), then the vector»paee is made a field in which 
0 -- Ii and 0 — Ji are the roots of 2? + J." It is left to the reader to check 
this statement in all its details, Put the field of the real numbers for K, 
then one gets the most usual way of introducing complex numbers into 
analysis. Ry interpreting the vectorspace of rank 2, formed by the elementa 


(4) as an Euclidean space, one comes to the ordinary geometrical repre- 
sentation of the complex numbers. 


In K(i)[z], there ia (x? + 7) — (x + i) (2 — #). The field K(t) is à normal 
extension of K, and ¢ is a primitive clement. From 2-742 it follows that the 
extension admits only one automorphism A which is different from the 
identity, and that A interchanges the elements + ¢ and — i. Elements 
which are interchanged by A are suid to be conjugate; and the conjugate 
of an element «e is denoted by w. Hence 


a=a+bi implies « =a — bi. (7) 


Hence an element is selfconjugate if and only if it belongs to K. The product 
of 2 conjugate elementa is selfeonjugate and is said to be the norm N of 
those elements. Using the notation (7) one gets therefore 


am = Na) = N(*) —a* + b. (8) 


From (2) and (8) it follows therefore that .N(o) — 0 implies a — 0. Further- 
more 


N(ag) = Nia) N(B), N(a: B) — Na): N(B). 
and for elements a of K, there is N(a) — a*. 


3-32. The field Rii). Consider in particular the field A(i), where RB 
denotes the field of the rational numbers. The elements of R(i) can be re- 
presented by (a + bi) : e, where a,b,c are integral numbers. Hence R(i) 
is the quotientfield of the integral domain S which consists of all the elements 
a + bi, where a and b are integers, Ifa 0 is an element of S, then N(a) 
is a positive integral number ; if in particular a is a unity of S, then Nia) 
and N(l:a)— 1 : N(a) must be positive integral numbers, and there- 


fore N(a) = a? + b? = 1 holds. Hence I, — 1, $, — |» are the only unities 


of S, and at the same time the only elementa of S for which the norm ia equal 
to Il. 
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Theorem 1. Sis a Euclidean domain. 


Proof. It suffices to show that for the elements « of SN, the function 
N(a) has the properties of a norm-function as required in 2-42 and 2.44. 
Indeed for every « = 0, the norm N(e«) is a positive integral number, and 
from N(a 8) = N(«) N(B) it follows, that N(a 8) => N(a), where equality 
holds if and only if 8 is a unity; hence the conditions of 2-42 are satisfied. 
It remains to prove (see 2-44) that to every pair e, 5 0, a. = 0, of elements 
of S there exist such elements 8. and «, that 

a, + Be; — e,, where N(e;) > N(a;). 
To prove this proposition, consider the element 9 — a, : e, — r + ai of Ris). 
The rational numbers r and « can be represented by r — a + rv’, 8 — b+ s. 
where a and b are integers and [r'|= 4, [5| - 4. Henee 9 — 8 + 9', where 
B is an element of S and N(9') — r* + s*-— 1. By multiplying with a, 
it follows a, = B a, -9'a, But *' a, = a, — Ba, must be an element of 
58, say «, and N(a,) = Nia.) N(»') = 4 N(a.) — Nia). Hence the theorem. 


Corollary. In S the factorisation is unique, and for every two elements, 
there exists an A. c. f. which can be determined by the algorithmus of the 


h. c. f. 


Proof. Wt has been shown in 2-44, theorem 2 that this property holds 
in every Euclidean domain. 

SN contains the domain J of the integral numbers as a subring. It is 
interesting to compare the factorisation in S with the factorisation in J. 
Every rational number contained in 5 is an integral number. Hence if an 
integral number a is divisible in S by an integral number b, then a : b is 
integral, and therefore a is divisible by b also in J. If an integral number 
is divisible by an element a of S, it is also divisible by «a as the divisiblity 
is invariant for the automorphism A. If 8 is à factor of e, then N(8) isa 
factor of N(a). Hence if N(a) — p is à primenumber, a is à prime-element of 
S. Let now = by any prime-element of 5, and let N(w) —  # be divisible 
by à primenumber p, then p must be divisible by * or by its conjugate and 
therefore by both of them. Hence either the two elements are associated to 
p and therefore + = i* p (where » = 0, 1, 2, 3), or N(7) — p. A prime-ele- 
ment of S is therefore either associated toa primenumber or it is generated 
by splitting a primenumber into two conjugate prime-factors. Consider 
the three cases : 

(f) p—2-i:(1—iy. The primenumber 2 is associated to the 
aquare of | — 1; this clement of S is a prime-element ax @V(1 — 1) = 2 


ia a primenumber. 
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(2) A primenumber of the type 4n + 3 cannot be reprensented as a 
norm of an element of S as N(a) — a? + b? 3- 9(mod.4). Hence these 
primenumbers cannot be split up into two conjugate prime-factors ; hence 
they are prime-elements of S. 

(3) The primenumbers p — 4» + | are products of two non-associated 
prime-elements, 


Proof. As it has been shown in 3-24, the number — 1 is a quadratic 
residue of p. Hence there exists an integer d such that d* + 1 = pm. On 
the other hand d? + 1 — (d +- i) (d — i), but none of the factors on the right 
hand side is divisible by p; hence p cannot be a prime-element of S; it is 
therefore a product (a +- bi) (a — bi) of conjugate prime-clements. If these 
elements would be associates, they could differ by a factor 4 1 or i 
only. This is possible only if either a = 0, or b = 0, or ja] —[5^|. Since 
p is supposed to be à primenumber of the type 4n + 1, these cases cannot 
occur, and p is a product of two non-associate prime-elements of 5S. 


If the primenumbers p, and p, have a common primefactor 7, then its 
conjugate is also a common prime-factor of them and p, — p, holds. The 
factorisation of the primenumbers into prime-elements of S is therefore 
determined by the following theorem. 


Theorem 2. The primenumbers of type 4n + 3 are prime-elements of 
S; the primenumber 2 is associate to the square of the prime-element 
1 — i; the primenumbers p, = 45, + 1 are equal to products of conju- 
gate and non-associate prime-elements. All these prime-elements are 
different and non-associate, and every prime-element of S is associnte 
to one of them. 

Denoting the primenumbers of type 4m 4+ 3 by g,, q,, ... and the 
prime-elements a 4+ bi by m,, 7,, ..., the elements = 0 of S can therefore 
be represented by 


w= $(1l—3)Y gu, ... Qu, Tm, +--+ Fm,- (1) 


Hence 
N(a) = «*-—2'9,3...94,* Pu, «++ Pn. (2) 


where the p's are primenumbers of the type 4n + | and products of two 
conjugate prime-elements, Obviously every product (2) (where neither the 
q anor p's are necessarily different one from another) can be considered 
as a product of two conjugate elements om. An integral number is there- 
fore the nornfof an element 5 0 of S if and only if it can be represented by 
(2) On the other hand the necessary and sufficient condition fora norm 
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is that it is the sum of two squares, Thus the considerations about the 
ring S lead to the following theorem on integral numbers. 


Theorem 3. A positive integral number c can be represented as the sum 
of two squares if and only if in the representation of c as a product of powers 


of different primenumbers, the primenumbers of type 4n 4- 3 oceur with 
even exponents only. 


3-33. A generalisation. 1f K is the field of the real numbers, and a 
runs over K(i), then N(a) runs over the non-negative real numbers, The 
sum of two norms N(a) -- N(8) is again* a "norm" and is different from 0, 
unless a = B8 =). This case admits an interesting generalisation which con- 
cerns a special case of what has been considered at the end of 2-742. 


Suppose that K and A are two fields such that [A :K]—2, and that 
to every pair of elements (a, a’) (0, 0) of A, there exists an element 
a" 3 0 satisfying 

ax 4- a’ a on e a’. (1) 


Leta,,a,,a, be different from 0, 0,0. Without loss of generality suppose 
a, 3— 0. Then (e, 3, + a, #,) + a, a, — a, 3, + a, Y, — a 8, where e, and 
therefore « are different from 0. By repetition of this procedure one geta : 


Theorem 1. If K and A have the properties as supposed here, for every 
n-tuplet a,, ..., 4,520, ..., 0 of elements of A there is 
a, H0, + ... +4, 4, = ag x n. (2) 
For elements @,, .... a, of K, it follows from (2) ; 


&* uuo 6,9 = BO, (27) 


iamen o4: cii MCN Marsa a must 
be 0. Moreover a, 8, +- ... + a, 2, + 1* 3x 0, and therefore the left sides 
of (2) and (2’) are always 5 — 7. This shows that the field K cannot be 
chosen arbitrarily. The following theorem is important for the theory of 
matrices (see 6-5) - 


Theorem 2. 1f K and A have the properties as supposed here, and 
ie es PS 5E O, ...,0, are elements of A, then there exist in A, n* elementa 


ee — 
- *N(a)- «« ma in 3-32, but since it ix not always fin integral number, it is not 
rm function (see 2-42 and 2.44); for this reason “ norm " is fiut in inverted 









IRREDUCIBILITY 135 


4'*. and an element e, satisfying the conditions X w'y uw, — 0, for i ze j, 
x 


£ wu w' x ], eg, u*, - v^, (k =I, (5. n). 
LO 


Proof. Let v,, ..., 9, be any solution of xw z,—0; if n2, 
then the two equations X€ vw x, — 0, X v*, x, — 0 again admit solutions ; 
let 107,,..., 8, be one of them. Continuing in this manner, one gets n* 
elements v, for which X *, v, = 0, fori j holds. Now = v, t, — aw, 

LO 


=. Hence uy = vy: o, is à system with the required properties. 


Exercises. 1. The elementa a 4$ — ao $' form a field. 


2. This field is identical with K. 


4. df every “norm” em is equal to the “norm” a? of an element of K. 
then A — Kit). 


8-4. Irreducitility of polynomials. 

In nearly every application of the methods of weneral algebra to a 
particular problem, one is faced with the task to establish the irreducibility 
of a polynomial, As irreducibility depends on the coefficients of the poly- 
nomial as well as on the field for which it should be proved, the problem 
needs particular investigations for the single cases. Criteria have been 
developed especially for the field of the rational numbers. Some of the 
principles used there can be generalised for à larger class of fields. 


*3-41. A general method. Consider at first a method which, though 
applicable to every field, is nevertheless of little practical use. A polynomial 
f(x) of degree n will be shown to be irreducible in K[r] if and only if a 
homogeneous equation of the n'* degree, F(r,, ...7,) = 0 has no solution 
&,,..., 0, in K. The coefficients of F belong to the ring generated by the 
coefficients of f(x), and they “can be calculated by elementary methods, 
However it is in general not easier to show that F(x,, ..., z,) has no solution. 
in K, than to establish the irreducibility of f(z). On the contrary, the irre- 
ducibility of f(z), when proved, helps to show that F has no solution in K. 
The investigation runs as follows. 

The classes of residues of a polynomial f(z) in K[x] form a ring which 
i» a field if and only if f(x) is irreducible in K[r] (see 2-47). Let f(x) be of 
degree n, and « be a root of f(x) ; a*, a", ... can be linearly expressed by 
lea, ..., a", the coefficients being dependent on those of f(z) only. Hence 
(re fe ee ty ct! dn) (Be ee cb FO ett + He) = £y 

* -Q a.d 554 a! 4- £,, u ) 


—— "May be ommitted at the first reading. 
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where 


t, — = is X, y, for J = l. soem M4 
^» & 


and a, are elements of K. 


The elements form a basis of a field K(a) with (1) deter. 
mining the multiplication if and only if to every pair of systems (x,, ..., m.) 
and (2, ...2,) of elements of K there exists a uniquely determined 
system (y,..... M). Hence the equations 


y, d', +... yu dA, = = where di, — X aly, z, 
, 


must have a uniquely determined solution. "Phe necessary and sufficient 
condition is det (d/)- 0. But the left hand side of this inequality 
is an homogeneous polynomial F of degree n in z,, ..., x,. Hence 


F(z,, — Gal BOO, (2) 


for every system (r,. ..., 7.) of elements of K is the necessary and sufficient 
condition for fir) to be irreducible in K(r). 


Exercise. To every polynomial 2° + pr +q which is irreducible in 
R(x] there corresponds a curve of the third class X a,,, «u, uj um — 0 such 
that none of ite tangents (w,, w., w,) passes through more than one point 
with rational coordinates, Compute aij. 


+42. Reduction of the problem to the investigation of irreducibility in 
D[x] 1n many cases it is possible to replace an investigation on irreduci- 
bility in K[x] by an investigation on reducibility in D[r], where D is an in- 
tegral domain. This reduction of the problem to an easier one is based on 
- the following lemma. 


Lemma. Let D be an integral domain with unique factorisation, K =< 
Q(D) the quotient-field of D, f(x) and ¢(x) polynomials of D[z], and Siz) 
be a primitive polynomial ; if f(z) is à factor of (7) in K[x], then it is also 
a factor of e(z) m Dix] ; if f(x) is irreducible in D[z] it is also irreducible 
in K[r]. 


Proof, Let o(x) — fix) d(x), where $(r) is a polynomial of Kix] 
and f(z) is primitive in D[z] (i.e. the common factors of its coefficients are 
anities of D only); then there exists an element a of D such that es (x) 
belongs to Dix). Hence ap(r) is divisible by fix) in Dix], From 2-48, 
corollary it follows that »(z) is divisible by f(x) in D[z]. Let now (x) be 





IRREDUCIBILITY rw m[r] 137 


divisible in K[r] by any polynomial 9$,Ur) of degree m, where 0 — m < 
degree ¢(x). Then $,(r) = (a.: b) f (z), where a and 6 are elementa of D, 
whereas f(r) in à primitive polynomial of D{x) and of degree m. Hence e(z) 
is divisible by fix) in Dx]. Irreducibility in D[x] therefore implies irreduci- 
bility in K[x]. Heneoe the lemma. 


421. Irreducibility in Rr}. When the reducibility of a polynomial 
90r) of Afr) has to be investigated (AK, as usual, denotes the field of the 
rational numbers) one may suppose without los» of generality that the 
cocflicients of e(x) are integral numbers. From the preceding lemma it 
follows that it suffices to inquire whether 2(z) is reducible in I{x], where J 
is the ring of the integral numbers. The method described below is appli- 
cable in principle to every case as it leads to a decision after a finite number 
of steps. Its practical application however needs a very skilful handling, 
otherwise that finite number may become unpracticably large. 


Let e(r) = (x) y,(x), where the coefficients are integral numbers, and 
v(x) is of degree 2n or 2n + 1. Without loss of generality suppose that 
the degree of $(x) is — n. Let (,, 0,, ..., a, be arbitrary different 
integers, then ¢(a,) — ¥(a,). $,(00,) ; hence ¢(a,) is a factor of $(2,). Let 
¥(z) = vy + yy e+... + yor", and letg’,, ..., g*s, be the different factors 
of o(@,). The integers y must therefore satisfy one of the following «svstems 
of n + I linear non-homogeneous equations 


see "9" &à* "à 9^ *"*" ^ » ?^** *»"**9* eeeeeee#e eee @ 


To every system w,,... v, 0 S v, « ky there exists a system of equations, 
and to every svstem of equations there exists one solution (y, ..., y.) as 
the determinant D, of the homogeneous systems i» 5— 0. To prove the Inst. 
statement one may use mathematical induction. For n. — I, D, = a, —a, 
— 0. In the general case, apply the method of sweep-out to the first row 
by multiplying the first column successively with mq, a*, ..., «,* and 
subtracting it from the second, third, ... (n + 1L)st columns respectively. 
Hence D, = (a, — @) (a, — Gy) ... (0, — a.) D', where 
1 (a, + a.) (@,* + aya, + 0,7) -. (a,** + o,** a, +. + avt), 

Dien | TT—————Ó — Jani ach Rd Rx adis: 
‘ 1 (a, fe he) (0s* - aut, ty") e (nt He avt? Oy oes + Gy?) 

as one gets easily by successive column-addition. Thus by mathematical 

induction it follows that D, 0 (for a different proof, sec 3-53). Of the 

69 O. P.—18 
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solutions w,, ..., 4, one has to consider only. those which consist of integral 
numbers ; finally check by the algorithmus of division whether the polyno- 
mials y, + yy a + ... y. ox. are factors of e(7c), otherwise e(x) is irreduci- 
ble. This method applies to every integral domain, where the factorisation 
is unique and there exi«t« a method of factorising any clement by a finite 
number of steps, as can be done in J. 


3-43. Method of homomorphism. The met hod of 3-42 becomes more 
powerful if used in connection with considerations on homomorphism, — Let 


eir) = fix) etr). (1) 


the three polynomials belonging to D[r] By a suitable homomorphism, 
D is mapped on an integral domain D, ; the equation (1) is transformed by 
the same homomorphism into 


$, (ar) — fib) var). (2) 


Hence if ¢,(¢) is irreducible, one of its factors, say ¢,(.c), must be associated 
to a unity of D, and therefore o(x) and f(x) are mapped by the homomorphism 
on associated polynomials. In this manner, it is often possible to show that 
irreducibility of e,(xr) in D,[x] implies the irreducibility of $(x) in D[r]. 
Criteria of irreducibility obtained by this method furnish conditions which 
are sufficient but not necessary for irreducibility, as the reducibility of ¢,(x) 
does not imply the reducibility of o(r). For the application of this method 
it is essential that D is not a field, as any ring which is homomorphic to a 
field is isomorphic to it. 


5-431. — Eisenstein'8. theorem. The method explained in 3-43 will be 
applied now to prove a theorem from which many more special criteria of 
irreducibility have been derived. It will be announced here in its original 
form, though it can casily be generalised to any integral domain with unique 
factorisation. 


Eisenstein's Theorem, Let a,, ...,@, be integers, a,, ....a,., be divi- 
sible by an arbitrary primenumber p, a, be not divisible by p, and a, 
not Po MD TUO AN T Mc eec s ox*. is irreducible in R[x]. 


Proof. Represent the domain Jof the integral numbers and 7[x] by 
the classes (mod. p). J is mapped homomorphically on a field GF, and 7[r] 
on GF,[r] which is a ring with unique factorisation. Let f(x) = f(x) f(x) 
where degree f,(x) = » 2 0 and degree f(r) — (2 0. By tee homomor- 
phism it follows 


(6) ) = (609) (Sal) ) = (04) (2) ... (x) 
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(where the brackets are used for denoting the classes of residues as in 2-13). 


As (x) i» a prime-clement in Die] and the factorisation in thi» domain in 
unique, it follows that | 


(fi(x) ) = (e) (xy, (fair) y — (d) (xp, wt — n. c and d not divisible by p. 
Hence - 


fix) — ex* + pe,tx), fix) — dx + po,(r). 


Hence the term a, in the product f(x) /,(x) is divisible by pf, contrary to 
the supposition. Hence f(x) is irreducible in [x]. 


3-432. A special case. The same homomorphism will be used now to 
prove the irreducibility of 


e(r) — r* + p(ax? + bx* + er) + d, 


where p is a primenumber of the type 4m + 1, and d is a quadratic non- 
residue of p. A polynomial of degree < 4 cannot be congruent to ¢(z) 
mod. p. Hence it suffices to prove that xt +d is irreducible in GF,[x]. 
As — | is a quadratic residue, there is an integer e such that (e)? — — 2, 
(e)! = 1; furthermore — d is a quadratic non-residue. Hence x* + d —0 
(mod. p) has no solution, and therefore (#* + d) has no factor of degree 1 
in GF,. “To prove that it has no factor of degree 2, extend GF, by a root 5 
of r' +d. InGF,(5) 


— Fd | 47 (x — 8 e"). 


Each factor of degree 2 has therefore a coefficient 8* e*'*.. Since 8* does not 
belong to GF,, x* + d is irreducible in GF,. Hence ¢(x) is irreducible in / 
and therefore also irreducible in KA. 


3-433. IJrreducthility of the cyclotomic polynomeals in Rix) The same 
method has to be applied in a somewhat more subtle manner to prove the 
irreducibility of the cyclotomic polynomials in Afr). 


Theorem. The cyclotomic polynomials are irreducible in the field A 
of the rational numbers. 


Proof, It suffices to prove the irreducibility in Z[x] where / is the ring 
of the integral numbers. Consider 2” — 1 as a polynomial in /[r] and let a 
be a primitive root of it in a suitable extension Za). Then one gets all the 
primitive roots in the form a'" where (m, n) — 1. Hence one has to prove 
that if a is à root of a primitive polynomial f(x) which is irreducible in Jf], 


then a" i» also a root. It suffices to prove it for primenumbers p which are 
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relatively prime ton ; the general case follows from it by a trivial mathemati- 
eal induction to be taken over the number of the prime-factors of m. As 
f(x) is à. primitive polynomial, it follows from the lemma that it is a factor 
of z' — 1 in /[r] The coefficient of the highest term is therefore a unity, 
say 

Siz) = 2 + a. 2 * + 2... + a. (1) 


The elements 1, a, ...,a"' form a basis of R(a). The representation of 
the elements of Ria) by 
= b, a' (2) 


with rational coefficients b, is therefore unique. ZV(a) has a submodule M 
consisting of those elements for which the coefficients 4, are integral numbers. 
The module .M contains 


a* — a a » — aute -- tos a^! Wa — 0,., a * ah te fa. n. 


Hence M is a ring. As the coefficients of f(x) are integral numbers, f(x) 
can also be considered as a polynomial in GF,[r], where pis any primenumber 
which is relatively prime to n. Let B be a root of f(x) in GF,[x] ; so it is a 
primitive root of x* 1. Map the ring .M on GF,(8) by the correspondence 


X ba =X oy B, (3) 


then to every element of 7M, exactly one element of GF,() corresponds, 
Addition, subtraction and multiplication are invariant for the representa- 
tion (3); it is therefore a homomorphism. Different elements of JJ may 
correspond to the same element of GF,(B) but not conversely. To a!, for 
j = 1, ...,m, there correspond the elements f', and as these n elements 
are all different, no two different elements «! can correspond to the same 
power of B. |, Hence a, ..., a* and B, ..., B* are put in a (1, 1)— corres- 
pondence by (3). The roots of f(z) in (a) are powers of a, those in GF,(QB) 
are powers of B; as f(x) is unaltered by (3), the exponents must be the same. 
From the corollary in 3-22 it follows that 8" must be a root of f(x) in GF’,(f). 
Hence a* is à root of f(x), where p was supposed to be any primenumber 
which is relatively prime to n. Hence the theorem. 


It is remarkable that homomorphisms mapping A[r] on different rings 
GF,[x] help to prove the irreducibility of the cyclotomic polynomial in A[z], 
though the cyclotomic polynomial may be reducible in each of these rings. 

Exercise. Show that the cyclotomic polynomial for n — 8 is reducible 


in every GF,. Discuss the factorisation for the different classes of prime- 
numbers p. Show in particular how the roots are distributed for p = 3, 5 
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and 7, and that from the difference of the distribution of the roots in these 
three cases, the irreducibility of the polynomial in R[z] already follows, 


3-44.  Irreducilility of determinants. As an example of a proof of 
irreducibility of a polynomial in more than one indeterminate, the following 
interesting theorem will be established. , 


Theorem. Let K be an arbitrary field in which no term in z*,, ..., z*, 
occurs, and let n > 0, then the determinant X = det (z*,) is irreducible 
In A fa mE 


Proof. X is « linear function of each of the n* indeterminates, and 
it i» a linear and homogeneous polynomial in the n indeterminates of the 
first row. 


X = A, zw", + ... +A, x, 


Suppose X to be reducible, then it must be the product of à linear polynomial 
in xt,, ..., 24, and a polynomial which is of degree 0 in these indeterminates, 
the latter being a common factor of 4,, ...,4,. Lf n > 1, A, is the deter- 
minant of the (n — 1) indeterminates x*,, where & 5— 1, t z— 1; if n — Il, 
then Aj = J. Hence A, 0, and therefore it is not divisible by any poly- 
nomial in indeterminates different from z*,. As there is no indeterminate 
which occurs in A,, A,, ..., 4, simultaneously, every common factor of these 
polynomials must be an element of K. Hence X is irreducible. 


3-5. Symmetric polynomials, 

3.51, Elementary symmetric polynomials. Let K be an arbitrary 
field. A polynomial f(z,, ..., 7.) of K[z,, ..., 2%] is said to be a symmetric 
polynomial if. f(z,, ...,7,) i$ not altered by any permutation of z,,..., z,. 
The integral rational functions corresponding to symmetric polynomials 
are said to be integral symmetric Junctions. 


As the polynomial 
T (2 + x = et a tee + (1) 


does not change by any permutation of the indeterminates x, the coeffi- 
cienta 

a, — 0, (Fie «0 os x,) (2) 
are symmotzic polynomials, —— called the elementary symmetric 
polynomials, They are represen y 
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"^" "-""*"?*"*"*"-"*9"* "?""*"9" $9"9*"9-9**" &^'" Oe (3) 


The summation has to be taken over all the systems of different indices 
ks. Rs Lot fiz) = xt + amt +... + b, be a polynomial of K(z]. 
In a suitable extension of K 


fu) = T o — aw). (4) 
hence 
-—(—1)y aj(a,, .... e). 
The coefficients of fUr) are therefore symmetric functions of the roots. 
Theorem. Lat fiy, .... Yo) be a polynomial of Kfy,, .... y,), let 
a be the elementary symmetric polynomials, defined by (3), and let 


P(x,, -...%) — ft, ...,a,). Then PF(r,....x) ix the polynomial 90, 
only if fiy, ..., y.) is the polynomial 0. 


Proof, Obviously fin, .... 94.) — 0 implies F(x,, .... 2) — 0. Suppose 
now that F(x,,...,7,) = 0; it will be shown that fly,, .... 4.) = 0 
follows from this supposition. In n suitable extension of K(y,. .... Ya), the 
polynomial o(z) = =" — y, 2" 4- ... 4 (— 1)" y, has roots, say a,,..., a, 
"The elements y,, .... v, are therefore the elementary symmetric functions 
of those roots 


mM = ala, "ttg e). for ; = 1, “oe n. 
Put «,, e» epi Oy for Xi pm gs then 
Fa. "E e.) c fis. "++. e 


n a 
— — — e ed ———— 
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. Proof. The ring GF,lx,, ..., zr.] is homomorphie to the ring of the 

p polynomials in x,,.... 6, with integral coefficients. 1f F(x, ..., 2)20 

(mod. p), the corresponding polynomial of GFz,, ..., x] is the polynomial 

0, henoe fly... y.) Corresponds to the polynomial 0 of GF... vl 
Therefore the coefficients of f are divisible by p. 


$-52. The main theorem. 


Theorem 1. A symmetric polynomial ean be represented in one 


and only one manner as the sum of homogeneous symmetric polynomials 
of different degrees. 


Proof. Every polynomial of Khr,,..., x,] can be represented as the 
sum of homogeneous polynomials of the same ring, and we ean choose the 
summands so that no two of them have the same degree. The difference 
of two such representations of the same polvnomial is & representation of 0 
asa sum of homogeneous polynomials, no two having the same degree, which 
is impossible. Therefore the representation is unique. A homogeneons 
polynomial is transformed by à permutation of the indrterminates into 
a homogeneous polynomial of the same degree ; hence the homogeneous 
portions of a symmetric polynomial arc transformed each inte iteelf by every 
permutation, and they are therefore symmetric homogeneous polynomials. 


Let P be a permutation of 1, ..., n, and 7" its inverse. If two terms 
X , al — ri 
aml | (1) 


4 


Ks dv pu du JEN 
t ea 


with the same system of exponents are transformed by P inte equal terms, 
they will also be transformed by PP" into equal terms and therefore they 
are equal. Hence by any permutation, different terms are carried into 
different terms. ‘Therefore the polynomial 


Ez. (2) 
n which denotes the «um of all different terms which one gets by all the per- 


mutations of the lower indices of (1) i* à symmetric polynomial. By taking 
the exponents in a non-decreasing order, (2) is represented by the symbol 


[^ . —" t.] -—Xm p,'eU3 Qu. Vw * 0t t8, (3) 


where every (, = 0; the summation on the right side of (3) has to be 
af in (2) The degree of [4. .... 6] is 


m zt, -2t-F.b My | (4) 
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Theorem 2. If f(r,...,x,) is a homogeneous svmmetrie polynomial 
of degree m, it can be represented by 


A au) m x 6,[0,. s-oe Cul (5) 


T 
where c, are coefficients of f, and the sum is taken over the N different 
systems of non-negative integers t,, ..., t, satisfying (4). 


Proof. As by a suitable permutation of the indeterminates x), each 
term on the right side of (3) can be transformed into every other one and 
different terms are always transformed into different ones, either each of 
these terms occurs as a term of f. or none of them does. If therefore one 
of the terms of (3) has in f the coefficient c,, then 


fx, --9 pt TL C. t,, oe ee t.] 


is à symmetric polynomial in z,, ..., z,, where none of the terms of [t,, .. ., t,] 
occurs. By repeating this procedure with all non-negative integral solu- 
tions of (4), after N steps, the difference of the two sides of (5) is proved to 
be equal to 0. 


Main theorem of symmetric polynomials. Any symmetric polynomial 
I(x, ... x) of Kfx,, ..., 7,] can be represented in one and onlv one manner 
by 

Ppp ices) d) ms FO ese Bale (6) 


where a; are the elementary symmetric polynomials, and the coefficients 
of F belong to K. 


Proof. The symmetric homogeneous polynomials of degree m form 
a module M over K(see 2-61) generated by the polynomials [t,, ..., t,.]. The 
rank of M is therefore not greater than N. The polynomials 


d, .,. 0," (7) 


belong to M, when the exponents satisfy (4), and from 3-51 it follows that 
the N polynomials (7) are independent. Hence they form a basis of M. 
So every homogeneous symmetric polynomial can be represented by (6), 
and from 3-52 it follows that the same holds for any symmetric polynomial. 
If there are two such representations by different F,(a,, ..., a,) and 
F,(a,, ...,a,), then the difference must be 0 contrary to 3-51. Hence the 
main theorem. 


[| 
Lemma. The polynomials (3) can be generated by addition and sub- 
traction of polynomials (7). 
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Proof. Let R be the field of the rational numbers. Since every po- 
lynomial (3) can be considered as a polynomial of H[r,, ..., x,], it can be 


represented as a linear homogeneous function of the N polynomials (7) 
of the same degree. Therefore an equation 


c[t,, “ree t..] — C, 7] a," E " »- D Cy TT aj" 


holds, where rj =... = €5*, — m, and where c,,..., €, and e > O are 
integers without a common divisor = + 1. It shall be shown that e — I. 


If not, let p be a prime-factor of c, then not every e; is divisible by p, and 


e, 7f ay) +... en 7| 9 = (mod.p) holds, contrary to the corollary 
in 3-51. Hence o — I, and the lemma holds, 


Since the elements c in (5) are coefficients of f(z,, ..., x), the following 
theorem is a direct consequence of the lemma. 


Theorem 3. The coefficients of F are elements of the ring generated 
by the coefficients of f. 


3-53. Alternating polynomials, A polynomial jf(x,. ..., x.) of 
K[x,, ...,r,] is said to be an alternating polynomial if by every odd permu- 
tation of z,,...,x, it takes the factor — 7. As an even permutation is 
composed of two odd permutations, an alternating polynomial is not altered 
by any even permutation of the indeterminates. The product of two alter- 
nating polynomials is a symmetric polynomial, and the product of an alter- 
nating and a symmetric polynomial is alternating. If an alternating poly- 
nomial is divisible by an alternating (a symmetric) polynomial, the quotient 
i« à «vmmetrie (an alternating) polynomial. Since every odd permutation is 
composed of an odd number of transpositions (see 0-3), a polynomial is an 
alternating one if it takes the factor — / whenever one transposition of 
its indeterminates is performed. When the characteristic of K is equal to 2, 
every alternating polynomial is symmetric and conversely ; when the 
characteristic is different from 2, the polynomial @ is the only polynomial 
which can be considered to be symmetric and also to be alternating as well. 


Theorem 1. Ifa polynomial f(x, xm) of Kin] has the property 
that by every permutation of the indeterminates it is transformed into a 
polynomial which is divisible by f(x, .... .), then it is cither symmetric 
or alternating. 


Proof. Let ep, be the factor which is taken by f(r,, ..., %) when 
2, and x, arf interchanged, then the polynomial takes ej, when this trans- 
position is performed twice ; but the twice performed transposition does not 
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alter the polynomial, hence c,,* = /. Hence ey, = + 7. To prove that 
in this equation the same sign + or — holds for every pair p, q of indices, 
consider the following identity between transpositions 


(p.q) = (i, p) (Kk. q) Gi, k) Ck, q) (0. p). 


From this equation it follows that 


Cj = Cip Ca. Cn Cu, Cip = Cip! Cay” Cue = Cj. 


Hence either every transposition leaves the polynomial invariant, then it 
is symmetric, or it takes the factor — / by every transposition, and it is 
therefore. alternating. 


Let be an alternating polynomial of K[r,, ..., x], where 
the characteristic of K is different from 2. Replace z, by x, then one gets 
a polynomial f(zr,, .... 2, ..., 2), ..., Y,) which is alternating, but neverthe- 
less invariant for the interchanging of the i and the k'^ indeterminate, 
Since the characteristic is supposed to be different from 2, the polynomial is 
0. Now fides ..., Su) = f(r,,....2,) — ft... 35». Zhe cep By) t8 divisible 
by z, — x,, as one sees by forming the differences of corresponding terms. 
The n(n —1) : 2 polynomials x, — z,, where i < k, are non-associated prime- 
elements of K[r,, ...,2;,]; hence fiz,, ..., x,) is divisible by 7 (x, — x,). 

1 >e 
This product is an alternating polynomial itself; the quotient is therefore 
a symmetric polynomial. Hence the following theorem holds. 


Theorem 2. Let f(r, ..., r,) be an alternating polynomial of 
K[x,, ... xr] where the characteristic of K is different from 2, and 


D = 4 (x, — wy), (I) 
then 
Ney, «+12 = DS, (2) 


where S is à asymmetric polynomial, 
Corollary. 
— Fh AAP POE ie J 5 
ere een eeeee ee (3) 


ze "-* T, i * 


D = 





eee tener — its value is 


‘2 
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3-54, Symmetric rational functions. 


Theorem 1. Let f(r, ... r,) and Gly, s x) be polynomials of 
K[r,, ...,2,], let (f, g) — 7 and f: g be à »vymmetrie rational function, then 
f and g are symmetric polynomials. 


Proof. Let f be transformed into f,, and g into g, by an arbitrary 
permutation of the indeterminates ; then fg, — gf,. From 2-47 and the 
supposition of this theorem it follows that f is divisible by f,. that g i» divi- 
sible by g, and conversely, As this holds for every permutation of the in- 
determinates, it follows from the lemma of 3-53 that f and g are symmetric 
or alternating. Lf one of them is alternating, the other must also be alter- 
nating, for the quotient is symmetric, but in this case the two polynomials 
must be divisible by D, contrary to the supposition (f,g) — /. Hence f 
and g are symmetric, 


Theorem 2. Let PF(a,, ..., a,) and G(a,, ..., a.) be polynomials of 
K[a,, ...,0,], «, being the elementary symmetric polynomials of x,. ..., 2, 
and let (F, G)= Al(a,, ..., 0), P= Jim... mh G S iu vers: Sad 
H = h(x,, ...,2,); then ish = ( f, g). 

Proof. Let h — (f, g). From the preceding theorem it follows that 
f:h' and g : A’ are symmetric. Hence A’ ia symmetric and can be represented 
by H'(a,, ...,@,). Since H' is a common factor of F and G, it is divisible by 
H and therefore A is a factor of A’; but A’ is also a factor of 5, for A" — (fg). 
Hence h and A’ are associated, and the theorem holds. 


3-55. Power-suma. The symmetric polynomials 


(1) 


n 
a= X x," 
pel 
are called power-sums, From (1) it follows for m < n that 
i, = ay, 
fin @, = 4, + X X, 2, 
Kaa ty = SA ay oe Me HS By By. 2 rer 


Ja daa = XI Fe +s Fes + oma... 


eS (= 1) @) tay = — a + (an, (2) 
i-i 
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Similarly for m > n, 


= (— I) a, #,.., — — fu (3) 


holds. 


Theorem. Let K be a field of characteristic 0; then a, can be expressed 
by 5... ^, With coefficients from K, and therefore the symmetric poly- 
nomials of K[r,. ...,2,] are polynomials of K[s,, .... 4,). 


Proof. a, = *, ; by mathematical induction we suppose that a,, ..., a,., 


can be expresse] in terms of «,, .... 4, .,. From (2) it follows that a, can 
be expressed in terms of 5,, ..., 4,. 

It may be mentioned that this theorem docs not hold if K has a eharac- 
teristic p — n, and that the elementary symmetric polynomials cannot be 
expressed in terms of power-sums by the help of integral coefficients only. 
The power-sums offer à possibility to express D* in a very simple form, where 
D is the alternating function defined in 3-53. By squaring the determinant 
in 3-53, (3) by columnwise multiplication, one gets 


450-2 LT Hs - a | 4 
E IS a ( 
Nes: ona My ss 

Exercise. A special problem of the theory of numbers asks for the sets 
of integral numbers 0,, ..., 0, and 4,, .... b, satisfying the m conditions 
@, fT +--. > a, = 6, xc: m + b, 
a,* +. Mise a+ 0,* 


Prove that for m — n there exists no solution except the trivial solutions, 
where b,, ..., b, is a permutation of «,, ..., a,. 


3-6. Solution of special equations by radicals, 
Equations of the type 
z7—a-t (1) 
are said to be binomial equations. If « is à solution of (1), and «is a primitive 
root of z* — J, then the n roots of (1) are given by « «/, for‘ = 1, ..., n, 
and therefore 
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— Tl (x — wel). . m" 


Hence K(o, £) is the smallest extension of K admitting the complete reduc- 
tion of x* — a, A solution of (1) is said to be an n root or n'* radical 
of a, or more particularly a square root (cubic root, biquadratie root) when 
n= 2(n=3,n=— 4). Ifa ix a positive number, there exists exactly one 
positive number among the solutions of (1), and in general this solution ix 
meant if one speaks of the radical." 


If «o, ix a radical of an element of K, furthermore o; i» a radical of an 
element of K(a,) ete., and «, i» a radical of an element of K(a,, ..., 0), 
then every element of K(a,, ..., a.) can be generated from the elements of 
K by performing addition, subtraction, multiplication, division and ex- 
traction of roots. Questions regarding algebraic extensions of thie type are 
answered by Galois’ theory of algebraic equations. This theory is intended 
to be discussed in the second volume. Here, only some special classes of 
equations which can be solved by radicals will be investigated. 


There is little loss of generality in supposing that in the equation 

xt 4-6, att + od +e Owe tb, =O (3) ' 

the coefficient b, is equal to zero. As — b, is equal to the sum of the roots, 
b, = — (m, +... + @,). The transformation 

xzx'—rf4-b:na (4) 

transforms (3) into an equation where the coefficient 5b, ix replaced by @. 

The transformation (4) can be performed unless n is divisible by the charac- 


teristic of the field. For this reason it is supposed for the rest of this 
section, that the characteristic of K ix different from 2 and from 3. 


3.01. Cubic equations. For n = 2, under the supposition made just 
beforehand, the general equation can be reduced to z* — 5 — 6. This 
equation can be solved by extracting one square root. 


Let n = 3. The reduced form of the equation is 
fiz) = 2 + pr+g = 4. (1) 





— 5 — — — 


* The notfon of radical also used in the theory of ideals and of hyperromplex 
systems but in a completely different sense. 
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Let K be a field containing p and g, and let in a suitable extension of K, 
the roots of (1) be a,, e. e, . The elementary symmetric functions of the 
_ therefore 





a, — 0, a, = p, a, = — q. (2) 
By the formulas of 3-54, one computes easily the power-sums as 

a = 0, 4, = — 2p, 4, = — 39g, 2, = 2p’. (3) 
Put D = (a, — a,) (2, — «;) (a, — a;). (4) 


This alternating function of the roots is called the discriminant. Its square 
is a symmetric function of the roots and therefore it belongs to K. Using 
the formula for D, given in 3-53, one gets 


LAWN 

Dt = | 83 8.4, 

| 4. "^, d 
and putting in the values (3) for the power-sums, it is found that 

D? = — 4g — 27°. (5) 
' The derivative of f(x) is 
f(x) = 327 p-(r—ee)(r-—29)--(—2)(x— ay) 
+ (4 — a,) (x — ay). 

f(a) = 3 at + p= (e — e) (a, — @,) = D : (e — «). 


| — 04-9, ay 


Hence it follows that 

a, = M— m + D: (3e! + p) 

eim 3-8 —-D: (Ge, p) 

zm are elements of K(D, «). Since on the . other hand D is contained in 


xe. A KW, e) = Keen LES 
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To get a, by extracting square roots and oubie roots only, one needs the roots 
of the eyclotomie polynomial a? + 24+ J. These are denoted by me 


— — bv (— 3) and we — —-L4$-—14(—3) 
(9, a) = m, + "a, + way and (wf, a) — a, + * a, + a,. 





Introduce furthermore Lagrange's aym bola 


From a, + a, + a, = 0, and J + 9 + w* — f), it follows : 


(@, e) +- (92, a) — da,.,, (un, a) + €9(e*, a) — Se,, ww, m) + w(t a) — da. 


(6) 
By an elementary caloulation, one gets 
wy af — (— 9) 
| (7) 
(^, a)? = — Y¥q— Dy (— 39) 
(^, a) (9*, a) — — 3p. (N) 


From (7) it follows that Lagrange's symbols can be obtained by extracting 
cubic roots only, after having extracted the square roots of — 4p* — 279: 
and of — 3. By extracting a cubic root a factor @ or @* remains arbitrary. 
The two arbitrary factors which occur when the cubic roots of the right hand 
sides in formula (7) are extracted, are interconnected as ix seen by (8). If 
(*», a) takes a factor 9', then (97, a) takes 9**. These factors generate an 
even permutation of the roots @,, a,, «,. By extracting the square roots of 
— 4p? — 274" and of — 3, a factor + 7 is left arbitrary. These factors 
may interchange Lagrange's symbols and generate a transposition of «, and 
&35. Thus the formulas (5), (6), (7), and (8) determine the three roots 
uniquely up to an arbitrary permutation of them, and the result is obtained 
by mere extraction of square roots and cubic roots. 


3-62.  Biquadratic equations, For n 4, the reduced form of the 
equation is 


zi pz + grt r= G. 
Let a,, 3, &,, «, be the roots in a suitable extension of K. 
Put 
B, = — (a, + a2) (o5 + a.) 
. B; —— (a, + e.) (o, + e) 
A, = — (a, + e) (o + @y). 





$ 
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Since by a transposition of any two of the roots, the elements H,, B, B, are 
interchanged only, by an arbitrary permutation of «,, e, a), e, the elementa 
B.. Bi. A, are interchanged too, hence any symmetric fanation of B,. By, P, 
i^ not altered, and it ix therefore a «ymmetrie function of o,, e, @,, e, 
Hence there existe an equation a? + b, 2 + b, 2 + b, — 0 with electa 
from K having the roots £,, 8,, 8, Of course, there ix 


b, = 2p, b, — p* — 4r, b, — — 9. 


Thus it i» possible to find out E,. B., 8, by extracting roots only. In order 
to find out «e,, e,, e, @,, one has to consider that 


(e, + m,) + (m, + e) = 0, (ay, t.) (e, 71 e.) = - B, ; 


hence «, + e, and e, + «, are the roots of x? — B, — 0. 


7, + e,= v8. «, + =, = — VA: 
similariv a, To, = V B.. e, Tw, — x B.. 
mq, — ow, os V By, a; +e = — V B.. 


For every root, à factor + J remains arbitrary, but since 
^ (A, Bg. By) = deo, mm) (om, > e) (o, + m) 
= mim, > a, -~ a, + 0, + i809 % — —@ 


holds, only two of the factors are arbitrary. The choice of these factors 
corresponds to a permutation of e,, «,, «,, «, as is seen from the final 
formulas : 


Ze, = VB, VB + & 8, 2e, — VJB, + NB,— VAs 
Sa, = B, — VAs — VPs fa, = —4B,— VAs — VA, 


If one excludes the cases where K is of characteristic 2 or 3, the equations 


of degree = 4 can therefore be solved by extracting square roots and cubic 
roots only, 


3-7.  Resultanta. 
Consider the palynomiale— 


Se) at ea amt ons > By, 
and 


| .* 


"m 


gin) m zm + bam d TW 
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where the coofficiente belong to the same field. In à suitably chosen exten. 
sion, Siz) has the roots @,,..., o, and giz) has the roots Bu s.Üu Es 


necessary and sufficient condition for fir) and g(r) to have « common root, 
in that the Hesultant 


RQ.g)- TT em — Bed (2) 
i» equal to zero. From (2) it follows immediately : 
RU.g) = TT eie) 


=(—1 TI neo. 


Hence Af, g) is à polynomial in a,, .... o, the coefficients belonging to the 
ring which is generated by b,, .... 5, ; this polynomial is «ymmetric. From 
3-52 it follows therefore that A(f, g) can be expressed by the elementary 
symmetric polynomials of e,, ..., «, with coefficients belonging to the ring 
generated by b,, .... b,,, and since those elementary symmetric polynomials 
differ from the coefficients of f(z) by factors + / only, the resultant is an 
element of the ring generated by a,,...,0,, 5, ..., b, Hence 


BT, g) = RET, iy, ~ 2-9 Gy 3 1,5, ..., 5). (4) 


The reason why the constant / i» used in this notation will become obvious 
in 3-72. Suppose that the coefficients of f(z) and g(x) are polynomials of 
Kly), then R(f, g) is a polynomial of that ring, say K(f, g) = Ry). If Riy) is 
of degree > 0, there exist in a suitable extension of K, elements 9,, .... y. 
such that A(*,) — 0. The polynomials f(z) and giz) can be considered as 
elements of the ring Kir, y], say 


Six) = Sie, wo ale) — gl, 9) 


Then f(z,7,) and giz,7,) have common roots ; thus 


AE. 9i) = olf, vj) = 0. 
In this way, the common solutions of two algebraic equations of two variables 
. fe y) 9, gir. y) — 9 


ean be found by the help of » resultant. 
60 O. P.—20 
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3-71. Case when the coefficients of the highest term are equal to 1. To 
find out Z( f. g) in terms of the coefficients a, and bh, consider a,, ..., em, 
By, ..« Bm a8 indeterminates ; the coefficients a, are symmetric polynomials 
in the indeterminates e,, and similarly the cofficients 5b, are symmetric in 
the indeterminates 8,. Every term 


E 1 ' 
, E J 


Asc, 7.0, b, s D (1) 


is à homogeneous polynomial in the n + m imdeterminates a,, ..., B, of 


degree 


SQ 2a, + +. + nA + tS db ob mt, uw. (2) 


The integral number w is said to be the weight of A. Let A,, ..., A, be 
different terms of the twpe (1); then it follows from 3-57 that 


€, Ay A. = B (3) 


cannot be equal to 0 unless the N coefficients c, are zero cach. If the terms 
A, are not of the same type and the coefficients a, are different from zero, 
Bis the sum of homogeneous polynomials in (a,, ..., 8) of different 
degrees with non-vanishing cocfficients, and it is therefore not a homoge- 
neous polynomial. Since AH(f.g) is à homogencous polynomial of degree 
nm in the indeterminates, it is the sum of terms (1) of the weight nm each. 


From Aif.9) = Tae) it is seen that the term b," has the coefficient 


1; furthermore #( f, 9) bas the property that it is zero when f(x) and g(x) 
have a common root. It will be proved now that these 3 properties are 
characteristic for the resultant. 


Theorem 1. Let 8S be the sum of terms (1) of weight nm each with the 
property that S = 0 when f(x) and g(x) have a common root ; moreover 
let the coefficient of 4,," in S be equal to J, then S = Rif, 9). 


Proof. Express S as a polynomial in e,, ..., 8,, ; then 8 can be consi- 
dered as a polynomial ¢(a,), the coefficients being polynomials in the re- 
maining n +m — 1 indeterminates. 4(om) — 9(f,) is divisible by e, — Ay. 
Since S is zero when e, and fA, are equal, é(B,) — 0. Hence S — ¢(a;) is 
divisible by a, — B,. In the ring generated by the indeterminates am, ..., B,, 
the factorisation i» unique, and the nm irreducible polynomials a, — P, are 
non-associate. Now S is divisible by each of them, hence it is divisible by 
their product which is equal to A(f. g). Since the terms of S are all of weight 
nm, the quotient must be of weight zero. By supposition, the term 5," 
has the coefficient 7 in S, that is the same coefficient as in R(f, g)*the quotient 





ds therefore equal to 7. Hence the theorem. 
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A polynomial in a,,...,4,, with the properties supposed in the last 
theorem, can be found by the following consideration. If « is a common 
root of f(x) and g(r), then the following n 4+- m equations hold, and these can 
be considered as linear homogeneous equations for a®’™, 4 


a" f(a) = 1a*"'" + 2... + a, a" + Oa"! +... 4+ 0a=—0 
e fie) — Üa**" .- ,,. + 1 a"! +a. a^ + ...+4,4=0 


a” gie) = Lae r eve oT bu e — () a^^ + — 0 a = # 


a gla) — Oa®*™ + .. cece, d.d am polis; +6, aad) 


| hy — a, 


JE 5 a, 


*e eee $$ se @O Pes eee Peers ef? > 


] d, . ",. 
AITNE ay 
1E 
- &h Rt: * » 9» * 3€ * o5 *"*"* » 
1 b, b, 





when f(z) and g(r) have a common root. The diagonal element is b,*, 
and this term does not occur any more in the determinant ; hence the term 
b," in the determinant has the coefficient 7. The weight of the diagonal 
element is equal to nm. By interchanging any two columns, the weight 
of the diagonal-element is either unaltered or the element is equal to zero ; 
in this manner, one can prove easily that all the terms of the determinant 
have the same weight; thus the supposition of theorem 1 is satisfied. Hence: 


Theorem 2. The determinant (4) is equal to RY, g). 


%.72, The general case, Let 
Fiz) =a, x" + a, x"! +... +, and 
G(x) = b, x" A b, . 


of the same field. 


be polynomials, where the coefficients a, «0, P, ss Om are elements 
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By definition, the determinant 


(, d, a, 
a, d, a, 
RUF, G) = Wy Gi cece Gy) (1) 
b, b, b, 
b, b, b,., 


is called the resultant of F and 6. 


For a, — b, — 7, this definition tallies with the definition given for 
R(f.g) in 3-71; moreover R(F, G) = (— Iy*" R(G, F) holds. For any 
further investigation, one has to distinguish 4 cases. 


1. Let a, 4 0, b, 5 0, e, ..., o, be the roots of F(x), B, ..., B,, be the 
roots of G(r). 


Put 
F(z) : a, = fix) = (x—2...(x — ay) 
G(x) : b, = giz) = (x — B,) .-. (x — Bu). 
Then 


RUF, G) — a," b^ Rf. g) = a," b, fii (=, — A,). (2) 


Hence A(f,g) — 0 is the necessary and sufficient condition for Fx) 
and G(r) having a common root. 
32. Let a,-— b, — 0. Then R(F, GC) = 0, independent of the existence of 
a common root. 
4$ b, =b, =...=6, —9. Then R(F, Q)— 0; but as every element 
satisfies the equation g(x) — 0, every root of f(x) is a root of g(x). Similarly 
if fiz) ia the polynomial 0. 
4. a, 0,6, — ... —b,,=0,6,-0. Put G,(x) = 6, ee" + 1.5 + One 
then RUF, G) = a, R(F, @,) = a," b TT (a, — B); in this case the 


resultant is equal to zero if and only if there exista à common rogt. Similarly 
if b, 0, a, — +s = 0,4 = 0, a,  O.. Hence: 


ligu: 
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Theorem, If F(x) and G(x) have a common root, then RAUF. G) — 0. 


If on the other hand R(F, G) — 6, then Fir) and G(x) have « common root, 
unless a, — b. — 0. 


It appears that the resultant R(F, G) is not completely determined by the 
two polynomials F(r) and G(x) themselves, but by the manner how they 
are represented. In the definition of “polynomial” it was stated. (see 2-32) 
that terms with coefficients zero should not matter, £e. that polynomials 
differing by such terms are considered to be equal. By adding terms with 
coefficients zero to F(x) and G(z), one can always arrange that a, — 5, — 0, 


. and therefore R(F, G) — 0. This difficulty can be overcome by a rule that 


polynomials F(z) and G(x) should be written in a standard form where the 
highest coefficients are different from zero, unless the polynomial is the 
zero-polynomial. A rule of this kind would however imply another in- 
congruity for the case that the coefficients are functions of a variable, say y ; 
the resultant would cease to be à resultant for such values of y, for which 
a, (y) = 0 and b, (y) = 0. For this reason, preference has been given to 
the notation given here. "Thus the resultant depends on the manner how 
the polynomials are represented, and it ceases to be a sufficient. condition 
for a common root as soon as a, = b, = 0 holds. 


Example. To find the solutions of 
y x* -2r.-y —O0 
y zt — | ux (). 
Consider the left hand side as polynomials in x with coeficients from R[y]. 
'The resultant is 
».2 y 9 
|o xr 2 y 
Is* 0 —1 0| 


= y*(y + 1) (y — 1) (y + iV 3)y — FY 3) = £0). 


io 0 —1 
For y = 0, there ia a, — b, = 0, and the second equation has no solution. 


For the four other roots of (y), there is a, 5^ 0 ; b. 0. To each of these 


roots, there corresponds a solution. These solutions are therefore 
y=-1 v= LW y-—iN3 y — iy, 


| i i 
km ro — |; m-—— 45 — «v 3. 
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3-73. Linear representation of a resultant. 


Theorem. Let D be the integral domain generated by the coefficients 
of F(x) and G(r); then there exist in Dix] polynomials u(r) of degres < m, 
and v(x) of degree < n such that 


u(x) P(x) + v(x) G(x) = R( f, 9). (1) 
Proof. Consider the n + m equations 
z^ F(x) =a, 28" 4+ a, oe te z*, for pn —0,1,...,m— 1] 


=” G(x) — b, zx" +b x" +, + 6, x”, for » = 0, 1, ...,.n — 1. 


These form a system of linear equations in a^, ..., z**! ; the determinant 


of the matrix is equal to H(f, g). Multiply each equation with the cofactor 


of the last element, and add. Then one gets the equation (1), where 


— 


» | u(x) = HW. yu! 4 is Ma, e(a) =v, zo «es “i Un» 


and w,, ..., v, are the cofactors of the elements of the last column. Hence 
the theorem. 


= 


3-8. Closed fields. A field C is said to be closed if it is impossible to 
extend it algebraically, i.e. if every polynomial of C[r] of degree > 1 is 
reducible. The main-result of 3-8 is that the field of all complex numbers 
is a closed one. ; 


Theorem 1. Let K be a field of characteristic 0. [A ; K] = 2; let 
every polynomial of odd degree of K[x], and also every quadratic polynomial 
of A[r] have a root in A ; then A is a closed field. 


The proof will be given in two steps. At first it will be shown that any 
polynomial ¢(2) of K[r] has a root in 4, and then the same will be proved 
for the polynomials in A[r]. 


Proof. X. Let ¢(x) be a polynomial of K[(z]. Without loss of genera- 
lity, one can suppose that (x) is irreducible; as K is supposed to be of 
characteristic 0, the polynomial é(r) is separable (see 2-65) and its roots in 
any suitable extension are therefore all different. Let n be the degree of ¢(x) 
and n = 2"u, where u — 1 (mod.2), then the proposition holds for m — 0; 
let it be true for m < k, and prove it for m = ke» 0: In a suitable exten- 
sion, V(x) has the roots — " 

we sk ev Ne ms (1) 
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For an arbitrary element ¢ of K, the number of the elements 
e, a; E Co, 4e a), where i. j EÉ.- l. ses * 8&8 n are different, (2) 


is n(n — 1):2. The ordered pairs of elements a,aj, o, + a, are all different 
and the non-ordered pairs e;, a) are uniquely determined by a, a), o, + a). 
As K contains an infinity of elements, one can choose c in such a way that 
the elements (2) are all different and that 


a, a; t cle, "X a.) ops ay, Ay +- cla, 4 a), (3) 
if 
(a c o6 uv a, roa... 


By an arbitrary permutation of the elements (1), the elements (2) will be — 
interchanged only. Hence every symmetric function of the elements (2) — 
is also a symmetric function of (1) and is therefore an element of K. Thus 
the elements (2) are the roots of a polynomial o(x) of K{x] of degree n(n—1):2 
— 2"'!ry(n — 1). Asn is even, u(n — 1) is odd ; therefore o(7) has a root 
in A. Let a, a, + cla, + @,) be such a root.  e,«, is à root of an irredu- 
cible polynomial f(r) of K[x], and a, + a, is a root of an irreducible 
polynomial g(z) of K[r]J. The roots B' = a,«,, B^, ..., B* of f(x) are all 
different as the characteristic of K is 0, and similarly the roots 7’ = e, + «,, 
Y ---, y* of g(r) are all different. Hence from (3) the elements 8! +e y* 
are all different. We therefore can apply the lemma of 2-72 to the field 
K(8' y') Thus B' +c y' is @ primitive element of K(a,a,,¢, + a) = 
K(a,m, +- cla, + a,)); henee a,a, and a, + a, belong to A. a, and a, 
are the roots of a polynomial of A[r] of degree 2. Henoe o, and a, are 
elements of 4 ; é(r) has therefore roots in A. 


2. Let d(x) be a polynomial of A[r]. To prove that é(r) has a root in 4, 
consider the automorphisms of A as an extension of KR. As[A: K] — 2, any 
primitive element say a of A is a root of a quadratio polynomial which is 
irreducible in K[x], but reduced in A[r] to a(x — e)(r — a). Hence 4 is 
a normal extension of K (see 3-74), and there exists an automorphism A 
of A which interchanjres @ and e, whereas the elements of K remain invariant 
(see 2.742). The polynomial ¢(z) is transformed by A into &(r) and @ is 
transformed into a conjugate element. Then ¢(x) $(r) = P(r) is a poly- 
nomial of K(x] and has therefore a root, say 8 in A. Since B is a root of P(x), 
it is a root of ¢(r) or a root of v(x); if B is a root of &(r), then its conju- 
gate is a root of é(r) At any rate, ¢(x) has a root in A, and as it is supposed 
to be irreducible, it is of degree 1; therefore every root of &(r) belongs to A. 
Hence the theorem, 


an 
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It is casy to show that the suppositions of theorem | are satisfied if 
K is taken as the field of all the real numbers, and A as the field of all the 
complex numbers. Of course, the characteristic of both the fields is equal 
to 0, moreover A — K(i), and therefore [A : K] = 2. Let f(x) be a poly- 
nomial of an odd degree in K[x], say f(x) = xt? j- a, x? put 


C zm I 4 jer, | = oes 4 J 


then there is f(c) > 0 and f(— c) << 0. Hence there exists a real number 5 
in the interval ( — c, + e) for which f(6) = 0 holds. Thus every polynomial 
of an odd degree with real coefficients has a root in K. Finally, every 
quadratic polynomial of A[r] has roots in A, since one can find them by 
extracting square roots. Hence the suppositions of theorem 1 are satisfied, 
and therefore the following theorem holds : 


Fundamental theorem of Classical Algebra. The ficld of the complex 
numbers is closed. 


Corollary. Every algebraic extension of the field K of the real numbers 
is isomorphic to K(1). 


Proof. Let A be an algebraic extension of K and «a be an element of A 
not belonging to K. Since « is a root of a polynomial of K[r], Kía) is iso- 
morphic to a subfield of K(i) different from K, and as [K(i): K] — 2, 
K(a) is isomorphic to K(i). Hence K(a) is closed; every element of A is 
algebraic to K, and therefore it must be an element of K(a)  Henoe 
A = Ka). 


The fundamental theorem of classical algebra can be expressed also in 
the form: “Every polynomial with complex coefficients (which eg. may be 
real and in particular may be rational) has complex roots, and can therefore 
be represented as a product of linear polynomials with complex coefficients," 


(^0r 
Cone — 





CHAPTER IV 


CONTINUED FRACTIONS 
4-1. General properties of continued fractions. 


A real number @ > 1 can be approximated by an integral number s 
up to an error < 1, say 


szacs--l; 


then 
« — 8 4- B, 
where either 
B = 9, 
or 
|: f=a@ > 1. 


In the second case, a^ can be approximated again by an integral number and 
so on. This method leads to the representation of real numbers by continued 
fractions* which has many interesting properties; these will be considered in 
particular in 4-2 and 4.3. ‘The underlying principle is however more general; 
for the integral numbers as well as for the real numbers > 1 one may 
substitute other systems of mathematical objects. The interconnection 
between the system A of the real numbers > 1 and the domain of the 
integral numbers which has been used in the consideration above and which 
will be used in the general portion of the theory is the following only: 


1. The system A and the domain of the integral numbers are subsets of the 
same field (the field of the real numbers). 


2. In this field, the domain generates a partition into classes of residues, 
and the elements of A are distributed among these classes in such a way that 
if any element « of A belongs to a particular class, then the same class contains 
an element B = « — « which is the inverse clement of an clement a^ of A, 
unless the class of reaidues is the class (0), £e. the class formed by the domain 
used, the notation continued fraction is applied here in this special sense. 
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Thus the investigation of the continued fractions will start here from 
a ficld K containing an integral domain S and a subsystem A which are in- 
terconnected in the manner explained just before. 


4-11. Convergents of a continued fraction. Let K be a field, S an inte- 
gral domain in K, and A be a subset of K with the following property: If a 
class of residues = (0) of S contains an element of A, this class contains also 
the inverse of an element of A. Hence if 


a. a’, a^, SIN I UD (1) 
denote elements of A and 
By Og 48 7,74 8, Bas wor (2) 


denote elements of S, then every clement of A can either be expressed as 





Gg — 5d Jl:a' (3) 
or n 
a= 8. (5') 
Put 
a, = 4 + 1: a, 
a, = 4, + 13008 (4) 
a, = [d 1:0,,4, 
then 
a, = 45 + 
; Pa TUEPED — 
8, -i (5) 


» T. 


The representation of a, by (5) is said to be a continued fraction. The 
sequence of the formulas (4) can be continued indefinitely, unless there is 
an element e, which is an element of S. If there isan m such that a, = 4, 
then the continued fraction is called finite, otherwise it is called infinite. 
If « can be represented by a finite continued fraction, it belongs to the 
quotient field Q of S, and every finite set of elements 


LESE | (6) 


of S defines an clement of Q by the help of (5). 
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Determine now sequences of elements of S by the Tollowing formulas : 


Par Qi 1, 
Pa = I, Q, = 0, (7) 
P, = 5, Po T Puss Q. = ^, Qu T Ques, 
k » 1, 2, 
| P, Pa | 
Let D, | , (8) 
(Qu Qu 
then from (7) and (8) it follows that D, = — D, ,, and since D, = 7, 
D, = (— 1. (9) 


From (8) and (9) it follows that P, and Q, have no common factors 
in S other than unities and that 


P. — PR. el ee Dy LO 
—— — nd 
The formulas (4) can be transformed into an homogeneous form as follows : 


Let a, be an arbitrary element == 0 of K, then a sequence of elements 
My, 03, ..., 40,,4 is uniquely determined by 


e, = 0, 504,4, (11) 
and by multiplying the equation (4) with a,, a, ,. .. respectively, one gets 
dj = 8,0,,4, +a). fori — D, ...,n. (4) 
From (4') and (7) follows : 


Py ay, + Py... 0s = Puy (505,4 d 0) + Pos 0 
1). 0 + P,5 My 5° . 


A repeated application of this formula shows that for i < k, 
P, 0,4 + Pus XL. = Py ays + Pia Qu = Po, + P, a, = d. 
Similarly (12) 
© , 
Qa, Qaia Q, a,., + Qa Mie = Q. a, + Q., a, = a,. 


, 
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Hence 


P, 0, + P4 = P, 9,4 + P4 = @,. (13) 
Qe 2,4, 3- Qi Q a + QQ... 


Multiply the first equation of (12) with Q, ,, the second with — Pha 
and add, then it follows from (9) that 


(—1*a,,—a,Q,.—a, P... (14) 
From (11), (12), (13), and (9) it follows that 


il ER a Um Ett s. (15) 


: Q. a; Q. 
Hence if the continued fraction is finite, say a, — s, and therefore 
à... = 0, then 


e, — P. (15°) 


The elements «,, 4, ..., &, of (4) are said to be the elements of the conti- 
nued fraction ; the quotients P, : Q, are the convergents and &,,, is called 
a complete fraction. As a, is uniquely defined by these elements, we shall 
denote a,, if a, exists, by 

P, 0, n T Pas 


€e, 7 14, 22 ee Sy 1 0,,,) — — 
J Q.. — TU Q.., 


and if 5, is the last clement of the continued fraction, by 


a, = (5... 4) = we 
From (4), (5'), (6) it follows that for k =n 


0€, = (uy 2 vey 8, — — — 

(57) 
or Qn = (5. "e" &8,.), 
as the case may be. Conversely, let a, — (#,, ..., 5, |o), and «e, be given 
by (5"), then the expansion of e, into a continued fraction furnishes (5’) 
or (6') corresponding to the two cases of (5". Putk — t; a8 a,, 0... 
are complete fractions obtained by expanding e, into a continued fraction, 
it follows from (1) that a, =a, = &,,.., 0, = A)! d, m 
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The terms P’, and Q’, corresponding to a, are determined by 
Pr, =0; Pow; P= Siig Fiat P^ 
Q-.,— 7, Q',—0, Q'i ayy Vig + Q'.s. 


By applying (12), (13), (14) and (9) to the expansion of e, into a continued 
fraction, one gets therefore the following system of formulas : 


(16) 


Qa, =, a,,, + P., 0, uat 
0,17 Q', a, + QU, 08 (17) 
(— JY a. = — Q'a, a, 4- Py 9. 


P's a ck Pa 


TEC Tie d AE 
pu UE | C 
Q', Qa I 


4-12. Finite continued fractions. Without loss of generality, one may 
suppose that all the elements of the quotientfield Q(S) of the domain S be- 
long to the set A. As the terms P, and Q, of any element «, of A belong to 
S, their quotients belong to Q(S). In particular, the expansion of P, : P,., 
and Q, : Q, , in the homogeneous form (4') of 4-11 can be derived directly 
from the expansion of e,. It is given by the formulas 


P, = 8, Pa T Pye Q. = 4. Q.., a Q.... 
Pa — 85.3 Ps T Ra Qa. u— By Q.... + QQ.» 
P, = % Q, = 4; 
Py a Q, =2 
Hence 
- pte = (Mus «+e Sze My) uc = (Fas + ++» 8). (1) 


Tf 8 is the domain of the integral numbers, it is easy to show (and it will be - 
proved later) that an element can be expanded into a finite continued frac- 
tion if and only if it belongs to the field Q(S) which — in this particular 
case — is the field of the rational numbers. It is interresting to study the 
same queation under more general conditions ; a close connection between 
continued fractions and the factorisation of S will become apparent. 
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Let a, be represented by a finite continued fraction a, = (4,, ..., 5). 
Then a,:4,,, — «m, = s. Hence a, — 5$, a,,, + 0, thus 4,4 — 0. From 
(12) ana (14) of 4-11, one gets therefore 


a, — P. G,.q* O3 = Q. 0G, 


(— i)" Ty, .. 7 0, Q...; ml y 


(2) 
Hence a, = P,:Q, belongs to the quotientfield of 5. 


Every common factor of a, and a, is a factor of a,,,, and a,,, is a 
common factor of a, and a,. Hence a, and a, have an A. c. f. and it can be 
represented linearly by a, and @,. Especially a, — P, : Q, is a representation 
by two relatively prime-elementa of S, as 


M Q..., = Q. Pas = (— I. 
Suppose every element of Q(S) is representable by a finite continued 
fraction, and let s', 4" == 0 be two arbitrary elements of S, then s': 5" — a 


can be represented by two relatively prime-elementa of S, so that J can be 
represented in a linear and homogeneous manner by those elements. 


Hence 
esa = p:q and pq’ + qp — I. 
Therefore 
a‘gq=sp and as pq’ + agp’ — 8" — g(s'q' + s"p') = qs. 
Hence s° = ps, s4'q'-rFsp'-—5. So the arbitrary elementa 4’, s" of S have 


an h.c.f. (5, 8°) = s which is represented in a linear and homogeneous manner 
by « and s*. Thus S is a Euclidean domain (see 2-44). 


If therefore S i» an integral domain other than a Euclidean one, not 
every element of Q(S) can be represented as a finite continued fraction, 
though all these fractions belong to Q(S). The system of all the finite 
continued fractions is a subset of Q(S) which contains S, and therefore it is 
not a field, unless S is a Euclidean domain. 


Let a function N(s) which takes positive integral values only, be defined 
for every element + 0 of S, and to every pair of elements s, s' of 5S, let 
there exist two other elementa «, and s" so that 


8 — ae e 2* wa plies 
E 
either a" = 0, or N(s*) < Ni»). (3) 
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Then 8:8 = (4,|4°: 4") = (n, 5|^*:2"7) — ..., and as 
N(w) > Nis") > Nie”) ... > 0 
are all integral numbers, the sequence &', 2^, ... must be finite, hence a Das 


is a finite continued fraction. From these considerations the following 
theorem resulta : 


Theorem. Let S be an integral domain, and let a positive integer N() 
be defined satisfying the conditions (3) for every element. « of S, then QS) 
will be formed by the finite continued fractions of S, and the highest common 
factor of two elements a, and a, of S is given by a,,, in (2), where P..,, 
Q.., have the same significance as in 4-11. 


If 58 is the domain of the integral numbers, N(«) =|s| satisfies (3); 
hence every rational number can be expanded into a finite continued fraction 
with integral clements, and conversely, every finite continued fraction with 
integral elements represents a rational number. In general, the elements of 
S are not supposed to be factorisable ; in particular the condition N(ab) = 
N(a), which was stated in 2-42, may not hold. If it holds in addition to 
(3), then 5 is a Euclidean domain, and therefore the factoriaation in S ix 
unique (see 2-44). 


4-13. Proper amd improper equivalence. The formulas (12), (13) and 
(14) of 4-11 show that the complete fractions «,, «,, ... of a continued frac- 
tion are interconnected by linear equations. "These can either be expressed 
in à homogeneous form 


a= P, da + Pasa Gus (— 1" a. = Q,., a, — Pa d; 


a, = Q, &,,4 + Qe, 0a (— J* a = —Q, 2,4 Py a, 
or in the non-homogeneous form as linear fractional equations 
e, mbi pc Pia ayuu Xa — Pa 
Q. M1 t+ QL : —Q, a, + P, 


The coefficients of this substitution are elements of S, and the determinant 
is equal to + 7. "These substitutions will now be considered somewhat 
more closely. Let A and B be the matrices of such substitutions, say 


", as b, b, det À — « = +] 
A= E B = , 
s a, b, b, det B — «' = 4-7 


ea, — tat, ( 1-9 ) 
A’ = al : E = ' 
] < ea, x) 0 1 


(14) 
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let a be transformed by A into a', and let a’ be transformed by B into a^, 
then (see pp. 434—458) : 


|]. « is transformed by E into «, and det E — 7 
2. e is ^y " A’ into iv, and dot A‘ =< ¢ 
3. « is " " BA into a", and det BA — re’ — + J, 


An element of K is said to be equivalent to « if one gets it by transform- 
ing « by a linear fractional substitution with determimant + /. From 1, 
2 and 3 it follows that this equivalence satisfies the conditions of reflexivity, 
symmetry and transitivity (see 2-12), and therefore this equivalence defines 
a partition of K into classes, so that two elements of K are equivalent if 
and only if they belong to the same class, 


&--1 — I 
By ( ) element J is transformed into s, hence all elements 
/ 0 


ofS are equivalent, From 4-11, (S) and (E) it follows that complete fractions 
0,9. ... of a continued fraction are all equivalent. So more particularly, 
every finite continued fraction (*,, ..., 4,) is equivalent to à, — $,, and there- 
fore belongs to the class containing the elements of 5. 


An equivalence is called proper, or improper, according as det A — 4- J, 
or det A= — 7. As det A — det. A’, the notion of proper equivalence 
as well as the notion of improper equivalence is a symmetric one, By 
combining two equivalences of the same kind, one gets a proper equivalence, 
and by combining two equivalences of different kinds, an improper equi- 
valence. Every element is properly equivalent to itself, for the matrix E 
has the determinant /. If in a class of equivalent elements, an element 
i» also improperly equivalent to itself, i.e. if & is transformed into « by. E', 
and det E' — — 1, then an arbitrary element 8 of the same class is trans- 
formed into a by B and by E'B. One of these matrices has the determinant 
I, the other has the determinant — 7, so each element of the class is properly 
and improperly equivalent to «, and therefore every clement is at the same 
time properly and improperly equivalent to every other element of the 
«lass. Hf on the other hand a is transformed into 8 by A as well as by B, 
where det A = 7, det B = — J, then a i» transformed into a by A'B, where 
det A'B = — J, and therefore a is improperly equivalent to itself, so that 
in this case, every other element of the class (a) is properly and improperly 
equivalent to every other element of (a). If in (a) there are no airs of ele- 
Sen Ieopuhy, a6 voll PS Sant, VK (UI UND MEHR 


- 
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into two classes without common elements ; the elements of the first. class 
are properly, and the elements of the second class are improperly equivalent 
to «. Elements of the same sub-class are properly equivalent, elements of 
different sub-classes are improperly equivalent. Hence : 


Theorem. In mà class of equivalent elements, either every element is 
properly and improperly equivalent to every other element, or there are 
two sub-classes without common element, such that elements of the same 
sub-class are properly, and of different sub-classes are improperly equivalent. 


As / i» transformed into itself by (7? 1), every pair of elements ix pro- 
perly and improperly equivalent in the class containing the finite continued 
fractions, 


Let « be transformed into itself by A. Then 


ü, € + sy 
a, € p a, 


c= holds, hence a,a* + (a, — a,) e — a, n, (2) 


There are 3 different cases : 
l. a,=—(a,—a,)=a,=0. In this case A = E or — E. 


By these transformations every element is transformed into itself. E 
and — EK generate proper equivalences. 

2. The polynomial (2) is reducible in a. This is possible only if « is 
an element of the quotientfield Q of S. 


3. The polynomial (2) is irreducible. In this case «a is algebraic to 
Q and of order 2 over Q. 


From these considerations it follows that there are elements which 
are not improperly equivalent to themselves. 


Let the complete fractions a,, 2,, ... of the continued fraction not. be 
all different, say 
e. = Tor then 


a, - (s, * ere 8,.4-1| €) — (4.1 e+ e+ 8,.1 Ff. ego “=<. ILS 


Hence * can be represented by an infinite periodic continued fraction with 
the period 4...) +++) f. From 4-11, (17) it follows that a, ts transformed 


| Pu P. 
into itself by the matrix D — , where det D =< (— 1)’, and 
- Q', Q'i.. 


therefore e, is made equivalent to itself by that transformation. From 
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Pam + Ps à ; 
4-11, (13) it follows that a, = Q. _— Q. — and therefore it belongs to 
171 Da i3 
the field Q(«,). Hence [Q(a,) : QI 2, thus a, satisfies an equation of 
degree 2 with coefficients from Q, and as Q is the quotient field of S, one 
can arrange by multiplication with a suitable common factor that the co- 


efficients belong to S. "l'he same holds for a; a, ... 


Let now a periodic sequence m,, ..., o elements of 

S be given. Then one does not know whether in any extension of the 

quotientfield @ of S there exists an element. representable by the infinite 
periodie continued fraction 

(ig 5+, ny pee n (3) 

and if such an element exists, it may not be uniquely determined in the field, 


But if there is a field in which there exists one and only one element a re- 
presented by the periodic continued fraction (3), then 


a= (ty, er, O4, «oy Bry, + +- ) - (a, orn Hg, a) 
holds and therefore & is a root of a quadratic polynomial in S[r] The 


same holds for 8 = (5,, ..., b, |a) = (b, ..., by, ay, lios @m, 0, ...) as this 
number can be transformed into « by a linear transformation in Q. 


4-2. Representation of the positive numbera by continued fractions. 


4-21, Correspondence between positive numbers and rational positive 
expansions. Let the elements of the set A be the real numbers = 1, and 
let S be the ring of the integers ; then the representation 


assdl:a' OFT & —4 
is always possible. If « is not an integral number, then 
)]e«csecacssl e —1:(e« 2), 
and this representation is unique. But if a is an integral positive number, 
e — 8 +1, 85 — 0, 1, 2, ..., there exist two possibilities 


];.o942949, a =) 


(1) 
2. «sn +I. 


Therefore in the representation 4-11, (4) of any positive a as a continued 
fraction, 
» — is a non-negative integral nümber, and. —— — 


-- + * AT. — 
=) aro; ere positive integral numbers 
— «= ro LS LR — ee - — ⸗ — — ow J —— — 


— — ah" on. . 
, c J = 
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As has been shown in 4-12, the rational numbers can be represented 
by finite continued fractions. 


Let e, be a rational number = 1. Hf «a, is an integral number, then 


there are the two representations of «, corresponding to the two cases in (1) 


a, = (5^ 4-1 : 
and ! 


If o, ia not integral, a, is uniquely determined by a, ; if o, is not inte- 
gral, e, is uniquely determined by a,, ete. There is no possibility for 
alteration in the sequence a,, o, ... 80 long as these elements are not inte- 
gral; «, admits a representation by a finite continued fraction, the last 
complete fraction in it is necessarily integral. Let oe,,, (r > 0) be the first 
integral complete fraction which occurs; then e, = s, + 1: o,,, is not 
integral, | < «,,, = s' + 1, where « > 0. Thus there are two possibilities 


for the continuation of the continued fraction : 
8, = (8 -- 1), or 54,4 = 8, rey — 1, 
and there exist two and only two representations of «a, 
a, = (5,...,4,, 4 + 1), and a, = (54... 4.4, T). 


^ 

If a, > 1 is irrational, then s, > 0, and ay, a, ... are uniquely deter. 
mined, none of them being rational; hence there exists one and only one 
representation satisfying (2), and this continued fraction is infinite. If 
0 — B8 — lI, then 4 — a l, and B — (Ola), The essence of these consi- 
derations is given by the following theorem : 

Theorem 1. Every positive number can be represented as a continued 
fraction satisfying the conditions (2). If the number is irrational, the 
representation is unique and the continued fraction is infinite. If the number 


is rational, there exist two representations, one by an even finite continued 
fraction and the other by an odd finite continued fraction, 


’ Tt will be proved now that the converse theorem also holds, te. every 
sequence satisfying (2) determines one and only one real number, 


Let 4, 5,, ... be an infinite sequence sntisfying the conditions (2). Put 


P. =O, Py ik, P. = £44. P, P.L Po =a Py, + P 
Q, -— Lh Q,, = 0, Q, LÉ1, Q:> ^. QO =A” a MJ Q,... 


+ 


^e 
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From P, > 0,Q, > 0, it follows by mathematical induction that 
Qu Qu «+5 Po Ps... 0 and that 
OS P,P ly ee Sa 


Q, = 9< QO, SQ < Qs... <<... hold. 


These inequalities hold independently, whether there exists a number 
a, — (5, 55... or not. Suppose in particular that a, exists, then P, : Q, 
are its convergents (for k — 1,2, ...) : applying the homogeneous notations 
a, = 0,:0,,, a8 in 4-11, one may select a, > 0; then every a, is greater 
then zero. "Therefore (see 4-11, (15)) : 


(3) 


P. (— 1) aise 0 if k=1 is odd 
e — =" a Q (+) 
Q. 2 > <0 ,&>1 is even. 
Hence 
UU Sw, mh, form = 1,2)... (5) 
Q... Qi: 
Now, the finite continued fractions (*,, 4). ... 4) — P, : Q, exist at any 
rate (even if (s,, &,, ... ) does not exist), and (5, ..., 5,) is its k'^ convergent, 
provided k — n. By applying (5) to a, = Gt one obtains for n > 2m 
, 
S > Ea 2 — . Hence 
zm n zed 


P, RP, Pem.: P. ps Pin 
ted T di m ^» - "- » "e ^ 6 
Be Ge) a eee on (e) 


for m= 1,2,3,... 





Thus the quotients Q- form two sequences, one is increasing, the other 
decreasing, and every number of the first sequence i» less than every 


number of the second one. "The intervals Ps : e ) fon therefore 


a neat of intervals, 
Pe Pep Aes D 
Q. re Tin os (see 4-11, (10)). 


The length of these intervals converges to 0. Hence there is, for every 
given sequence (2), one and only one real number a, so that 


tS gee MA CNN ET 
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If there exists a number a, = (5, 4, ...), then e, must satisfy the inequali- 
ties (5) ; thus by comparison of (5) and (7), it follows from the uniqueness 
of the solution of (7) that a — «,, provided that there exists a number which * 
can be expanded into the infinite continued fraction (#,, 5, ...). To prove 
the existence of this number, the following lemma is helpful. 


Lemma. Let t be a positive integral number, (5, ..., &, 4,4) = A, 
(^, v y S + t) EE B, then 


A—B=0 if n is even, 
=) if n is odd, 
equality holds in (8) if and only if ! — «,., — I. 


(8) 


Proof. Apply the usual notations, and put 


Q' = (4, + t)Q..., + Q. — Q.. + Q,,- T 
then 


(Q'—Q):Q.,-—1, and (QQ,, —Q):Q. — t, — I. 
From 4-11, (10) it follows that B — P,,:Q., —(— 1)": (Q,., Q). Hence 
A — B = (A -— E ; Q..) D (P, 7 Q, -— Pines Qu) m (B — — : Q1) 


—1— I I 
=e et, au) 
— t (^... , — 
— 0 
Hence the lemma. 


In a similar manner, one computes the difference («,, .... 4 — f) — 
(54... 4). Denote the last convergent of the first term by P^ : Q^, and 
the other convergents as usual, then (Q, — Q^") : Q,., = ¢ holds, and there- 
fore 


I Lye 1 I LL. * 
(^, — T t) x (^ £a ^ ^) - >= i ( Q* * EDU )- Q.. Q" E 
Hence : ' 


(Bye once Mn — 4) ore rd (10) 


when m is Sum and ¢ > 0, whereas for an odd » and ¢ > 0, the converse 
inequalities” hold, Again, let P,:Q, be the convergents of an infinite 
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continued fraction (*,, 4), ... ) satisfying (2), and let a, be the real number 
which is uniquely determined by (7). This number admits an expansion 
into a continued fraction which will be proved to be (#,, 4, .... ). Tf not, 
suppose «e, is expanded into a different continued fraction, and let it be an 
infinite one. Then the expansion can be expressed by (5, .... 5,4, 90, ... 
where n > 0, a= 4,. Suppose v« — s, — f — 0. |f n is eren. it follows 
from (5), (7) and (8) that 


"m, > (4,238. % +f) = a, 44) (Ty (11) 


whereas the converse inequalities hold when » is odd. Hence @ > 5, is 
impossible. If e« — s, put s, — « — t, and by interchanging the two 
expansions, one shows in the same way as above that the supposition 
leads to a contradiction. Suppose now that the expansion of a, is finite ; 
then it follows from (7) that this finite continued fraction cannot be a con- 
vergent of (4,, 4, ...). Hence it can be expressed by (5,, ... 94,4 9 «000 TH 
where oss. For v — s, the same argument holds as in the case of 
an infinite continued fraction. Similarly for o — s,, provided the finite 
eontinued fraction has more than n» elements. It remains to show that 
(8,, s 8, — £) = a,, but this follows from (10) and (7), as for an even an 


Uv 4 -2)29 Ub, o, MU) o> Shas 


whereas for an odd m, the converse inequality holds. Hence e, can- 
not be expanded into any continued fraction which is different from 
(s,, 4, ... ), therefore it is an irrational number ; as every positive number 
can be expanded into a continued fraction, the expansion of e, must be 
(#,, 85, ..). Thus the following theorem holds : 


Theorem 2. Let s,5, ... be an infinite sequence satisfying (2), then 
there exists a uniquely determined number a, — (5,,5,,... )). This number 
is irrational, and it does not admit any different expansion into a continued 
fraction with elements satisfying (2). 


4-22. Distribution of the continued fraction along the real axis. By 
the two theorems of 4-21, it has been shown that to every continued fraction 
satisfying (2), there corresponds a non-negative real number ; rational 
positive numbers can be expanded into exactly two different continued 
fractions which are both finite ; irrational positive numbers admit one 


and only one expansion which is infinite, and 0 is expanded into the con-- 


tinued fraction with the only element s, — 0. It is interesting to investi- 
"gate the distribution of the continued fractions along the real axis, The con- 





rA 
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tinued fractions with one element, «, — 0, 1,2, ... represent these integral 
numbers and subdivide the positive half of the real axis into intervals of 
equal length 1. The continued fractions with two elements are distributed 


| l 
among these intervals as follows. As (5,, m) — ^c ours for every positive 


integral value of m, (5,, m) is situated in the interval which is bounded by 
6, and 4, -- 1, and will be denoted by J/+,. For m < I, the number («,, m) 
is the right end point of the interval, and with m tending to infinity, 
it converges steadily to the left end. Thus every interval J+, is subdivided 
into an infinity of abutting subintervals J+... bounded by («,, «, + 1) 
and (5s, 4,) Which cover J+,, except its left endpoint. As (#,, 45, m) = 


^ + (5 T = ). each of these continued fractions lies in /*,*; and they 


converge steadily from the left end of /-,*. to jt« right end and intersect it 
into an infinity of abutting intervals /*,*,*,. Consider now the interval 
I*, ...*, Which is bounded by (5,,..., 5) and («,,....4, + 1). By apply- 
ing the methods and formulas of 4-21, one finds easily : 
(6s e) — (Hy ^) — Qn + Qaa 

— 4d (1) 
The right hand side of (1) is a positive number which is equal to 1 if t— 1, 
and converges steadily to zero, when t steadily increases. Hence the points 
(5, «+... %, ¢) converge steadily from (4, ..., 5, + 1) to (#,, ..., 4) when ft 
increases ; they subdivide the interval J», ... +, into an infinity of abutting 
intervals, and these intervals cover J+, ... =, with the only exception of 
(*,, -...4n). This point is the left or the right end point of J+, ... +, accord- 
ing as m is odd or even. To every infinite sequence «,, 5, ... satisfving 
4-21, (2) there corresponds a sequence of intervals £«,, £55, ... which form 
a nest; the convergents of (5,, 4, ...) are alternatively the left and the right 
endpoints of these intervals ; hence the nest converges to (5,5, ...). Thus 
there is a (1, 1)-correspondence between the positive irrational numbers and 
the nests. The endpoints of the nest-intervals are rational numbers, and 
one gets a classification of the non-negative rational numbers in the following 
wav. ‘The first class contains the numbers which can be expanded into 
continued fractions with only one element (these numbers are integral), 
the numbers of the second class can be expanded into continued fractions 
with two (but not with one) elements ete., the m'^ class is composed of the 
numbers which can be expanded into continued fractions with m (but not 
with m — 1) elements. 


The importance of this classification is made evident by the following 


7 i - - - 
- * » 
. - - = | " A * 
un eo o? " -""* « - = c LJ 
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Theorem. HW 5s > 0, and [ c on .then > Qu > Qu. 


Proof. From the supposition, it follows directly that 


ro Paw Poy FOL aed Syl ee 
ie nd Quen : > Q;. Qn4 Ore Qin. and as sand Q..-, are 
positive, 0 <r Qu. — P4 < 6. the middle part of this inequality 


is an integral positive number. Hence 
Ic a—6e Q4 € 
* Q.. 6 Gee * 


"This theorem shows that the closest approximations of à real number 
by the help of rational numbers with limited positive denominators are the 
— — by the convergents P, : Q,,. 


Since a lies in the interval bounded by two consecutive convergents 


P.:Q. and P,,, : Q.,. its distance from P,:Q, is less than the length of 
the interval. Therefore : 





Pass — P, — I i - 
bear AE qa wwe owe 
hence a- qa (3) 


where [e| € Q.: Q.., < 1, and v is positive or negative according as » is 
odd or even. "Thus 


Pa = Q, a — do (4) 





4-3. Periodic continued fractions with integral coefficients. The elements 
of the continued fractions considered in this article and its subsections are 2 
supposed to be integral numbers. The first element is positive or zero, 
(the other elements are positive. A periodic continued fraction with a period. 
Lm tors Bony may 













art, ae ie 1 «6 Pn Wis sonde, | 
“wl be denoted y 
TL * a iol Ot «5 iM ru du 

| Lm there are no 6 — 1. the 


f" 4 = — 











$ Ja - - — 
p— : 
E — : " * 
— -— B = - , — d" -4 
E 2 " y e —A 

2 e ! - ! , 
= i J 5 m" : h 
E wu T——eqTeg;4--— 7. b» s í 
— n i A m $ i 
= — - 
71 | T1311 , 
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number is a root of a quadratic polynomial say f(x) of H(x], where R denotes 


the field of the rational numbers. For the irrationality of the roots, fix) 
is irreducible in fx). 


4-31. Expansion of quadratic elementa into periodic continued fractions. 
The converse of the last statement is given by the following theorem. 


Theorem. Let [A : FH] = 2, then every irrational number a belonging 
to A can be expanded into a periodic continued fraction. 


Proof, Let & be the root of an irreducible polvnomial 


fiz) = ar + 2624 c. (1) 

Expand «a into a continued fraction, e — (5, ..., A); then (see 4-11,(5')). 
_ PyaA+ Po 
QnA + Qe 


hence a(P, A + Pa. iF * 2H(P,, A + Pas) ((),, A+ Qn. Jj, * e(Qu CQ. P= 
thus A is a root of 


yx? + 2he +k =0, (2) 
where x — : E " 
| | Ed a a 
— |- —— =| (3) 
| AR QUOI 5-6 be 











Let 8 be the second root of (1) and « be defined by 
* — Qu. B+ Pa | 4 
ja — — henee (4) 
B= Ps et Poa 
Q. pc XQ. 


Aa ap + 2h8 4-¢ = 0, the number 5 satisfies (2). From (4) it follows that 


= — | m — "H3 * (5) 
=k = ar 
where -£ has to be chosen according as n is odd or even. 
sas From (5).und 4-22, (4) it follows therefore that 
| ke 


“(1 tuos-r7) 
«90 if Q, Qui I8 — «1 9 
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As Q, increases infinitely with », and 8 == «e, the root s is negative for suffi- 
ciently high values of n, and as A is a complete fraction and therefore positive, 
Ape ki: g= 0. Hence bg < 0 for all sufficiently high values of n. To 
each of these values, there corresponds a partition of the positive number 
b? — ac — h* — kg (see (3)) into two non-negative summands A* and — ky ; 
to the first term there correspond atmost 2 values -+ A, and to the second, 
a finite number of integral factors E and g. Hence (3) admits only a finite 
number of solutions g,A,k for which fy < 0 holds. Let now n run over 1, 2, .., 
and consider the corresponding polynomials (2); for each of these polynomials 
À* — gk — b? — ac as (3) holds, and for sufficiently high values of », the 
inequality ky < 0 holds. Hence the polynomials gx? -4- 24a 4- & cannot all 
be different. At least one polynomial with £g — 0 must occur more than 
once. This polynomial has exactly one positive root, which is equal to the 
corresponding complete fraction. Hence the complete fractions are not all 
different, say 


, Ay = G, ome 
Hence a, = (€,, * = 69 C, | en) - (€;. EXIT Cx) 


is represented by a purely periodic continued fraction. Hence a is represen- 
ted by a periodic continued fraction, 


4-32. Purely periodic continued fractions. Let a, e, ... be the 
complete fractions of (6), .~.. ^. Sencar «ma. AS oy = a, for d > m, 
every property which holds for the complete fractions of sufticiently high 

- index, holds for every complete fraction of index > m, From 4-31 one 
knows that the root conjugate to a complete fraction of sufficiently high 
index is negative. Therefore this property holds for every complete fraction 
of index > m, é.¢., for every purely periodic continued fraction. In à purely 
periodic continued fraction s, — 5,,, = 0 (see 4-2, (2)); hence these continued 
fractions represent numbers > 1. 


A root A of a quadratic equation i« said to be reduced if X > 1, and 
the conjugate root satisfies 0 > p > — 1. It will be proved now that every 
purely periodic continued fraction represents a reduced quadratic number, 


Let 


es (s: Um = ("i EA Ss | er) (1) 
Ex (sn) = snl (2) 


be two purely continued fractions, the elements 4, being the same in both 
the continued fractions, but ordered in an inverse manner, 
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Let P,:Q, be the convergents of e. Then (see 4-12, (1)) 


P, 
P... = (58... 5,) and — Qe mr (da, 2... 84) 
" ney 
are convergents of; hence £f — _P, € a Qa /— holds. = --— 
: P... £ T Qui : = ji £ : 


then 0 > B > — 1, and P,, B* + (P, — Qu.,) B*' — Q, = 0; hence f ina 
root of f(z) = Q, x* + (Q,., — Pa) r— Py. 


t . 
Asa — Qi Lr a is also a root of f(x), and as a > 1, the roots 
n "n-1 


«e and £2 are different. The essence of these considerations is therefore : 


- 


Theorem. If a is represented by a purely periodic continued fraction (1) 
it is à reduced quadratic number; let 8 be the number conjugate to «, and. 
& = — B^, then £ is represented by (2). 

Every continued fraction is equivalent to its complete fractions (see 
4-13) ; especially every periodic continued fraction is equivalent to à purely 
periodic continued fraction ; hence 


Corollary. Every quadratic number is equivalent to a reduced quadratic 
number. 


4-33. Scheme for calculation. In order to find out the representation 
of any quadratic number @ by a continued fraction, represent a by 


— — e 8 + i where s < a < a+ il 


and a, b, s, D > 0 are integral numbers. 


Then 


a= — 
“ye - 


where a^-— ba—a, b —(D —a't) : b. 
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" Starting from these formulas, a simple numerical scheme given below fur- 
nishes the numbers a, b; a', b! ,,, defining uniquely the. complete fractiona 
e, a^, ... and the numbers s, s’, ... defining the continued fraction. As this 
continued fraction is periodic, one pair a, b must be repeated after a finite 
number of steps. Then the first period is finished and the caleulation can be 


l. am INS (harmonie section), D 
—24.-.'V Ee 
nox Oe eer 6 

1 23 l< e c2 1 
1 2 


The last complete fraction is therefore equal to the preceding ; hence 
a = (0, 1). This continued fraction is the simplest, but the least convenient 
one for practical calculation, as the numbers P,, Q. are increasing more 
slowly than in any other case. 





2 a-4420. . 
a h i 
n l à 
" EC X. 
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53045 
Hence & = 23 — sae LE ——— Therfore a —5/099019513(60), 


the last two figures being uncertain, (see 4-22, (3)). 


3. «e — 2. D = 2 OG b a 





Hence 42 = (1,2). As P,, Q, are increasing very slowly, the method 
will be applied in a modified form. 


— 


V — — 


Thus expand 4 200 into a continued fraction. D — 200 = 14* — 4. 


b * 
0 4. 14 — « 200 — 15 14 
i. 4: — — 7 
l4 1 28-«—14--4200-— 290 28 
l4 4 
Hence 4 200 = (14, 7, 28), 
P. -— I Q. — ü - 
Ps o — 14 a= 1 ; 
P, = 99 Qs = 3 
| P,= 2786 Q — 197 








ires after the decimal point, as 0 « «&' « 


l 


e, = 41421356 (4), 


3- M, 
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Exercises, Prove that (a, 2a) = J (a? + 1), and calculate 4 2501, 
! 
N ^ 
«X 82, —— 4 ,N 17. Calculate q 3 directly and also by the help of 4/ 300. 
Compute 4 (a* -+ 4). 


4-34. Reduced quadratic numbers. To prove the converse proposition 
of the theorem of 4-32, the following lemma is useful. 


Lemma. If a> 1 and 8 < 0 are conjugate quadratic numbers, a = 
(5, 5, %, s), then all the complete fractions a, — (5,5, ...), €, = (85...) 
are reduced numbers. 


Proof. a 5-4 x B5 P a, and 5, are conjugate numbers 
1 ; 
a, >1 — &—875-1; hence a, is reduced, and by repetition of 


7. 
this procedure it follows that a;, ... are reduced. 


Theorem. Every reduced quadratie number is represented by a purely 
periodic continued fraction. 


Proof. Every quadratic number is represented by a periodic continued 
fraction (a, ..., 4, &,, ..., 8&4). Let this number be reduced and let the 
periodicity of the continued fraction begin with s, only (5.e. let. «= s,), then 
it follows from the last lemma that («, 5,, ..., 44) is a reduced number too. 
We will prove that this is impossible. Using the same notations as in the 
lemma we state 


(e, — Une | hence 8, = B. 


aal a = d — hence B — à  -3-. B= t+ | 


! Bet 





but as « and a, are reduced, 0 << — 8 <1, and 0 — — 8, <1 hold; 

hence « < a <tthanda< XA. «€ s» +1. From B, = Ba, 
: "n. 

it follows therefore that s — 4. 








HEDUCED QUADHRATIC NUMBERS 153 


4-35. Expansion of square roota. 


r 
Theorem. Leta-—«. ¢ > 1 be irrational, then 


= (8; 5 x5 Oud il) 
dy = 2s, and for i = 1, ....n — 1 (2) 
4, = Fn. = (3) 


hold. If conversely (1), (2) and (3) hold, then «a is an irrational square- 
root > lL. 


Proof. Asa > 1 and the number 8 — — a < 0 is conjugate to a, it 
follows from the lemma that the complete fractions a,, «s... of « are 
reduced, and therefore purely periodic. Hence « satisfies (1). As 


a = 8 ++ —— and — a = B = 4 + a and f, are conjugate. 
i ; 
e = (s,, — Val (4) 

Therefore it follows from the theorem of 4-32 that 
— 1: B, = (t...) (5) 


0 =a+ B= (s+ a)+1:f8, Hence —1:8, — 54 a. 


Therefore (S5, DET 4) — (Ze, y, «wee 3) (6) 


holds. (6) implies (2) and (3). Conversely if a is defined by (1), (2) and (3), 
then (6) holds. 


Let «, and f, be defined by (4) and (5), and let 8 — 5:1: f. 
then it follows from (4) and (5) that e, and E, and therefore a, 8 are conjugate, 
and from (6) it follows that a 4+ 8 — 0. Hence a and f are the roots of a 
rational polynomial tz* + Ox — r. From 0 = «, = 2s, it follows that « = I, 
and therefore « > 1, and as (1) is an infinite continued fraction, @ must 
be irrational. 

Corollary. Let a = qv (rit) and P,:Q,, ... be the convergents of a, 

tPryet — 7 Qn? = (— 1)" 1 (7) 


holds for every k= I, Reise " 
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Proof. Let «,, ... be the complete fractions of «, then a, = e, 


max. — —*. 


— 
P +- P 
But. as in Cun int 
" — "Qe. Gun t- Qin” 


x d (e 4) Pun bou. henoo 


SS) —— —— 


⸗ + a) 4 Qua 
Qua a* — Pa ae — Piney + a (Qu, * + Qui: — P) = 0. 


As af= r:f is rational, and a is irrational 
Prunes > Pan @— Qn rit=—0 
— Pas + Qu 5 + Qus = 
hold. Multiply these equations with Q,, f, and — P,, f respectively and 
add, then tP,,* — rQ,.,* + (Pin Qus — Qui, Pan) = 9, whence (7) follows 
directly. 
4-4. Applications to theory of numbers. 
It is proposed to solve 
ax — by — 1 (1) 
yy integral x and y. 








2 x Obviously (1) cannot be solved if there is a common factor of a and b 
* 


‘different from + 1. Therefore suppose a and b to be relatively prime. 
a ^: b can be represented by an even continued fraction (wo 4-21, 


a" b= (ns secu Mem) y 


& 17 Pus Qua, and an and Pre positive and rel 


 a-P 
— 
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To solve by integral x and y, 


x* — dy* = 1 (Pell's equation ‘), (2) 
where d is à | 






“hae integral mimber. - 
Es 


From 4-35 it 


ows that 4 d — a = (*,5,...,^4) ; applying the eo- 
rollary, it resulta that ] " ‘PP ying 


Pus = d 5 " { 8 ner 


Therefore if 5 is even (x; y) = (Py, Qua) 
and if H is cla, (x. N) — Cons Q..) 
are solutions for every positive integral &. 
I eimqle, r*— 26 y? = 1. 
« 26 — (5, 10) n» cx. 


By this method one gets the solutions 


(e. y) = (Ps. Q4) = (1, 10) 
— (P,. Q.) = (5201, 1020) 


8.9 9? €" * 9? 9? 9* 9» * 9* & * &" " @Owweereeeenrrere 


*4.5, Continued fractions with elements: o(r). 


The general method of continued fractions, the elements of which have 
been given in 4-1, can be applied to different fields K. Inu 4-2 to 4-4, the 
field of the real numbers was chosen for K, and the expansion of à positive. 
real number into a continued fraction with integral elements was studied, 
Thus the positive real numbers formed the system 4, and the integral num- 
bers formed the domain S mentioned in the general theory. The expansion 
of positive numbers into a continued fraction has furnished the opportunity 
for an approximation of real numbers by rational numbers. There arises 
the question now, whether in a similar manner, the power series in an in- 
determinate x^! can be expanded into continued fractions with polynomials 
in x as their elements, and whether by this method the power series can be 


1 Solved by Brahmagupta (born 598 A. D.) and independently by Fermat (1657). 
The namo '"Pell's equation" has no historical justification, but it is commonly used. 
(L. E. Dickson, History of tho theory of numbers, Vol. 1L; B. B. Datta and A. N. 
Singh, History of Hindu Mathematics, Part nm. 

* May be omitted at a first reading. 
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approximated by quotients of polynomials, — "Approximation" always 
means that toa certain entity which is fo be approximated, an infinite se 
quence of approximating entities is constructed such that the differences 
— the approximated and the approximating entities can be made 
! ie likes. Thus an approximation implies that these differences 
measurable, and a sequence approximating an entity may be made non- 
—— when a different method of measuring the differences ix 
used. In the theory which will be given here, the power series are measured 
by their "degrees" which are integral numbers ; the measuring does not 
imply any consideration of convergence. ‘The theory is therefore so general 
that nothing must be supposed about the field of the coefficients of the 
power series On the other hand, this generality makes it necessary to de- 
fine afresh the sum, the product ete. of power series. This definition must 
be done in such a manner that it tallies with the definition for the corres. 
ponding operation on polynomials for the case when only a finite number 
of coefficients is different from zcro. 






4-51. The field B. Let F be an arbitrary field and x an indeterminate 
not included in F. The elements of F will be denoted by a, b, c, d, with 
or without indices. The elements of the ring F[x] will be denoted by 


Siz), oix). ... (1) 

The integral domain Fix} will be chosen as S. 
In order to get a now system A, create new elements denoted by Greek letters 
e(r) v(x) X(x), (x), ... (2) 


jn the following manner : 
etx) = thy, x" t Wy, - "im Tr =. + du 4 a.a, ax! Bs — E G,4* CT^ «ee 


n 
a Q x"... 4 0z"*--a, x*-- ...- aa, x st = a, €". (3) 


This purely formal definition means that to every sequenee of co- 
efficients from F with fixed decreasing integral indices 
Gy, 0g... s. 
there corresponds one of the new elements, and this element will mot be 
changed if one puts before a, a finite set of null-coefficients. The addition 
and the multiplication of the elements (2) will be defined now in such a 
way that the elements (2) for which a, — 0, for k <0 form a subring 


isomorphic to F[r]. 


E ER as — Aag i^ — 
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Definition. Let n =m, o(r) — x a x*, (x) = ike- $5 x* 
5 ww + " 
where 0 — by., — ...— b, if n > m: then v * LES 












* | 
glx) + (x) = X(x) = X c, z* and "e 
ve. | diea Ln =. 
o(x) G(x) = w(r) — X d, x*, WR & 
Ur á 
where €, = Wy 7t bh.. d, — xd, b, (4) 


nzizk m. 


The definition is obviously independent of null-coefficients put before ; 
the commutative, associative and distributive laws hold, and the subtrac- 
tion is uniquely defined by 


LN = €, — Oy. 


Hence for the null-clement every coefficient is 0. Tf for the coefficients 
of wir) the conditions b, — 0, for k 5 0 hold, then in e(x) ¢(2) = X d, x, 


d, = b, ay holds. 
The elements (2) form a ring B and those elements for which a,., — 0 
form a subring for which the addition and multiplication has been defined 
in the same way as for polynomials. Hence there is an isomorphism 7 by | 
which this subring becomes isomorphic to F[r] Let e(x) = 0, then — 
has at least one coefficient 5 0, let n be the highest index of the non-vanish- 
inz coefficients, then 


o(r) = X ay x, a, = 0, 


4 


n is said to be the degree of ¢(x). From (4) follows directly : 
The degree of a product is equal to the sum of the degrees of the factors. 


The degree of a sum of elements of different degrees 35 equal to the maxi- 
mum degree of the summands. 


From this remark it follows that a product of two elements ⸗ cannot 
be equal to 0. Hence the ring B is an integral domain, Now identify 
the ele menta of Fix) with the corresponding elements (2), For polwnomials 


La 
> % 
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— 0 of F[x], the degree tallies with that of the corresponding elements of H, 
but the zero-clement, which is a polynomial of degree — 1 in F[x], has no 
degree when considered as an element of B. 


The clements = boa, b, — 0, for k= 0 are identified with 6,, and 


» A 
b. olx) = = 6, a, & holds. Let gifs) — 3 * + 0 wen 
x* Q6) — 7. Every field containing B contains the quotient field Q of 
F[x] The elements of B, which are quotients of elements of F{x] form a 


ring which is isomorphic to a subring of Q. The elements of this ring will 
therefore be identified with the corresponding elements of Q. So ¢(x) is 


identified with x* and the finite «um — X ace is identified with the sym- 


bLolir sum e(r) — = a x*, where a, — 0, for k «€ — m. 
— 


Using these notations, one can extend the algorithmus of division of 
the polynomials to the elements of  H. 


Let ofr) and 9 (x) be of degree n and m respectively, where n = m, and 
a, and b, their highest coefficients, 


= Cosme ur) — ebr) — Cae x* vx) is of degree n, «& m. 


EA repetition of this procedure. furnishes 
* er) = vr) — c,» a*c" (a) — of) — (c, 3*7" + From a*i7*) vr), 


and by further repetitions one gets an ennmerable set of elements e, of F 
for k S n — m,^w«Q that X,(+) = EX e, z*, and | 
" | "e 
6 —68) ⸗x.6 vr) is of degree ny, < De 


et xt) — € eot x) + mo): then eir) in of degree nj, — m - 


e. amb lero vri) ia degree n,,,.. (x) — (x) X(x) = 9(x) — 9(x) xo) — 
e of gree <n, for. every » Wee Dn ER 
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Theorem. The wet B of the elements (2) is containing the 
pis | 
quotient field Q of Fix}. = us : - 


* 

4-52. Expansion of the elements of H into continued  frartiona. The 
general theory of continued fractions which has been explained in 4-1 can 
be applied to the expansion of elements of the type e(x) if the field B is 
taken for K, the domain F[x] is taken for S, and the system of the elementa 
with non-negative degree is taken for the system A. It is casy to prove that 
those elements satisfy the conditions required for elements of a system A 
(sce 4-11). Of course, an element. is of positive degree if and only if its 
inverse is of negative degree. 


Now 


$(x)— YX =— = ae + EX mw Jeu). 


Hence: Either of) — f(x), 
or a(x) — fir) 4 1: é(r), where degreetétr)) 2-6. 


The representation (1) of o(x) is uniquely determited. There exists there- 
fore an expansion of o(x) into a continued fraction. The first. element 
5, — f(x), may be of any degree = 0 or it might be the zero-element, whereas 
the second clement «, (if any) can be supposed to be of positive degree : 
the same holds for x,,5,,... . Tf one makes this supposition abont the 
degrees, the expansion is uniquely determined. Hence 


Theorem. The elements 4-51,(2) ean be represented in one and only 
one manner by a continued fraction (*,, 4, «..) where «| ix à polynomial in », 
whose degree is > 0, for i > I. E! 


The degree of à polynomial * has just the properties of the funetion 
Nia) in 4-12. From that section and the preceding eS therefore 
" M 
- 


resulta . 
Corollary. The finite continued fractions represent the elements of Q 
and every element of Q is represented by a finite continued. fraction. 





4-53. Approximation by rational functions, The clements of B can 
be approximated by finite continued fractions whose elements are polyno- 
mials. The theory of approximation which will be given now, has much 
analogy with the approximation of real numbers by finite continued frac. 
tions with integral elements explained in 4-2; the same formulas of the 
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general theory (see 4-1) will be applied. Whereas the real numbers have 
been approximated in such a way that the aboslute value of the "error" 
was made smaller than any positive number, the elements of B will be 
|». approximated with an error whose degree diverges to — co. If the field F 
of the coefficients consists of numbers, the functions of x which are the 
elements of B are numerically approximated by the continued fractions 
for absolute values of x which are sufficiently high. Thus the method can 
be used for a numerical approximation of the asymptotic behaviour of 
those functions. 


Let an clement «, of B be expanded into a continued fraction (#,, 4). ...) 
satisfying the conditions of the preceding theorem. Denote 


dj — degree 4, fori — 1,2, .... (1) 


Hence d, d,, ... are positive integers. Apply the notations of 4-1; then 
it follows from a, =a, + es Mics that 


dogree er = dj. (2) 


As furthermore a, = à, : 0,,,, it follows that à, = a, a, = a, a, a, = 
cee 89 FN oss mH, tH, And. therefore 


degree (a, :0,,,) = d, + -.. + ah + dy. (3) 
a Q, = 4, Q, = 4, ---Q = 6 Qs + Qs 


‘jt follows that for i — 2, 3, ..., Q, has a positive degree, By mathematical 
Induction, it follown that these degrees increase steadily with 1, and in con- 










! depen QV degree (^ Q4) d, * — "ER 

i me hy we + ee [7 

| ; "ew | n, " 
L^ bet pote: CI. m er. - ku 





with (8) «nd (0 i follows that 


= ] — Ee = de : -Q 









" 
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, 


The right hand side of (5) can also be expressed by — degree (Q. Q,..) and 

is therefore equal to degree ( — oe ) This shows that when a, is 
A beg — 

approximated by ite k'* convergent, the degree of the error is the same ax 

the degree of the difference between the k'* and the (k — 1j" convergent. 

It is casy now to prove a theorem analogous to the theorem on the approxi- 

mation of real numbers which has been established in 4-22. 


Theorem, degree ( o. - 5 ) > dere ( — =) implies 
degree giz) > degree Q.. 
Siz) tm fu 2 
adu dE NE €) (4 ; 


As B is the sum of two elements of A, where the first term has « higher 
degree than the second, ite degree is the same as the degree of the first term, 
therefore it follows from (5) that 


degree 8 — — d,., — 2 degree Qy. (n) 
On the other hand, fg(x) Q. is a polynomial in z and ix different from 


zero. Henee 
0 = degree (8g(r) Q) — degree B + degree gir) + degree Q, : 


putting in the value of degree f given by (0), one gets 
degree gir) = degree Q, + d,,, > degree Q.. 


blog - — me? + $3477 4- ir? + es 
I» Represent this function by a continued fraction and approximate it 







4-36. Continued. fractions whose elements are polynomials To build 

the theory of the expansion of the elementa of B into continued fractions 
m ous to the corresponding theory for real numbers, it must. be shown 
that every infinite continued fraction of the type considered here ie indeed 
the ion of an element of B. For this purpowe the following lemma 
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Lemma, Let m (eo. @ o (8,3...) be finite or infinite eonti- 


. med fraetións > let m be the lowest index for which *,  *,, hokls, or 


for which «,. but not «',, exists, and let (4... te) AL osos tulo 
A^, then 


degree (0 — o) o degme (V A‘) holds, (n 
Pref. Whithout low of generality suppose that deymwe «, = r= 
degree « © ©. The ordinary notations will be used for the convergents 
of e, oral those of e will be distinguished by à dash. 
Then Pw Py Q, = OC. foricm; 
Qe = te Qs. = Qe degree. QU =r + q 
Q.—7.Q.. Qn —— deme YL — rg. 


- A" as Pe. +> [— 49 Pas Pus (-ÀP* 
e (x) (rS) 


$0 Letr > or; then degree (6s — rs) m rond therefore 
degree (A — A) =r - +4 Tq = — Be’ + a) = degree Qr. 
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deyme (a — «) = degre [(A — A’) — (A — e) + (A' — ou 
degree (A — A’), aa the degree of the first one of the three sunumande le 
greater than the degrees of the two other summands. 


Theorem. Lot 2, 5, ... be an infinite «t of polynomials of Fix] and 
let for i> 1, degree « > 0, then there exiis « continued fraction 


(^,, 4:1. " ) 


Proof. The wet 5, 5, ... determines uniquely the values P, Qu ... 
aud Pye Qa (oss ts) Let 1 nc N; from the preceding lemma it 
follows, that degree (P. = Q. — P.:Q) = degree (PL, <Q, — PL: Q) = 


Sie ( Qu )- - Mk. where k, increases to infinity, with n. 


- - ^e 
P.:Qi— — 
eu ie, m d 


The coefficients b, are independent. of N. As k, incresses with the index 
n, one gets an infinite set b,.. .... be, ... determining 


^ 
(pr) = x b, x. 


Finally one has to prove that e(r) = (6.6. Let ef) — suis 
and m be the smallest index for which &, > +, then it follows from the 
lemma that for every n > m, 


degree (9(r) — (SJ) == degree (00r) — 08 tS) 
holds, as both the sides are equal to degree (9...) — (ost 
But ote) — Ce mm ha, ws + ban 4 ++ uu. de of degree — &k, 


which decreases infinitely with n. Thus there is no index like m. hence 
the theorem, —— 


‘ 
* i 
[ * 






| - 


EE 3) es(t 0) 


II , 


* T [S 
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represente à rational number, but an infinite continued traction determines 


a number by approximation if and only if 


T es T). — 
2 735 0. * 


conerrqes. Ui the sum (2) ik convergent, 
(*,, Ha. * o4 ) Un» 


determines a real number equal to (2), A necessary condition for the 
converpgenee of (3) is therefore 


| Q. , Q,.| —— 25. (4) 


If the numbers Q. are either. > 0 each, or « 0 each, or of alternating 
sign, the sum (2) is an alternating sum ; hence in these cases the continued 
fraction converges if |Q, Q, ,] inereases steadily to infinity. 


4 61. Convergence of continued fractions. For the continued fractions 
considered above, some criterin of convergence will be established now. In 
these investigations, every sequence (series, continued fraction) which does 
not converge to a real number will be called drrerqent, 


Theorem 1. If 24 * convergent, 4-6, (3) is divergent. 


Proof. At first, it will be shown by mathematical induction that 
Q. < i VERI PATE (1) 


As Q, — 1, Q, — 5, the formula holds for n < 3. If (1) is true for 5 < m, 
if follows from , 


Q., = ^" Qui ar Qu.» 
that 
m-3 "m 
IQ n (dal) Cleef Ol + a] 1) € " (1 + pnl 
if x^, converges, the infinite product H() > |*,]) converges to a 


positive number Q, and |Q. | <Q holds for every index n, Hence 4-6, (4) 
does not hold and the continued fraction is divergent. 





ini. ^7 "ww. = hd FO tap | u n. BEES | Age 
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Let a) => for) — l. From Q, - E Q. — 44 — uU, i), = f Q.. ET Q,.s 
it follows by mathematical induction that each number Q, — uU. 


Q. Q. , = KM, Q. i" 7 9. Q. , > Q., Q. " 4. 


4-6, (2) is therefore an alternating series, whose elements have steadily 
decreasing absolute values, This series converges therefore if and only if 
4-6, (4) is satisfied. These considerations lead to the following theorem. 


Theorem 2, Let « > 0 for | > 1, then the continued fraction 4-6, (31) 
is Convergent if and only if Xs, i« divergent. 


Proof. M Xa; = X|*,| is convergent, the continued fraction i» diver- 
gent, as has been proved by the preceding theorem. 


Let x5, be divergent, then Xs, —» €. As Qi > 0, Q, — I, and 
Qu, 84, Qan + Qui, we get by mathematical induction that Q.., > I. 
Hence Q&, = 5&4 Qua + Quos = 4en + Qu and a QL = &, it follows 
by mathematical induction that : 


— Qs, = x Bei. (2) 
If the sum (2) diverges with steadily increasing av, 
Qe, Qen — », and Qs Qu, — x, (3) 


and therefore 4-6, (4) is satisfied. Uf however (2) converges, then X«;5., 
diverges, and therefore Qu, = sale, + ~~. > Sen) diverges with increasing 
n. "Thus 4-6,(4) holds in every case, and this condition implies the conver- 
gence of the continued ,fraetion in the case considered here, Hence 
the theorem. 


4-62. Tests of irrationality, The preceding investigations can be used 
to prove the irrationality of certain numbers. 


Let « — 0, 1 fori>t. As xs, — & it follows from the preceding 
theorem that the continued fraction converges. The limit lies between the 
convergents with odd and those with even index, 1. between P,:Q, = 0 
and P,:Q, — 1: «, It will be shown now that this value is frrational, 


Let a, — (#, 4, .--) be rational, say a, = * , where a,, a, are integral, 





| a, — = e — => os , 
then "n, = " and (sa "ae " - henee "n. a, A, a, 


E. * 
— 
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where a, — a, — 5,0, is integral, As a, — (0, #,, ...), there is 0 < a, < ]; 
hence a,>a,>0. In the same manner, one gets 
th, 


I 
, 


e. — - — 
8. > ay 3 


This procedure must end after a finite number of steps, as a sequence 
üy >a, >a, >a, > ..., of integral positive numbers cannot be continued 
indefinitely. Since the continued fraction has been supposed to be infinite, 
the assumption of «, to be rational leads to a contradiction. Hence a, is 
irrational. 


Erample. 4, =—- 0,4, =— 2, 4, — 1, and for m » 1, 
Seay ree prog > 
then 
Qi — 1, Q. —2, Q, = 3, 
and from the identities -— 
2.4... 2m —1.3...(2m — 1). 44,,-- 2.4 ... (2m — 2) 
L53...(2m + 1) —2.4... 2m. 4.4 4 1.3 ..:.(Zm — 1l). 


it follows by mathematical induction that 


la == 2.6 «os QN, 8 = l . 4 oo» (2m T 1). 
hence 


Qn Oasis -—1; 


thus the continued fraction is irrational. Its value is 
1 l (—1»* , : can “| 
IU MO eee HM Temi. ae er CE UA MI Y cr 
Q, Q. Q. Q. " Qa-1 Q, 
— 
Hence e i« irrational. 


“Wis — 





CHAPTER V 
APPROXIMATION OF ROOTS 


Fntroduction + Another dialogue, 


Student. When I started reading Algebra, you advised me to study 
carefully the systems of linear equations ; so. T did. 1 further read general 
algebra and continued fractions. At first it was hard work, but later on, 
I was quite successful. 


Tutor, All right, -but 1 don't think that you have met me for this. 
You are looking rather despondent, 


St. Indeed. 1 am again in the wilderness. 


T. Why?! Is there some difficulty in the book, which vou want me 
to explain ! 


St. It ds not for that, but the whole subject became problematical 
to me again. 


T. | wonder how. 


St. Yesterday an engineer asked me to solve a certain algebraic equa- 
tion. I replied that in consequence of the fundamental theorem of general 
algebra, there exist roots in a suitable extension of the field of the coeffi- 
cients, and that for the fundamental theorem of classical algebra, this ex- 
tension can be chosen as the field of the complex numbers. Thus there exist 
complex roots of the equation, and some of them might be real, 


T. Was the engineer satisfied by your reply / 


St. Not at all! He said that ] seemed to be a great philosopher, 


and that I had missed the point completely. He was interested in real 
roots only, and he had no doubt about their existence, He has found out 
that the force (expressed in kilogrammes), acting on a certain part of an 
engine, was bound to satisfy that equation. He was asking me to compute 
that force, and nothing else. 


T. And you could not ; the polynomial was too complicated. 
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St. it looked very simple. Something like  x^-—— 42° + 2x — 6. 
From Eisenstein's theorem it is irreducible, and therefore ita real roots 
must be irrational; this I told the engineer. 


7 Perhaps, the good man did not know anything about irrationality. 


Sf. He did! but he was not at all interested in my statement, He 
said: “I don't want to have an infinity of decimals, even if you can 
provide me with them : compute the kilogrammes ; 1 leave the grammes 
ete. to you '" Now for any positive x, the polynomial takes positive values 
only. So Tl told him that the real roots of the polynomial must be negative. 


T. And, was this statement of any nee to the engineer * 


- 


St. No, he knew already that the force was directed to the negative 
side, and then he said : “The direction of the force is not very interesting 
to me, as there is little difference whether the material is exposed to stress 
or to pressure ; if vou give me a solution with 3075 of error and a wrong 
sign, | could make some use of it, but your philosophical talk is worth 
nothins." He was quite rude eventually, 


T. And vou’ 


St. Tam bewildered. After having read about 200 pages of the book, 
| nm still unable to «olve a very simple algebraic problem, not even if 30% 
of error and a wrong sign are admitted! Though I got very interested 
in algebra, the engineer's argument has impressed me; am afraid that 
all my hard work has been spent uselessly. 


T. | rather think you have stopped reading at the wrong place. If 
vou continue, vou will be able to provide your friend with à solution which 
has considerably less than 30°. of error. 


St. 1 had already à glance on the next ehapter, but 1 do nol see any 
connection between its content and the preceding parts of the book, *.g. 
with general algebra, and then, there is another thing which strikes me: 
Every solution i» given only approximately. | should like to know the 
solutions correctly. If for a particular application a few decimals only are 
requested, then I may neglect the higher terms of the correct result, but ax 
a student of Pure Mathematics, | must know at first the proper solution 
before admitting some error for the sake of abbreviation. 


T. How do you want to represent the solution if it happens to be an 
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Ü rae ; " "7 » 

St. ‘There are many ways of expressing irrational numbers. For 
, ! ad e c » . 
Instance, y 2 is irrational ; it cannot be expressed as a ratio of two Integers, 
but nevertheless y 2 isa number. Everybody knows what is J 2. 


T. Suppose that | do not know it, and try to explain ' 


Sty 2 is the positive number, the square of whieh ix equal to 2. 


T. Well, I take it for granted that one and only one such positive 


number exists. Let «© be positive and 2 2, then x. — y 2. or «4 2 is 
the positive root of #° — 2 O. I think this statement is completely 


equivalent to yours. 


SU. It is. 


T. You seem to be satisfied. with this manner of expressing irrational 
numbers. 


St. Of course, | am. Lf | could express the roots of every algebraic 
equation in a similar way, then there would be nothing to complain of. 


T. My point is that in this case, the roots are expressed by a tautology. 

St. 1 cannot follow you. 

T. Listen, which are the roots of the polynomial 2 —2* 

St, 42 and — «4.3. 

T. Whereby «4 2 is nothing else than a symbol for the positive root 
of x3 —2 Besides the statement that 2° — 2 has two real roots and 
that their sum is equal to zero, your solution of the problem to find the 
roots of x* — 2 is a mere tautology. Your conclusion goes like this : 
“Who i» Amal ''". “The brother of Bimal”. — And who is Bimal !". 


"Amal's brother." ‘That means only that there exist two brothers Amal 
and Bimal, but it does not explain who is Amal. 


St. But «4 2 ix a well known number ; mathematicians have got used 
to it, and they calculate with 4 2 as they do with 23 or 1:7, For me, 
there is no problem about 4 3. 


T. 1a it for the symbol « , that vou hold this opinion ! 


St. ox a8 a symbol is a mere convention ; the mathematicians could 


‘use any other notation instead of it, but I do not see any reason why symbols 


familiar to everybody should be replaced by new ones. 
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T. I fully agree with you, but for the sake of our conversation, let. us 
denote the real roots of a polynomial f(x), as far as they exist, by | f(x)},, 
[fix))., ~... Uf), in their order of magnitude starting with the greatest 


root, Then your explanation of « 2 means simply that 4 2 is equal to 
[r* — 2]. 


St. Now you want me to admit that for every fix) which has a real, 
root, the s«mbol [f(x)], must be considered as à solution of the equation 
fiv) — t€. You propose that there is no higher justification in considering 
\ 2 as à given number, than e.g. [a + 42^ + 2x 4- 6]. But there is a 
huge difference between these two cases. 


T. How that ¢ - 


St. We know more about , 2 than that it is positive and that its square 
is equal to 2. 


T. What do you know about , 2 ¢ 
NI. A 2 — ] 4142 -_ — — 
T. 4142 is à rational number, whereas «. 2 is irrational. 


NE Certainly, it is an infinite decimal fraction, but they have computed 
200 decimals or even more of them. You cannot deny that «2 is very well 
known. 


T. There still remains a certain error. 


Nt. But a negligible one ' 


T. That depends on the purpose of the caleulation.. E was told that 
certain students of Pure Mathematies must know the proper solution before 
admitting some error for the sake of abbreviation.—Was it not so ? 


St. But «4 2 is uniquely determined as the only positive root of xt — 2. 


T. Yea, there exists one and only one such root. This is a statement 
on existence and on uniqueness, but nothing more than that. I think we 
have agreed already about this item. On the other hand, I admit that we 
know more than that about « 2. For instance q 2 is approximately equal 
to 1.4142, or to put it more clearly: «4 2 lies between 1.4142 and. 1.4143. 
One can find out easily smaller intervals where «| 2 is situated ; there is no 
error. This "error" is not a kind of "mistake" which ix the result of a negli« 
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gent treatment ; on the contrary, it is an essential part of the solution of the 
problem. One cannot determine irrational numbers otherwise than approx- 
imately. ‘This fact is concealed by some symbols we are using. Numbers 
represented by thom are uniquely determined in the sense that there exists 
one and only one such number, but one cannot determine the place of an 
irrational number on the real axis otherwise than approximately, 


St. Thus a formula like (X 14 + 170) is only a “recipe” how to 
determine an irrational number approximately, 


T. The formula denotes the greatest root of 2* — 2827 4+- 26, and it 
shows of course a recipe how to compute that number approximately. A 
mental calculation furnishes 3 as a first approximation which could satisfy 
your friend completely. 


St. Suppose, one could represent every root of a polynomial by the help 
of similar symbols; this would furnish reripes to determine every root 
approximately. . 


fT. As a matter of fact, not every root is representable in that manner, 
and even if it is, one prefers a different method sometimes. 


St. My impression is that those methods have no connection with 
general alyebra. Theory of approximation and general algebra apparently 
belong to different branches of Mathematics if not to two different Sciences. 


T. They are complementary to each other. You already mentioned 
the two fundamental theorems which state the existence of roots in certain 
fields. They must be supplemented by investigations about where the roots 
ara situated in the field. The methods of investigation must tally with the 
structure of the particular field under consideration ; they cannot be of a 
general nature. The real numbers are ordered linearly, whereas the com- 
plex numbers correspond to the points of a plane. Hence one subdivides 
the real axis into intervals to determine real numbers, and similarly the 
plane ia subdivided into certain domains (e.g. rectangular or circular ones) 
to locate complex numbers. Both ways lead to an approximate deter- 
mination of numbers e.g. roots of a polynomial. 


St. As the n roots of the polynomial x* + d, x* ! 3... + 9. are 
uniquely determined by the numbers. @,, ~~.) ro» there must exist fune- 
tions f(a, 2 Gy) which show the distribution of the roots in the complex 
plane, One should investigate these functions ; this would be a worthy 
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T. If you take “function” in the most general sense, there exist indeed 
such functions f(m., .... a...) eg. the set of the roots itself is one, The 
problem is how to represent those functions ; vou should not expect that 
all of them are polynomials in ó,,...4,,. Every polvnomial a 4 
O4 A! Lu. E a, can be represented by a point. P — (9,,... 04 ,) of an 
n-dimensional space. There are theorems stating that if certain inequali- 
ties in a, ...,@y., hbolkl—re. if P is situated in «a particular domain of the 
n-dimentional space—the  » roots are distributed in the complex plane 
in à particular manner. These investigations are very interesting, but at 
the present time, the approximation of the roots is based more on the me- 
thods of caleulation than on these theorems. In many cases, the theorems 
seem to be the result of the practice of calculation, For this reason, the 
author has started from Horner's scheme which gives the clue to the whole 
theory. ] advise you to work out many numerical examples ; it will help 
you to understand the theoretical portion, 


. 
0.1. Horner'* scheme. 


The theory of approximation of the roots of a polynomial f(r) with 
real coefficients is based on the fact that f(x) represents à continuous fune- 
tion if x is considered as a real variable. As a consequence, the function f(x) 
takes all the values between f(a) and f(h) in the interval (a, 5). In parti- 
cular, if f(a) and f(h^) have opposite signs, there must exist a root of f(x) 
in this interval. This conclusion plavs an important role in the approxima- 
tion of the roots, but a theory of approximation based on it alone would 
involve an enormous amount of numerical caleulations. A second impor- 
tant item ie that 


ftx) - a. t o, o * * ^4 Toda =" (1) 


is the Taylor expansion of the function represented by it in the neighbour- 
hood of r — 6, Hence 


JO) = Gy f'(00) — Cras vans f* (0) = ay. (2) 


Thus one knows from (1) at the first sight much more about the behaviour 
of the function near x — 0 than in the neighbourhood of any other value. 
It is therefore a matter of the greatest importance to have a scheme for a 
quick calculation of the Taylor expansion at any point z = q, say 


| f(x) — a', + a*,(x — g) + «bata (x — qr + amm, (x — qe. 
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The scheme which is used for this purpose ix called Horner's scheme ; though 
it is very elementary, it discloses much about the function represented by 
fix) The coefficients a’,, a”,, ..., a, are continuous functions of q. 
For instance a^, — fig), and a**', — a, is a constant number, It is charac- 
teristic for the applications of Horner's scheme, that not a’, alone, but 
the full set of the coefficients and their interconnections are considered. 
Although Horner's scheme is mostly applied to real numbers, it can also be 
used when the coefficients belong to any field (or even to an arbitrary com- 
mutative ring) K. 


D-010. Expansion of f(x) as a polynomial in x —q. Let K be an arbi- 
trary field, ¢.q. the field of the real numbers or of the complex numbers, 
q be an element of K and f(r) a polynomial of KI]. 


I(x) = x a, x! = (x — q) x a. 3*7 + a’ = (x — 9) fitr), 


where d, -—04,—4320.,4, for í—1,..., » — l, and 
» 
" " — hy 
Hence qva mm d.a + Quy 
- " €" "*" *" *" = * *- "*- "o" "o "4" ee 
. 1; , 


Arrange the caleidation of the coefficients e^ as follows : 
LIT LITE (lg. s «2 YF. a. 


qa’, GU ny ans qu. qu, 





an Oya ns ", a 
" > E 

By the same method, f,(x) — X a^, x* * is found out satisfying 
z 


fix) — (x — 4) fal) + ^, 
After » — 1 steps f(x) i» represented as a polynomial in x — 4 
fiz) = a^, + a^ (e — q) t eb amar — gh" evo — gr. 


The complete Horner's scheme to get the Taylor expansion at « — q, looks 
like the following example. 
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Example. f(x) = xt — Ioa? + 6827 — 119% + 67. 





q= Il. l -— 15 ÜN —19 67 

1 —14 04 —65 

MM — 14 o4 — 65 2 
1 —13 41 

H^ —13 41 — 24 
]  —12 

I —]12 2t 
l 

l — 1l 


The lines of this scheme correspond to the consecutive steps. Their signi- 
ficance is as follows : 


Sie) = (x? —142c + 54r — 65)(x — 1) + 2 
(r* — 13r -- 41)(2 — 1)* —24( — 1) + 2 


= (x — 12) (r — 1)* + 29(z — 1)* — 24(r — 1) -- 2 
= (x — 1)! —1ll(x — Iy + 20(r — 1) —24(r — 1) + 2. 


5.12. Approximate calculation of roots by Horner's scheme. Horner's 
scheme is very useful for calculating the roota. The method will be ex- 
plained by the help of the above example. Put x — y + 1, then 


f(x) = g(y) = y' — 1My* + 29y* — 24y -1- 2, 
JO) "- g(0) = 2, 
SQ) = g'(0) = — 24. 


Thus f(x) has decreased from the value 67 at x — 0 to the value 2 at x — 1, 
and it is still decreasing as is seen from the value of the derivative. For 
this reason, one may expect that there is a root of f(z) near x — 1. In the 
neighbourhood of r — 1, the function can be represented approximately 
by its two lowest terms. Applying the notation ~ for approximation, one 
gets f(x) — — 24y + 2 and therefore f(r) — 0 for y ~ 0.1. Thus it is help. 
ful to represent g(y) by a polynomial in y — 0.1 — x — 1.1. 


approximates therefore f(x) by 





HORNER'S SCHEME 2605 














T 0.1 — 1.09 4. 2791 —2.1200 
l — 10.9 27.91 —21.200  — 0.1209 
+ 0.1 — 1.08 4. 2.683 
ee ee a as ae My 
i —10.8 20.83 — 18.526 
01 — 1.07 
I — 10.7 25.76 
+ 0.1 
1. —10.6 
As f(1.1) = — 0.1209 — 0, there is a root between 1 and 1.1. One 


— 18.526 (r — 1.1) — 0.1209, hence 





z — 11 — — 0007. "Thus, apply again Horner'*s scheme: 
g = — 0.007, 
1 — 10.6 25.76 — 18.526 — 60.1209 
— 0.007 +0,074249 — 0.180839743 +0.1309047878201 
| —10.607 25.834249 — 158.706830743  0,.010047878201 
— 0.007 --0.074298 — O.181359820 
1. —10.6614. 25.908547  —18,888199572 
— (0.007 0074447 
1 —10.62] 25.082894 
— 0.007 
| —10.628 


Hence the root is approximately equal to 1.003. The next approximation 
is q = 0.00053. By continuing in exactly the same manner, the calcula- 
tion would become very burdensome. "The number of the decimals to be 
considered increases at every step. On the other hand, the influence of the 
higher terms decreases with g. One can therefore omit those digits which 
are not influencing the terms required in the final result. It is convenient 
to state at the very beginning of the calculation, the error which is admissible. 
In the present. problem, one obtains an approximation of the root, correct 
up to seven figures of decimals by the following consideration. 


li. s 
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I8.888]0905729g — 0.010047878201 4+ 25.0825044* — 10.0284? .- q*. As 


g — 5310 *, the two last terms will influence only the fi^ and the follow- 
ing decimals on the right side for 5,3107* <q < 5.410 * the quadratic 
term becomes 0.000007 .... 


Hence 


q — 0.0005324, x= 0035324. 


In this manner the approximation of the root can be improved gradually. 


5-13. A modification of Horner's scheme. To get a first approximation 
of the roots, it is often important to get a quick and simple review of the 
values of the function for different values of x. For this purpose, the 
following modification of Horner's scheme is sometimes helpful. 


Given dis. Carn <3: Omen ealeulate by Horner's scheme : 
Jür) = b, + (r — qu fir) Ng — b, 
fh) — 5. -(x——99 fiio) Nae) = 5, + (q;—34. 


Tu-ir) T by Tur-— qu) f.) 


fir) = b, 4- bx—9,) + b(x—4,) (x—g,)+ ... 
> (ar — qii ses ix E q.i) Jae), 


+b, (2% — Gy) ee nq) 


To explain the method by an example, expand the polynomial considered 
in the previous example in this manner. 


q — 1, |  —^ 68 —119 - 807 
1 —14 504 —65 
q = 2, I — 14 54 — 65 2 
2 —24 e 
g = [| —j2 30 —$ 
3s —27 
l —f) 3 


fix) = 2 — 5(r — 1) > Mr — UY — 2) + (x — (x — 2)(x — 3)(r — 9) 
JO) = 67, f(1)—2, f(2)— —3. f(3)— —2, f(9)—2 + 8(—5 4-21) = 030. 
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This representation shows that for x« 1, f(x) 2 0, since each of the terms 
in —, and that for x — 9, fie) < 0, the Ist, the 4th and the sum of the two 
other terms being >). So all roots are situated in the interval (1, 80), We 
have alrady calculated. one root in the interval (1, 2) ; furthermore there 
is At least one root in the interval (4,0). f(8) 117. Henee there is a 
root in the interval (8,9). ‘The reader may calculate it by Horners 
scheme as an exercin., ; 


-H. — Lagrange's method. A different method for computing the roots 
will now be explained, and will be applied to the above example. if 


" 1 e > 
fix) — Xa, 2 =O. then * satisfies the condition X a, «( i ) — ©), and 
ua A 


u 


E IL 
"s 


These considerations lead to the following method of approximation due 
to Lagrange. 


to every root o in the interval (0, 1) there corresponds a value of 


If £ is a root of g(r), a — £ — a —— 1 — «a + . lr) — f(a—z)-— 


"d 
n (— -): "zd isa root of g,, and hb — y, — hb 01,9, —b x — By 


repetition of this procedure a representation of £ as a continued fraction’ is 
obtained. By repeating the calculation, after n steps one gets the approxi- 
mation Po with an error 
Qn 
r I I 
p—— SS ee — os 
: Qn | Qn Quis 7 

This method will be illustrated by the example used beforehand. It 
is known that 2° — Dir? + 6837 — PEU + 67 has a root in the interval 
(8, 9). ‘Therefore we represent this. polynomial by Horner's method as 


a polynomial in x — 8. 


g- 8, | 165 68 — —11n 07 
8  —56 ^ à 96 3à—184 
I — 7 12 —23 — 117 
— EN N 160 
1 l 20 5 
8 72 
ds 0 392 
. 8 
Baum y, 
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Hence 117 5*, — 137 5»,* —92 9,7 — 17 39, —1 — 0. 


By mental arithmetic it is seen that for g—2 the last coefficient i$ posi- 
tive, but for g—1 it must be negative, so 9 lies in the interval (1, 2), and 
one has to arrange for the Horner expansion for q — I. 

q i, 117 —i7 -—92  Á —1 —]1 

H7 —20 —1 -—129 
n —9»* —112 —]139 —130 
117 97 — 15 





117 97  Á—15 —l4 
AUT. Dr . 214 
117 214 — 190 
117 
117 au 


In the same manner as it has been done for 7,. one proves that 7, is 
situnted in the interval (1, 2). 
‘wae Ri 130 144 —100' 411 


130 — 274 75 —256 
130 24 175 —256 — 373 


130 — 464 — 470 











ag ge 
1 





- 


. ^ 
L] 
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Probably, the reader has by now got the experience that q must be 
chosen in such a way that the sign of the last coefficient does not change, 
but that the procedure adopted for 4 — 1 would alter this «ign ; q=-4 
will alter the sign of the second coefficient in the second main row of Horner's 
«heme, but the third coefficient will not change its sign, 6601 being too big. 
Hence the following coefficients will increase and therefore will not be nega- 
tive. However for q — 5, — 6601 ix counterbalanced by more than 
S000, and therefore — 2761 by more than 12000, and so the sign of the 
last coefficient would be altered. Henoe g — 4. 








q=4 1320 — —4544 — — 8001 —2701 —313 
5304 3040 — —14244  —68020 
1326 T60  —3561 —17005 —6s303 

5304 24256 82780 

1326 (064 HIG 65775 


GM 45472 


1326 11368 60167 
504 


1326 16672 
At the next step, one gets g = 1. Hence £ — (58.1, 1, 2, 4, 1, ...). 


P,= 8 Qa — I|. 
P= 9 Q,— | 
P,- 17 Q,-23 
P= 4 Q,— 5 
P, — 189 Q, — 22 
P, = 232 Q, — 27 

Q, = 49. 


Hence £ ~ the error = — ¢ is positive and = pag 7 000025... 


As M. - &a025 (s, the value of £ is correct up to the second decimal 


only; the third decimal may be 2 or 1. From this example it appears 
that Lagrange's method is sometimes slower than the method of 5.12. By 
practical experience, one learns best to find out the most convenient com- 
bination of methods in any particular case. 

69 O. P.—27 
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5.15,  Kakeya's theorem. In 5-11 to 5-14, Horner's scheme has been 
used for calculating the real roots of equations with real coefficients, But 
the scheme can be applied—as has been stated at the beginning of this 
section—for arbitrary fields. It will be used now to find out a theorem on 





complex numbers. Let b, b, ius b. be the coefficients 
of a polynomial Put g = « ; then the first line of Horner's scheme is the 
following one : 
b. b, € b.. b, ue b, 4 b, * s» hb. -f- a ath), X dd + b., 
ab, ab, +> (a + a*)b, ab, d... Sa’ b, 
b, bc b, (bab  .. b.(E — a) +... bL —att) 
(1 + a)b, (1 + a + a?)5, | —« 


Hence if a is a root, * b, = x b, a**** holds. Let b, be positive numbers 
e " 
and « complex, then 


x 


uA 


x. jai: (1) 


If |a| < 1, then x b. < x b, |a|*****; hence (1) cannot be satisfied 


in this ease, The absolute value of a root therefore cannot be smaller than 1. 
If jal — l1, then «a — efi, and xb, a*'** — x b, cos (x --1— k) 8 + 
£X, sin (n + 1 — &) a x5, when the numbers 4 are positive, unless 
9 = 2ke, but a = 1 cannot be a root, since no positive number satisfies an 
equation when all the coefficients are positive; henee |a]> 1. Lf therefore 
in dy y* +a, y" + ... + 4, 

Uca cac se Gai (2) 
then for every root « of this polynomial |e| > 1 holds. Hence if 
y= * the roote 8 of Sa, x* satisfy |8| — lI. This theorem is known 
as Kakeva's theorem. 


Kakeya's theorem. The complex roots of Xa, 2* have all absolute 
values < 1, if the coefficients satisfy (2). 


5.20. The roots of real polynomials. 
a, b, e, d, e, (1) 











KAKEYA'S THROREM 21! 


—with or without indices and dashes—denote real numbers, in the same 
manner 


e, B. v. $ (2) 
denote complex numbers, and a denotes the conjugate of a. 


Hence @ + m is real; o 8 ds non-negative ; o — 8 — c 


Jit) = a,--a x-- ... av. xti n at (3) 


can be represented by fiz) = n (xc — a,). (4) 
: 


5-21. Real and complex roots. 


Theorem. lf a is a root of a polynomial f(x) with real coefficients, m 
is also a root of it. 


lat Proof. Let K be the field of real numbers, i and —i be the roots of 
x* + 1, then K(s) — K(— i) is the field of the complex numbers and there is 
an authomorphism J of this field interchanging i with — i and leaving the 
real numbers unaltered. f(x) will not be altered by J, hence e will be 
transformed into a root of f(x), but as « will be transformed into x, the 
theorem is true. 


2nd Proof. Waisreal,e — «e. If a is not real, (e — a) (r — 3) = giz) 
is a real polynomial and irreducible in the field of the real numbers. As 
f(z) and g(r) have à common root, these polynomials have a common factor 
of positive degree. Hence f(x) is divisible by g(x) and a is therefore à root of 
fiz). 

Corollary |. 

fix) = (x — €i) »** (x — €,).(x — e) (a — 8,) "n (x -— m) ix — . (1) 

where m —r + 2k, 


Corollary 2. Uf every root of f(z) is counted as many times as its 
order of multiplicity in (1), the number of the real roots is — » (mod. 2). 


Corollary 3. Vf n is odd, there exists at least one real root. 
A dH (a, — o) = Fle,....,%) (2) 
i<j 
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is called the discriminant of f(x). As F is a symmetric polynomial in 
Q6, ...,«, With integral coefficients, it follows (see p.144) that 


à = g(a....0,), (3) 
where g is a polynomial with integral coefficients, From (2) it follows that 


A=0 if and only if a = «e, for i+ j. (4) 


Let the » roots a, be all different. As has been proved in 3-35, p. 146, 


Ace B6, wm evi T (5) 


To get the conjugate of $, we have to interchange every number in (5) with 
its conjugate. From (1) it follows that this operation means & interchanges 
of rows in the determinant (5). Now the product of two conjugate 
numbers is their **norm'' NV, which is à non-negative real number (see 3-32, 
p. 131). Thus 


(—1)^4^—(—1y* 5* — N($) = O. 
Hence the following theorem holds. 


Theorem, Let fix) of degree n have » different roots. Then the dis- 
criminant of f(x) is positive (negative) when the number of pairs of conju- 
gate non-real roots is even (odd). 


Corollaries, A real polynomial of degree 3 has three real roots if and 
only if the discriminant is positive. 


A real polynomial of degree 4 with positive discriminant has either four 
different real roots or two pairs of conjugate complex roota. 


Exercise. Prove the preceding theorem without the help of (4). 


5.22. Changes of sign. At the beginning of 5-1, it has been mentioned 
already that if a« b, and the signs of f(a) and f(b) are different, then there 
is a root of f(x) in the interval (a, 5). This statement which is fundamental 
for the calculation of the real roots, must be complemented by two other 
statements (well known from the elements of Analysis) which show the in- 
terconnection of the roots of a real function with those of its derivative. 


|. Wa <b, and fla) = f(b), then there exists a root of f(x) in the 
interval (a, 5). 
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2. If fix) — (r — a)* g(x), g(a) ~ 0, k > O, then 


f'(z) = (x — a) g(x), where g,(a) 40, since g.(z) — k g(x) + 
(r — «) g'(x). 


Therefore, if the roots of f(x) take m different real values a,, ..., o, there 
exists at least one root of f'(r) in each of the m — 1 different intervals 
(ej, &*,,,). Ife, is a multiple root with the multiplicity g +1, it can be 
considered as a set of q degenerate intervals, each of them containing ex- 
actly one root of f'(r). f(z) has the same sign at every point of an interval ; 
in two consecutive intervals (e, ,, «,) and (e, e,) the sign of f(x) ix 
different, when a, is à simple root or a multiple root of an odd order; the 
sign is not different if a, is a multiple root of even order. Thus if «, i» a 
multiple root of order q +- 1 of f(x), it is a multiple root of order g of f'(x). 


These properties hold for every analytic function with a finite number 
of roots, and are not special properties of polynomials. If the coefficients of 
fix) are all positive (all negative), f(r) is obviously positive (negative) for 
every positive value of x. Hence f(x) has no positive roots when there is 
no change of the sign in the sequence of the coefficients of f(x) So we 
are led to study the connection between the existence of roots and the 
signs of the coefficients. The experience got by using Horner'* scheme 
will be very helpful. 


Expand f(x) as a polynomial in «—h 
fiz) = filz — 6) = ayn (2 — bY + . 2. a2 (1) 


Given f(r) and any real number b, then a set of m — 1 real numbers 
8, is uniquely determined ; of these, a... — a, independent 
of b and 


(lia, 7 fib). 
Hence «a, = 0 if and only if 6 is a real root of f(x), and for 0 — E — n 
ni. = Yi J*(6). (2) 


Consider now the changes of sign in the sequence 

Boone ornare re ae a, — (3) 
To determine uniquely the number of these changes, it is necessary to give 
some sign to those coefficients which are equal to zero. Whithout loss of 


generality, suppose that a, 0 ; if any coefficient, or any set of consecu- 
tive coefficients which are equal to zero, follow in (3) immediately after a 


«9 
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positive (negative) coefficient, they will be considered to be positive (nega- 
tive) themselves. By this rule, to every element of (3) à uniquely determined 
wign is allotted, E.g. when fir) — x* — 3x* + 74? + 627 — 1 and 5 — 0, 
the sequence (3) is : 


1 00 —3 0 7 6 O —1 and the signs are 


therefore - —— age ED ae ap. 


The number of changes of sign in (3) is not altered when from any set of con- 
secutive equal signs, the first only is considered, and the other ones are 
struck out; hence one gets the same number of changes if the zero- 
coefficients are simply struck out, but it i* convenient to allot a uniquely 
determined sign to every element of the sequence (3). 


Given f(r), the number of changes will be considered now as a function 
€C(hb) of b. Then 


0 = C(b) = n. (4) 


If the first and the last element of the sequence (3) have the same sign, 
C(b) is an even number; if they have different signs, C(b) is odd. Hence 
C(b) ia even when a, f(b) > 0, and it is odd when a, f(b) < 0. 


5.22]. Alterations of the first. and the second kind. To investigate 
C(b) as « function of b, it is not necessary to consider the sequence of the 
coefficients a. (for m — n, ..., 1,0) themselves: it suffices to examine 
the sequence : 


d- 22. de 4. o— cee (1) 


of the signs of these n + | coefficients. A few general remarks on the 
alterations of any sequence (1) generated by transforming signs + into —, 
or conversely will be helpful ; one can restrict the consideratiog to such alter- 
rations where the first sign remains unchanged, since the first coefficient of 
the polynomial is constant for all the values of h. 


Every alteration of the sequence (1) which does not change the first 
sign can be generated by the help of at most n alterations done one after the 
other one, and each changing one sign only. An alteration which changes 
the second, third, ..., (n + 1)" sign either makes that sign equal to the 
preceding one- then i willbe called wm alteration ofthe fra kind, or it makes 
it different from the preceding sign — — then it is of the second kind, 
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Lemma. An alteration of the first kind either diminishes the number 
of changes in (1) by one or two, or it leaves them unaltered ; the diminu- 
tion by one takes place if and only if the last sign of (1) is altered. 


Proof. M the last sign of (1) is altered by an alteration of the first 
kind, then the last two signs were different before the alteration, and are 
made equal by it; hence one change is lost, whereas the other changes are 
preserved, and no new change i» created. If the sign to be altered ís not 
the last one, then it is the middle of a triplet of signs in which the two first 
signs are different. One has therefore to consider the following four cases 
(the arrows denoting the alteration) : 


+ — — +H — — te — — — — 4+ 


In the two first cases, the number of changes is unaltered, in the third and 
the fourth case, two changes are lost. Hence the lemma, 


Corollary 1. Tf an alteration A is composed of alterations of the 
first kind only, the number of changes either decreases or it remains unal- 
tered ; if in particular the last sign is unaltered by A, the number of the 
lost changes is an even non-negative number. 


Proof. As by no alteration of the first kind a change can be “gained” 
no change can be gained by A. Suppose now that the last sign is unaltered 
by A. Of the alterations of the first kind composing 4, let there be « al- 
terations losing one change, and ¢ alterations losing two changes. As 
those « alterations are the only ones where the last sign is altered, « is even, 
say s = 2k; the number of changes lost by A is equal to 2k + 2f. 


Corollary. 2. Uf A is composed of alterations of the first kind, and the 
r first signs of (1) are equal, then they remain equal when 4 is performed, 
Conversely, if A’ is composed of alterations of the second kind and the r 
first signa are alternately + and —, then they remain so when A” is per- 
formed. 

Proof. The statements hold obviously for alterations of the first (the 
second) kind, and therefore for alterations 4 (alterations 4). 


Exercises: Show that an alteration composed of alterations of the 
first kind only can also be generated by composing alterations of the first 
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Prove that an alteration composed of one or more alterations of the 


first kind cannot be generated by composing alterations of the second 
kind only (and conversely). 


5.222. Monotony of €(b). Vhe results of 5-221 will now be applied 
to investigate C(b) when 6 runs over the real axis. Consider two different 
values of b, say b, and b, — h, - q, where g > 0. Let F(£) be any poly- 
nomial of degree » in the real variable £ with real coefficients. Put 


£—b5-zr, — a, * paz cod, 9(2 — q) 


= (fà (X — g)" -i- a'"'. .(x q)""* + .. + a's (2) 


— 


The coefficients of «(2 — 4) are obtained by Horner's scheme, the different 
steps of the scheme being the following ones: 


fl... (et i* *o**5 a... ys hy 


a 7 * ^ 
LP “a i* eee e s, "n ?c LET IT 


Gis ( uas ""*9*? a". a ie a”. (3) 


"^  " *" 9» " €" 9" "» €" " "Ww " 9" *" 9" 9" 9? " " ^ €" " "5 "9? ^" * 


The alteration leading from the first row of (3) to the second can be per- 
formed by nm consecutive steps, replacing successively 


á,-4 bv a^, — (00,4, +- q Lm 


Üh a by 6 as = &s 1+ 7 a vo 
ie oo o "o "ow ee e+ 9 Wow Bow o *9- $99 ++ o -- (4') 


Since q > 0, the sign of a’,., can be different from the sign of e, , only 
when it is equa, to the sign of a4. Hence the first step of (4) either does not 
alter the sequence of the signs, or it generates an alteration of the first kind. 
Similarly for the other steps ; thus if the sequence of the signs in the second 
row of (3) is different from the sequence of the signs in the first row, the 
alteration is composed of alterations of the first kind. The same state- 
ment holds for the alterations leading from any row of (3) to the following 
one. Hence the alteration leading from the coefficients of f(x) to those of 
e(r — q) is composed of alterations of the first kind; conversely the 
alteration leading from © to f is composed of alterations of the second kind, 
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Indeed if one interchanges f and 6 and replaces q by — 4, then the first 
row of (3) is transformed into the second one by equations 


589:9. 318.219.9974 — (4') 


Aq =a —-@ d. 


Hence in this case, if the sign of a’, , differs from that of On ,. it must 
be opposite to the sign of e,. From the corollaries of 5.221 it follows there- 
fore: I. The function C(^) decreases when b increases. 2. When at any 
step in a Horner's scheme for a positive q, the first r coefficients are of the 
same sign, then the same holds for the final result of the scheme, and for 
expansions corresponding to all the higher values of b, 3. When at any 
step in à Horner's scheme for a negative y, the first r coefficients have al- 
ternating signs, then the same holds for the final result of the scheme and 
for the expansions corresponding to all the lower values of 6. Suppose 
now that a), ...,/, ,,, have the same sign, say positive (without loss of 
zenerality) and q > 6, then it follows from (4) that 


Qua». aps arret 
(noy = Gp. c Q Que > Guar +O n.a 


for a suitable g, therefore a',., > 0. Hence one can find a value of 5 for 
which the r+ 1 first signs are equal, and by repetition of the procedure 
one reaches a value of b such that all the signs are equal for this value of 5 
and for all the higher values. For all these values of 6, C(4) = 0. Suppose 
now that a,,...,@,., have alternating signs and that — g < 0, then it 
follows from (4*) that 


[a^5., | > | d., | 92138 — eet | > [055] 
and the signs are alternating. Let d4.,., > 9, then 
- 'ap., = dp. — Q Baers S UR — YF Un. ra 


is negative for a suitably chosen value of q. Similarly if Garey < 0, then 
a',., can be made positive. Thus one can find a negative value — g such 
that the first r + 1 coefficients are alternating, and corresponding to the 
case of equal signs and positive g, one finds that there exista a value of 5 
such that the signs are alternating for that value of 5 and all the smaller 
values. For all these values, C(b) — n. Hence 


! Theorem. C(b) decreases steadily from n to 0 when 6 runs over the 
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0.223.  Budan-Fourter's theorem. The function C(b) has been proved 
by the last theorem to be a steadily decreasing function of the real variable 4. 
As it takes integral values only, it is constant by segments ; it changes its 
value at points of discontinuity only. At these points it decreases the 
saltus being an integral number. An alteration of C(b) occurs where a co- 
efficient of the polynomial changws its sign, and as these coefficients are con- 
tinuous functions of b, a coefficient must take the value zero where it changes 
its sign, If an odd loss of changes occurs, the last sign is altered (see 5-221, 
lemma), i. the variable 4 passes through a root of the polynomial. The 
saltus of C(b) at a root of F(£) will now be investigated. 


Let & be a root of Fig), and let m be its multiplicity, m may be any 
positive integral number. Again, put £ — h^ — x, and F(£) = fix), Then 


Jio) = f'(0) ES-2.. = fer’ @) — (), 
The coefficients of fix) are therefore 
Bas ice Bae 0... 0, Where a OU. 


Apply Horner's scheme for à negative value — qj; the second row will be 


O5. 9-08 — gus, — mp) Gus 


thus the second row has at least m changes more than the first row. a‘, is 
a continuous function of g; if therefore [g| is small enough, a’,, has the 
same sign as a,, and (—4)" a^, = a', = f(— q) has the same sign as a,, 
or a different sign, according as m is even or odd. The coefficients of o(2) — 
für + 4) show therefore m + 2k more changes of sign than those of f(z), 
where k is non-nezgative. By passing through an m-fold root of F(é), 
the function C(b) decreases by m or an even positive number more than m. 
In any interval (5,7) there exists a finite number (may be zero) of points of 
discontinuity of C; in the non-root« among them it changes by an even 
number, the alteration in any root ix congruent (mod. 2) to the multiplicity 
of the root ; hence the following theorem holds : 


Theorem 1. Let fib) = 9, fle) © 0, b — c, and let + be the number of 
the roots of f(x) in the interval (b, c), every root being counted with its own 
multiplicity, then - 

C(b) —Cte) + v + 2k, 


where E = 0 i» an integral number. 


Applying this theorem to an interval (6, c), Lm EN 
that C(c)=0, one gets as a corollary 
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Descartes rule. The mamber of the positive roots of fix) (every root 
being counted with ite own multiplicity) is equal to the number of the 
changes of signa of the coefficients of fix) or to a number low than it by 
an even number. 


The number of changes is not altered if one multiplies the coefficients 
of f(x) with positive factors, e.g. if one replaces the coefficient of 2* by 
f(b). Furthermore, one may write the sequence in the reverse order ; 
in this case, the first element of the sequence may become zero, and the last 
clement is constant ; hence the elements equal to zero must be provided 
now with the sign of the next non-zero element on the right side. Using 
these notations, theorem 1 can be expressed as follows : 


Hudan-Fourier's theorem, Let fib) 0, fic) = 0, then the number of 
the roots of f(r) in the interval (5,c) (every root being counted with its own 
multiplicity) is equal to the difference of the numbers of changes of signs 
in the sets 

f (b), fiy, feb) 


and f (e). file. ~~. Pe). 


or to à number less than it by an even number. 


EF 


Put x— — and therefore y = - — . then the positive roots of 


giu) = (y + 1)" f(x) are in (1, 1)—correspondence to the roots of fix) in the 
interval (b, c). Therefore the number of the roots in this interval can be 
found out by Descartes’ rule. 

These formulas do not always give directly the exact number of the 
roots in an interval, but they are very useful for getting it even in more 
complicated cases. 


5.2931. An example. Consider again the example of 5-11. 
f(x) = x'— We + 088€ — 1102 + 67. 
As stated before, the real roots are positive and situated in the interval 
(1, 9). One could get this result also by considering the changes of signe. 
f(— x) has no change and therefore no positive root, i.e. f(x) has no negative 
root. From the previous calculations for this example one gets by eonsider- 


‘ 


€ (0) = Cl) — 4 





4% 
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Two roots have been computed already, one in the interval (1, 2), another 
in the interval (8, 9); to each of these roots, there corresponds a loss of 
one change. We want to find out, whether the loss of the two changes in 
(2, 8) corresponds to roots of f(x). For this purpose, we try to approximate 
these suspected roots by Horner's scheme and get by very simple ealeulations 
C (3) — 1 C(2.0) = 3 
O(2.65) — 1 C(2.64) = 3. 

Hence the two roots can only be situated in the interval 2.64<2< 2.65, 
but we shall prove that f(r) is negative in this interval, As stated pre- 
viously, 

fir) —2—5(x—1)--3(r—1) (x—2)43-(r—1) (z—2) (x—3) (z—9) 

-—2—(r—1) (5—(r—2)[3--(3— x) (9—2x)]). 
Henoo for 2.64 —2—2.65, f(z) 22—1.64(5—0.65[3-2-0.36. 6.36]] — —0.60612. 

Hence f(z) has only the two roots calculated in 5-12 and 5-14. The 


same result can also be obtained by calculating the discriminant and veri- 
fying that it is negative. 


6.23. Sturm'’s theorem. By Budan-Fouricr’s theorem, the number 
of the roots in a given interval (b, e) is not determined uniquely, since the 
difference of the number of changes in the sequences 


fe, f... FU) (a) 
and fic). fe), ..4 Sf) (1) 


may be greater than the number of the roots by an even number. Thus 
there arises the task of modifying the method used before by construct- 
ing a sequence of continuous functions 


fix) + eo fun) (2) 
with the property that the number of changes C'(b) in 
| fib), «s fob) (2) 


gives the exact number of the roots which are greater than 6, or a number 
differing from it by a constant number only. Then 


C'(b) — C"(e) (3) 
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is equal to the number of the roots in the interval including ita left 
(but not its right) endpoint. The solution of the problem is due to 
JK. Fr, Sturm; it will be given in this article. Though Sturm's method is 
applicable to every case, it is not very convenient for practical calculation. 


An m-fold root of f(x) is an (m —1)-fold root of f'(x) and therefore of the 
highest common factor h(x) — (fix), f'(x) ))4 Hence fix) : A(z) has the same 
roots as f(x), each root being a simple one. As f(x) : A(x) can be calculated 
by rational operations, one may replace f(x) by fix) : A(x); thus there is no 
loss of generality in supposing that f(x) has simple roots only. This supposi- 
tion will be made now. The sequence (2) has to be arranged now in such 
a way that C'(x) decreases by one in every root of f(x), but i» constant else- 
where. 


Let | k« m ; if f.(x) changes its sign at z-,, and the sign of f, .,(x.) 
is different from f..,(r.), then no change is gained or lost by f(x) changing 
its sign. If however fis(%o), fi(£,) have the same sign, then two changes 
are either gained or lost. Now, the sequence (2) is proposed to be con. 
structed in such a way that the number of the changes alters by one only, 
namely in the roots of f(x), and decreases for increasing x, For this purpose 
a sequence will be constructed, where the number of changes is altered 
only when one of the outer elements changes its sign. Say f,(r) has the same 
sign as f(x) and f,,(x) has a constant sign. These considerations lead to the 
following theorem. 


Sturm's theorem. Let (2) be a sequence of polynomials satisfying 
the following conditions : 


|. f(x) has the same sign as fix), 

2. f(x) eee oe fix. 

3. f, (2) has a constant sign, 

4 fick <m and f(x) — 9, then fi.) fi 60) — 9; 


let C'(x) be the number of the changes of sign in the sequence (2) for 
any particular value x, then the number of the roots of f(z) in the interval 
(b, c) — the left endpoint 5 not being included — is given by (3). 


Proof. The number of changes can be altered only by passing through 
those points which are roots of the polynomials forming the sequence. 
Tet, be mich a point, and let t — &, . bvo the indices of the fune- 
tions for which x, i4 a root. From 3 it follows that km. From 4 
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it follows that, for 1 << E «— m, the triplet of polynomials f, ,. f. he 
contributes exactly one change in an interval containing x,, but no other 
root of f... fi, or fL... Thus €"(x) is ‘altered in the roots of f(x) only, 
and its alteration is equal to the gain or loss of changes in the portion f(x), 
fix) of the sequence (2). As there exist simple roots only, f(x) changes 
its sign at any root z, of f(x). Tf it changes from — to +, f(x) increases 
and therefore f'(r) > 0, and from 2 it follows that f,(x) > 0; hence one 
change i& lost. Similarly if fír) changes from + to —, f'(r) and therefore 
f.) is negative and one echange is lost. Under the supposition made for 
the counting of the number of changes in 5-223, the zeros of f, (r;) have to 
be counted with the sign of f.(r.). Hence C'(b) — C (e) gives the number of 
the roots of fir) which are situated on the right of 6 but not on the right of c, 
that is in the interval (4, c] which includes c and excludes b. Hence the 
theorem. 


A sequence (2) satisfying the conditions of Sturm's theorem ix called 
& chain of Sturm. It is possible to construct such a chain by the follow- 


ing rule 
f.) == f(x) 
Fx) = f'(x) 


— fitr) — fix) — qiix) fito), 0 = degree f,(r) — degree f(x) 


"o^ à *" €" €" o€—» Wo 9 *" — " 9 » w* 9" * B * "OR * 97 wY* "95 PRO 9*9 9— PF FK B €" 9 9? 9 9? ? 4 9 9" 9* *& 9» €" * » 4 


—fj. MD — fiatr) — «(0 fe. VF — fi.4.G) < degree fi(x) 

If 5» is the degree of f(x), the procedure ends after not more than n steps ; 
the last. polynomial, say /,,(7) is à common factor of the sequence; as fí(x) — 
fir) and fxr) = f'(xr) have no common factor of positive degree, f(x) is 
a positive or negative constant. "Thus the conditions 1, 2 and 3 of Sturm's 
theorem are satisfied, Sinee ( f, (x), f(z) ) — f(x) is a constant, f, (x) 
and f,(r) have no common root. Let for 0 — k «& m, f.(x,) — 0, then 
— fusa(fo) = fa) 5 9. Hence Suey (#0) Su (4%) = — Se iU? < 0. Thus 
the sequence which i» determined by (5) i» & chain of Sturm. Other 
chains ean be obtained, e.g. by multiplying the polynomials with arbitrary 
positive constants. 


5.931*.  Legendre's polynomials. Sturm's theorem will now be applied 
y ae din daa Put 


* May be o nitte 4 aba first ‘ : * 



















* —* * * 
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D™ denotes the m'™ derivate of the function written in [. ], and D^ ix this 
function itself. Lf w and v are polynomials in x, 


D"(we)- X ($)D**(u)D" (0). (2) 
D"[Gr* — 1)"] = D» D[(r* — 1)"] = De (et — 1)*? 2mz]. 
whence from (2) it follows for m > I 
D^[(z* — 1)"] = 2mz D(x? — 1] + 2m(m — 1)Dj69 — 1j]. (3) 
On the other hand, one gets from (2) for m > 1 
2D'*[(z* — 1)"] = 2D"[(ce* — 1) (x*— 1)] = 2% — I)Dn[z* — 11] 
+ 4mxrDe-ci[(a? — 197] + 2m(m — 1)D'?[(* — Ty]. (4) 
By subtracting (3) from (4) and applying (1) , one gets | 
mP,(x) — (x* — 1) P',.,(x) 4- mrP,4G»). (5) 
Pi) um, Rize, Ps) = 0, 


(5) holds also for m — 1, and therefore generally. 


From 
if (a® — 1)"] = D'(2mz(zt — ty] 
= S9gprD"[ur — 1)**] + 2m? De — lye] 
follows Ptr) — 2P' le) -- Py su) (6) 


From (5) and (6) eliminate P',,.,, and obtain 
(rt — 1) P'u(r) — mr Paü(r)—m P407). (7) 


After replacing m by m + b in (5), one gets 
(w+ 1) Paalz) = (* —1) Pile) + (0m Ix Por). (5) 


From (7) and (5) eliminate P',tr), then 
(m T Pa) = (2m = Ix Paul) wi m P, UE). (5) 


Pix). Peis (2). rr Pix), Pur) = l (t) 


—-——— zx -bl 


Ls 





e v 
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From (7) it follows for »m -— », that if Py(e) — €, P',(x) has the same 
sign as P, (x). Tf Pix) and Ptr) have à common root, this root must 
also be a root of P, ,(r) as is seen from (8), and therefore of all subsequent 
polynomials of (f), in contradiction to P,(x) = I. Hence for Pj(x) = 0, 
PauaG) 60, and therefore it follows from (8) that P4,,(0) Ptr) < 0 
at every root of P',r.). 


As P460) and P,.,be) have no common root, it follows from (7) that 
P,(2) has no common root with its derivative and has therefore simple 
roots only, Hence (9) is à chain of Sturm in the interval — 17x + 1 
for every ». 


From (7) it follows that 


Pu) = Pasa) 
and 
P. — I) Po iU |). 


As Pr) — |. it follows that 


and 
Pa(— 1) — (— 1)". 


The number of: changes of sign in (f) is therefore C'(— 1) = », C'(1) = 0, 
Hence PG) has » different roots in the interval (— 1, 1). From (1) it 
follows that P.(r) is of degree ». Hence the roots of Legendre's polyno- 
mials are all situated in the interval (— 1, + 1) and are simple roots. 


5-24. Method for calculation of roots. ‘To find out the roots of a polyno- 
mial, say 


f(x) — 2? + Gang TH oe HO X T. (1) 


one can proceed in the following manner : at first one has to determine an 
interval in which all the roots are situated. For this, put 


t= 1+ jays] + -. + Jar] + lool, (2) 
and suppose x = f, then 
z mpm aspe dnb e+ lal: 
0 < x* — ja,4|]z** — ... — laste — loo] m fer) 
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Hence for x--!, f(x) 2 0. Similarly for (— 1)* f(— x) : 


for x- — t, fir) — 0, when w ix odd 


nnd fix) > 0, when n is even. 


At any rate, if there exists any real root. of f(z), it lies between — ¢ and 
+t. In general, it is not difficult to find out a smaller interval (a, >) in 
which all the roots of f(x) are situated ; it suffices that the coefficients of the 
Taylor expansion of f(x) for x — a have alternating signs, whereas the co- 
efficients of the Taylor expansion for x — b are all positive. In this case 
Cla) = n, and C(b) = 0; therefore there cannot be any alteration of the 
monotone decreasing function € outside the interval (a, b). 


If an interval containing all the roots has been determined, one sub- 
divides the interval into smaller intervals. By Sturm s theorem one i 
able to decide how many roots are contained in each of these intervals ; 
the intervals containing roots are subdivided again, and the method is re- 
peated. Given a positive number e, to every root £ of f(x), there will 
be found out an interval of length < ¢, after a finite number of steps, such 
that £ is situated in that interval. Le. every root £ is determined up to 
an error «— tr, 


Though this method is absolutely sound in theory, a clever computor 
will hardly use it without ecasential modifications. The application of 
Sturm's method needs plenty of calenlation, and one tries therefore to avoid 
it. It is mostly not difficult to get an idea about the general behaviour 
of the function f(x) = y and the intervals where roots might be situated. 
For this purpose, graphical methods are very helpful (e.g. Lill's rectangular 
method *), provided the computor is sufficiently familiar with the theory 
and the practice of mathematical drawing. The method explained here 
aims to "separate" the roots, s.c. fo find out intervals containing one root 
each, and to narrow each interval till ita length does not exceed the ad - 
míimsible error. It is convenient to fix the error in advance ; this is done 
mostly by asking that a certain number of decimals must be correct, At 
every step of the calculation, one may neglect some digits, but one has to take 
care that the accumulated error must not influence the digits of the final 
result which are required. In this book, only the methods of the calcula- 
tion can be explained, a skilful handling of them must be learnt by practice 





. «Bee v. g. Bieberbach-Beuor, Vorlesungen über Algebra p.p. 134—140. 
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OZAd. Linear interpolation. Uf f(a) and f(b) have different signs, the 
graph of the function f(x) may be replaced by the straight line connecting 
the points with abscissae a and b, This line intersects the z-axis in 
xr — [af(b) — bf(a)] : (fib) — fla)). This value may be considered as a first 
approximation of the root, Consider the example of 5-1. 


Put 
*Y—1i-y. f(x) — giy) = y' — lly’ + 29y* — 24y + 2 


g(0) — 2, g(1) — — 3 


The approximation by the straight line leads to y=0.4 which is obviously 
too great. Of course the graph of the polynomial in that interval is very 
different from a straight line. Now 


99 = 2  py1--—23 
g(-—-—934  gü)- 5. 


The graph is therefore considerably bent in the interval, and the root must 
lie near the point x — 1 — 0, For the suitability of the approximation by 
linear interpolation, it is essential that the derivate does not change its sign 
in the interval, 


5-242. Newton's method. Ube graph of y = - f(x) can be approximated 
by its tangent for an interval near the point of contact. This means that 
in the Taylor expansion of the polynomial at the point of contact, the terms 
which are of the second and of higher degree are omitted. When the interval 
i» small, and the coefficient of the linear term is small in comparison to the 
coefficients of the higher terms, this» approximation furnishes good results, 
Applied to the previous example, Newton's method furnishes y — 1 : 12. 
This approximation was indeed the starting point for the calculation of the 
same example by Horner's method in 5-12. 


If an approximation of a root i» obtained which is already near to the 
root, then Horner's method furnishes à Taylor expansion for this approxi- 
mation : 

Siz) = a, xz* -+ 04., xe? 4. ee c0] 0, B+ a 


in which, for small values of x, the higher terms are of a small influence 
(unless a, is small in comparison with the coefficients of the higher terms). 


Let x, be an approximation of a root of f(z) which lies near to 0, and put 


Hy [Gu mt* boss a m! + oe) 2 


—— 2. 


Em. 
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then z, is in general a better approximation of that root. By applying 
this method to the example considered just before, and putting x, — 1 : 12, 
one gets x, = 0.091 ... which is a little too »mall. Indeed the value of the 
roots has been stated in 5-12 to be equal to 0.0935324 ... . 


The methods explained here are very helpful if applied in connection 
with Horner's scheme, especially when single roots are required. When 
all the roots are asked for, it is often better to apply Graeffe's method which 
will be explained in 5-3. 


5-25.  Poulain's theorem. 

The number of the real roots of a polynomial with real coefficients 
is interconnected with the corresponding number of a different polynomial 
by a theorem named after Poulain. 


Poulain's theorem. Let h(z) = b, =" + ... +5, =-+ b, be a polynomial 
with real coefficients and real roots only, let b, — 0, 6, — 0, and let f(x) be 
a polynomial with real coefficients, then the number of the different real 
roots of 


g(x) = b, f(x) + b, f'(r) + ..- + ba f" (x) 


is not less than that of f(x), and the corresponding proposition holds, when 
each root has been counted with its own multiplicity. 


This theorem ix a generalisation of the following lemma. 


Lemma. Let a0, then the number of different real roots of af(x) + 
f(x) is not less than the number of different real roots of f(x) , and the corres- 
ponding proposition holds, when each root has been counted with its multi- 
plicity. i 


Proof of the lemma, Let m, be the number of the different real roots 
of f(x), and let m, be the number of its real roots when each root is counted 
with its own multiplicity ; also let »', and m'; denote the corresponding 
numbers for k(r) = af(x) + f(x). The proof will be given in several steps 
At first it will be proved that 

m'zcm,—1 (1) 


and that (2) 


m'. = ma — l, 
then it will be shown : 
. - mm, — l (3) 
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and m', =m, — 1. (4) 
This will prove the lemma. 


(1) Le$e,e€5..., Ca, be the different real roots of f(x) written in ascend- 
ing order, forming m, — 1 consecutive intervals. It will be proved that A(x) 
changes its sign in each of these intervals. The sign of f(x) in anyone of 
these intervals is constant ; suppose (without loss of generality) it to be 
positive in (c,, €). Hence f(x) increases in a sub-interval (c,, €') and de- 
creases in (c^, €;). If r, is the multiplicity of the root e, of f(x), then f'(x) 
bas a root of multiplicity r, — 1 in e,. Since the number of roots of f'(x) 
is finite, one can suppose that f'(r) has no root inside the interval (c,, €"), 
it is therefore positive in the interval and is either positive or zero at ¢,, 
according as r, = lor r, > l1. In the first case, it is obvious that k(x) has 
the same sign as f'(x) in a sub-interval (e,, 4') of (c,, c'), where e, < d' < c, 
and d' is suitably chosen, but even if r, > 1, the quotient af(r) : f'(x) tends 
to 0 if x tends to c,, and therefore k(x) has the same sign as f'(z) in a suitably 
chosen interval (c, d'). Thus A(x) is positive in (c,, d'), and in the same 
manner it is shown that E(x)-is negative in an interval (", c,). Hence k(x) 
changes its sign in (¢,,¢,), and there exists therefore a root of &(x) in this 
interval. Correspondingly for each of the m, — 1 intervals. Hence (1) 
holds, 


(2). If f(x) has a root of multiplicity r, in c, (for ¢ — 1, ..., m,), then f(x) 
has a root of multiplicity r, — 1, and k(x) = af(x) + f'(x) has also a root of 
multiplicity r, — l in e,, where a root of multiplicity 0 means that there is 
no root at that point. By counting the roots of k(x) in ¢,, ..., es, with their 
multiplicity and considering that in every interval (¢,, c,,,) at least one 
root of k(x) is situated, one gets the inequality 
"m 
m^, = x (r(,—1)-r-(m, —1) — Xn—1-m;,— I. 


Hence (2) is proved. 


(3 and 4). f(x) and k(x) are of the same degree, say n. As the number of 
the complex roots is even, m, =n =m’, (mod. 2). "This rules out m', = 
m, — 1; hence (4) holds. Suppose now m', — m, — l1. As k(x) changes 
its sign in each interval (c,, ¢.,), it has exactly one root in each of these 
intervals; this root is of odd multiplicity and A(x) has no other roots. 
Hence &,,..., Cm, ate non-roots of K(r) and therefore simple roots of f(x). 
From these considerations it follows that 


Fh, — T, =n (mod. 2). 





LU 
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But, as the roots of Kk(x) are of odd order, m', == m'. (mod. 2). 
Hence m, — |] 2 m', =n (mod. 2), and this consequence contradicts 
m,==n (mod. 2) Hence the supposition m', — m, — 1 leads to a con- 


tradiction, and therefore (3) holds, As (1), (2), (3), (4) are proved, the 
lemma holds. 


Proof of Poulain's theorem. 


Without any loss of generality suppose that b, = 1. Hence for m — 1. 
g(x) = b, f(x) +- f'(x), and in this case the theorem is reduced to the lemma. 
Let p > 0, and suppose the theorem holds for m — p. We shall prove it 
for m — p-- 1. Ifa isa root of A(z), then a z 0, and A(z) — (= — a) hls), 
where A,(:) has real roots only. 


Let h,(z) = 2° + ... + ¢, = 4+ cy. As the theorem holds for m — p, 
the number of the roots of g,(r) — x e, f'"'(x) is greater than or equal to 
uU 


the number of the roots of f(x). In this formula f'*"(x) means f(r). 
H 
gr) X. ec, f""!""(a). 


If one replaces the powers of = in A(z) — (© — a) h,(s) by the correspond- 
ing derivates of f(x), one gets 


gix) = g',G) -— 65 J, (*). 


From the preceding lemma it follows that the number of the roots of 
g(x) is not smaller than the number of the roots of g,(x), and therefore not 
amaller than the number of the roots of f(x), Hence the theorem holds, 


5-3. Graeffe's Method. 


By Graeffe's method all the roots of a polynomial are calculated simulta- 
neously without any previous separation of them or any other preparatory 
measure, The method leads very quickly to useful results when the roots 
nre different and real — It is often difficult to estimate the error made in neg- 
lecting higher decimals ; thus one should check the results afterwards. 





rs 
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5-31. Real distinct roots, Let b,, b... b, be the roots of the poly. 
nomial a, xr" + a, x*! 4+ .., -L e, and let 


[oy] > [bey > --. >], (1) 
then 
ay E b. b.. E 
— bud + d o 7 — 46 
ee — n 
a, a", a, 
b b b b. b b... b 
1 CU he 3 u "s 74 Bhd. id "n 
Lh ho 3+ A b, T Eu ja h; b, b, E V b, b, ) 
* b, +- 6) 
— + «,) 
a... 
Cas zm Oy. (1 + 64) 
— Cy = ({ n hy : — n T a, — 04-4 
Gp5.| t) ay ( ay a, Lt a, . ) 


* bl sc 

— 5&0 de) ~~. Bal + na) 

If |b, : b,,,| is very great, for í — 1, ..., n, the numbers r, can be 
omitted. In this case, one gets the approximation 


= 6,(1 + £4). 


b, -— — rA, for 4 — 1, ..., n. (2) 
ba 
In general (2) is not a consequence of (1), but for a suitable exponent 
m the quotients b," : 5," become negligible. "Therefore, one has to 
find out a polynomial, whose roots are b,",....b,". The coefficients of 
this polynomial are symmetric functions of b,, ..., b,, hence it is possible 
to calculate them as rational functions of a,, a,, ...,@, with rational co- 
efficients. The calculation for an arbitrary m is tiresome, but it is easy to 
find out a polynomial whose roots are the squares of the roots of f(x), and by 
repeating this construction one gets polynomials with the roots 
BE, $5 9,9 Am s. 
Let a, a^ + a^, ae 4 di dL. T a^, a^, — a," have the roots b,^, “+e ba", 
and let m be chosen so great that 5,,," : bj" may be neglected, then 
bm ~ — 3 holds. 
Lu 
The corresponding holds for the polynomial with the roota 5,?", ..., 
the squares of the corresponding coefficients a',. Hence one has to repeat 


m 
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the construction of polynomials till the caleutation shows that after further 
repetition, the coefficients will be practically the squares of the coefficients 
of the preceding polynomial To get a polynomial whowe roots are the 
squares of the roots of für), calculate 


(— 1» fir) ft — x) = ay(x — 5) oed — bg) ax d- b)... (x + 5) 





= art — B,2) uus (x* — bur) 
= fe) 
The coefficients of f, will be calculated by the following scheme 
(1) a, t, a, Te ffs 
a, — d "; = dn 
(2) a, — a, s — + a,* 
+- 2a, a, — 2n, a, 
+ 24, a, 


As in the first pair of lines corresponding numbers differ only by the sign, 
one uses to write only the signs in the second line. The numbers increase 
very quickly ; therefore it is convenient to omit the last figures, simulta- 
neously denoting the decimals very clearly. For this purpose replace the 
decimal point by an index which is equal to the exponent of the power 
of 10 with which the decimal fraction is to be multiplied. — E gr. 


37456121 for 456131. 107, 


To extract the roots at the end of the calculation, we need logarithms. — It 
i» therefore useless to calculate more decimals than the tables of logarithms 
contain. 


Example. x* — 10r? + 10607 —2 — 0 


(1) | — 10 I'6 —2 
+ 4- " =: 
l — 1*0 —— 8956 ed 

+032 — 04 
HEEL e 
* + + + 
, uss «ao  -1 


0432 —0 0544 
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(4) i — 4182 4*6112 — 16 
175729 271263] — 256 
~ O (MMS? — 00017 
(8) — 1774797 2*12618 — 956 


At the next step the coefficents will be the squares of the preceding co- 
efficients, and in no case the error will have influence on the first 5 figures. 
Therefore stop the procedure, and calculate now the roots by the help of 
logarithims. 


log. of | coeffs. | log. x^ log. | «| || 
ü 7.24204 0.00532 5.0412 
3.24254 2 08 0.26003 1.5221 
0.32700 ] 08004 — 58 0,130508 — I 0.1265 
2.40224 Deb nuo a ie RR 
0.30103 10.0000 
= log 2 


The sign of the roots cannot be determined by Graeffe's method ; one must 
make a special investigation for the sign in every case. In this example 
the coefficients have alternating signs, hence the roots are all positive. 
Verification : form the elementary symmetric functions of the approximate 
roots and compare : 


S, = 10, B, — 15.9908 $4 = 2 
for 10 16 


5-32. Complex roots. If a real polynomial has complex roots, two of 
them are always conjugate, and these have therefore the same absolute 
value, Thus Graeffe's method has to be modified in this case. An 
example will give valuable hints for necessary modifications. 


Example. | 
a* — llz* 4- 202 — 24x +- 2. 
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This polynomial has already been considered in 8 1, and it is known to have 
two real and two complex roots. Apply now the scheme* of Graeffo's method 














! eV 20 ma i 2 
OP EN aue 
(1) 1 — 32) 841 — "10 4 
58  — 598 =+ 416 
4 4 
(2) — 63 317  — 460 4 
i — 3969 100489 — — 211600 16 
+ 634  — 57900 + 9536 
8 
(4) i — 3935 42537 — 209004 16 
i — 1711222 1°80038  —4'*3707 256 
+ $5)  —141525 0 
0 
(8) — 1710371 3'0413 —4'°3707 256 


If the procedure is repeated, the two first and the two last coefficients will 
become the squares of the corresponding coefficients of the line (8), but 
the third coefficient will depend also upon the second and the fourth. We 
cannot expect that further repetition of the procedure will make the third 
coefficient independent of its neighbours, as two roots of the polynomial 
have an equal absolute value. If 4, is greater than the absolute value of 
the complex roots, then 


a’ ik quem dM d SL b,". for a suitable m. 
— —* b, (1 "D" 3 b.m ) v r 


A rough mental calculation shows that 5,* — 60, b,* — 1?2. 


* 
" $t b 


The same consideration for /( *) shows that, if 4" « |b;|*,— ~5" 


holds. Hence the complex roots are only dependent on the 3 middle 
coefficients. In order to get the law of dependence, the considerations 


will now be generalised, 


—"- — — — — — — — 
mU M. c I cA 


- * As the signs in the second line are all +, we omit these lines for abbreviation, 
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Let B and C be two intervals, so that every number of C is very small in 
comparison to the numbers of B, and let 


S(z) = a, z--...-4-G8,4 E+ da 
have two sets of roots : 
b, bs, ... b, whose absolute values belong to B, and 


€,, Cy, ..., €, Whose absolute values belong to C, where r + 5 — n. 


Let y be a number of B, and d a number of C; represent the coefficients 
of fiz) by its roots and approximate these by y and d respectively. As 
d is small in comparison to y, 


a, — (— ly ( L e.» for k=r, and as —(—1)"( P a, 4! d** for mcr. 
Hence 


i mz (. y T... @, + Brey y! T9, a^ 
— a. y +. *- 4T a, = fi). 


Let y be one of the roots b, then f(y) ~ 0. Hence the roots b, can be 
approximated by the roots of f,(x). 


Let r = 1:2, then a, =" + ...+ a, 2 -- a, has the roots 


^ I , J , 
5: me Oia rnm = b., and jo * es 


aga mesi 
the absolute values of 5b, belong to an interval B', the absolute values of e^, 
belong to C', and every number of C' is small in comparison to those of B’, 
Hence the roots b', can be approximated by the roots of a, =" + ... + a,, 
and therefore the roots c, of f(z) can be approximated by the roots of 


a, £*-Fa,, x*! - ... -F d.. 
Thos the polynomial f(x) has to be split into two polynomials, the first 
is defined by the r -- 1 upper terms and leads to the upper class of roots ; 
the second one is defined by the « 4- 1 lower terms and leads to the lower 
class of roots. The two classes may also be divided into sub-classes ete. 
Finally we get classes 


bns «5 Ose ry 5 bus T Y^ — $us =" ee b ry, 


» 





GRAEFFR'S METHOD 235 


each root being small in comparison with the roots of the preceding classes, 
and to each class corresponds a polynomial, which can be cut out from fix). 
The ratio of the absolute value of the roots increases when we replace these 
roots by higher powers of them, therefore we get finally by Graeffe's method 
k polynomials each of them having only roots with the same absolute value. 
In the previous example these polynomials are 


r — PORT, 10371 z* — 3*0413 x + 43707, 4'*3707 x — 256. 
From these polynomials one gets the roota of f(x) : 
8 log |5,| — 7.04286 log [5,|] — 0.88036 [b,] — 7.592 
8 log |b,| = 7.76769 — 16 log [4,] — 0.97096 — 2 |5,| — 0.093532 
16 log [5,| — log 4'*3707 — log 1710371 
= 3.59767 log [4,| — 0.22476 [5.| — 1.6779 
log cos 89 — log 3*9413 — 8 log |5.| — log 2 — log 1710371 — 9.35293 — 10 
So — -- 73'3]' + k360* 
$ = + 9°11'23" + £45”. 


To finish this calculation, one must fix the signs of the real roots and 
determine the integral number &. As the signs of the coefficients are alter- 
nating, there is no negative root. Hence b, — 7.592..., b, — 0.093532... 
These numbers correspond to the results obtained in 5-1 by Horner's method 


and by Lagrange's method. 


As b, + b, + b, +- b, —11,2r cos à —3,315 .... Butas2r—3.356 ..., 
@ must be a very small angle. Hence k = 0. 


b, = 1.6567 + i 0.26803 
b, = 1.6567 — i 0.26803. 


Verification : log b, + log b, -- 2log r — 0.30104 


for log 2 — 0.30103 
b, v b, +h, t b, —= 10.999 
for 11. 


‘The result can be corrected by further calculation. As seen from the 
resulta of 5-1 and from the checking given here, b,, b, and r are very exact. 
The correction is therefore expected to concern mainly the angle e, whose 
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true value may bealittlesmaller. As o itself is a small angle, this correction 
will materially affect sin o. Hence the imaginary parts of b, and b, are 
true up to the second decimal only. 


If a polynomial with roots of equal absolute value has a degree > 2, 
either it has multiple roots, or it has non-conjugate roots with the same 
absolute value. The multiple roots can be removed by ision by the 
h. c. f. of the polynomial and its derivative. —— — o of equal 
absolute value can be cleared away by Horner's scheme, viz., if | x] — [x | 
and z^ is different from x and x, then [x — a] |x’ — a]. 





Hence the real and the complex roots of f(x) can be found out in every 
case by a combination of Graeffe's method and Horner's scheme. The 
results should be verified and it is possible to minimise the error by the 
methods given in 5-1]. 


5-4. Roots of complex polynomials. 
Let o(x) be a polynomial with complex coefficients, 
e(xr)-—x*--a4,2a*!--...4-a,cx4-a, 
e(z) = a* ++ dg, z*'-F ...-- d, r +4, 
(plz) 9 (2)) =f), (x) = fil) eG). otr) = A) Qr) 
¢i(z) ele) = fix) 


then f,(x) and f.(x) are real polynomials, and every root of »(x) is either a 
root of f,(x) or of f.(x) Of two conjugate roots of f.(x), one only is a root 
of e(r), the other one is a root of e(x). Thus by applying Graeffe's method 
to f,(r) and to f.(r), and eventually verifying, it is always possible to find 
out the roots of e(r). 


5-41. Circles enclosing the roots of e(x). As in 5-24, put 


tUm ÓHE[asalb Fo] a,]. 


It will be shown that the roots of c(x) are situated inside a circle of radius 
t about the origin. For this, it is necessary and sufficient to prove that 
| $(x)| is positive for |x|z: t. The proof is nearly the same as in 5-24. 


lal 2 rep? mlpasall]z]tt + +--+ les] le) + lel Z lens att + «+ +00] 3 
hence 0 «|z*|]— [as 2 +... +4] S]¢@)I. 


" 


* 


“ie 
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By the following consideration, it is often possible to find out a smaller cir- 
cular domain with a centre different from the origin such that all the roots 
of $(r) are contained in it. Without loss of generality, one may suppose 
that the coefficients of o(x) are all real (as every root of o(r) is a root of 
fir) f(x). By a suitable transformation, z — x' + a, one obtains a polyno- 
minal f(x') = c(x) with positive coefficients only. To a circular domain 
|x"| = 6, thereeorresponds a circular domain in the r-plane which has the 
centre a and the radius 4. Thus one can apply the following generalisation 


of Kakeya's theorem to find out that the roota of e(r) are situated between 
two concentric circles, 


Theorem. Let the coefficients of f(r) = a, + a, © + ... + ay x* be 
positive and 0 < p «Tt <q, for E — lI, ..., n, then the roots of f(x) 
N 
satisfy the condition 


p <|z|< q. 


Proof. Let Y —49y, f(r)-— g(y)-— xb, y*, then b, — 4* a. Hence 

b... > 5 <1. From Kakeya's theorem it follows therefore for the roots 

that |y| — 1, and |z|< g. The roots of F(z) = a, =" + ... + ay. = + €, 

are reciprocal to the roots of f(x). As tet < ; holds, it follows from 
noh ; 

p 

Hence |x|— | 1| > p for the roots of f(x), and therefore the theorem holds, 


the first part of the proof that the roots of P must satisfy |:| — 


5.42. Interconnection between. the roots of a polynomial and those of its 
derivative. 

Theorem of Gauss. Every convex polygon enclosing all the roots of 
é(xr) contains every root of e'(a). 


Proof. Let y be an arbitrary root of 9’ and fy, ..., B, be the roots 
of &. Without any loss of generality, one may suppose that y is not a 
root of o. Then 


vx) a a I ICE ]90l | =. — 
e(a) > z—Bf' o ety) Y — Bi 
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and therefore 


» J - 
7 — Bi 2) 


4 


— t sae . 
y — 8, }? =(y Bh, 


where every b, is positive. In the complex plane, the numbers Bi — y te. 
present vectors which start from y and lead to By, «6 By Project the 
vectors ^,(8, — y) orthogonally on any straight line of the complex plane ; 
then the sum of those components" must be zero, as the sum of the vec- 
tors themselves is zero. Consider in particular two straight lines g, and g. 
intersecting in y orthogonally. If all the points B, are situated on the same 
side of g,, then the components of B, — y on g, have all the same sign, 
and the same holds for the components of 5,(8, — y) as the numbers 4, are 
positive. This is impossible, as the sum of the components of those vec- 
tors along g; is equal to zero. Hence there exists no line g, passing through 
any root of o'(r) such that the roots B, of (x) lie all on the same side of d. 
Let now P be a convex polygon including all the roots of ». If y is outside 
of P, we can draw through + a straight line g not intersecting P. Hence P, 
and therefore all the roots of ¢, are situated on the same side of g. Hence 
y is not a root of 5ó'. Hence the theorem. 


Let P, be the smallest convex polygon including the roots of 9 (the 
reader may prove that such a polygon exists and is unique.), P, the 
corresponding polygon defined by $', ..., P, the smallest polygon contain- 
ing the roots of $'". The polygons with higher indices are included in the 
preceding ones. o'" degenerates to the point I — oes — x XB,. This 

i 
point is the centre of gravity of the roots of ?, and for the same reason it is 
the centre of gravity of the roots of »’ and of-the roots of each derivate. 


5-5. Interpolation. 


Let 
f. — Bu. ew 


be n + 1 different elements of an arbitrary field K, and let 
Ars rrr Ana 


be n + 1 arbitrary elements of K. Wanted a polynomial f(x) of K(x) so 
that f(8,) = A, for i — 1I, ..., n + 1, and degree f(x) — n. 
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Let f(r) = a, + ...-- ay z*. This polynomial has the proposed pro. 
perties if and only if its coefficients satisfy 


n 
> ary pg. — Ay. 
” 


The determinant of this system of n +- 1 linear equations (sce 3-53) is equal 
to -- Hn (B, — B;) and is 0, as the n + 1 elements f, are supposed to 


be different. Hence the problem has one and only one solution. This 
solution can be calculated by the methods explained in Ch. I, but it is 
easier to get it from special cases, 


5-51. Lagrange’s formula, Let f(x) be the solution if à, 4, — 0, 


Ay = J, then fix) — = Ay file) is the solution for arbitrary A-elements. 
L| 


= gir) : : " —— nest — - 
But f(x) > (6 = B3 g where gir) n (x — B,), satisfies the above 


requirements, So we get Lagrange's formula for inter jon. 
=. Ae 
* 4 E — - X)  -———É—— . 
fe) = 29) c 7B 


5-52. Jnterpolation by successive calculation. By Lagrange's formula 
the problem of interpolation has been solved in the most complete and general 
manner, but the formula is not convenient for practical calculation. It 
is easier to caleulate the coefficients of the product-representation of f(r) 


fix) — v,4-mGG— Bi) +l? — B) (x— B:)2- ... -A). 
Ay — Ay 


B. — B. 
y, successively. When K is the field of the real numbers, it is convenient 
to arrange the calculation in the following manner. 


where y,— J(Bi) =A, v1 = , and one may caleulate the coefficients 


Let f(x) be defined by f,(x) = f(x), and for k= 1, ..., n, 


—6 — a 
f.i) = — ey. 75 : , 


then. = f(a) = vi + ies (4 — Bia) + --- o Yal® — Bnd. (n 
Hence f,(r)- y, Therefore calculate the values 
(5, m) -— fiu) for kx 0,..,», kecmzzn--l 
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by — (k, m) —[(E — 1, m) — (E — 1, K)]: (Bu — BW) 


and (0, m) — A4. We calculate the values column-wise in the following 
scheme 


(0, m) (1, m) (2, m) eae {n, m) 

{k, 1) Aa 

| Ag — Ad 
(. 2) * B, 3 «1 By 

2 Aa Ar {1, 3) — (1, 2] 

{&, 3) A; B. ems, By 2—V 
kn teams, [Ls*-41-( 503). 
eh + 1) A» Bua Bi s1— B3 





The first elements of the different columns of this scheme form the set 
Yor Yo «++» y, Of the coefficients of (1). This scheme is easier for calcula- 
tion than Lagrange's formula. 


5-53. Newton's formula. The calculation can be further simplified 
if the elements 8,, -+» Boa are equidistant, ie. if 


Buss ——B,=A 
A{k, m}=[{k—1, m)—(k—1, E)] : (m—k) 


i 4 * 4 2d 
aL V. Ü a. -— 
zy 
T A TEE * Li 
; "m Us A 


^ Y,. * Ves m» my: v 1 a) ge 
" | (&, J * — — LR 
- d i ms il "Y > AK: ese ; é 
MN. n Ls I- - 
m > RU Red ar a i 


B. 


ar 
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Let A,u = r — B,, then A,(uv — k — 1) = x — f. 
Let F(u) = fix) = f(A, u4- Bi) = Yo T Yi WA, + y, u(u — 1jà; 
uoo y, (ue — 1) ... (« — n — 1)A7, 
and let A f(x) = f(x + 4,) — f(x) = Flu 1) — F(w), then 
A fiz) = A,[y, + 2y, vA, + ... + ny, u(« — 1)... (un — — 2) 4,*"*) 
wiz, (& -+- 1) w(w — 1)... (me — & - 1) — «(« — 1) ... (uw — KE) 
= (K+ 1) u(w — 1)... (wu — k4 1). 
Let A(A f(r)) = A*f(x), -.-, A(A'f(x) = AN! fir), then by repetition of 
this procedure 


A*f(r) —A2[2y, + 2.9y, uM -- ... Enn — D)y,u(u—1) ... («y—n—3)A,* *] 
A*"f(r) 2A2.m-!»** n. 


For abbreviation : 
A'f(LB.) = 
Senn ay! = Ah, — AM, 
furthermore füBi) = ye 
Aj = & y, 
5 = 7. ve Kk : Ye 
A? = A n!vy, (for i — 1,23,...) holds. 


Hence Newton's formula 


fi) -f(8,) 3-31 «3, AF 1). eL AR wu 1) Ls (um). 


The elements A* can be calculated very easily by the following scheme : 


Ay 
A 
A, A 
Ài A? 
ALES 
—— 
Aw 


The degrees of f(x), S fix), ..-. Ae fio) are decreasing, and the last ono is 
a constant ; ; so we can use the above scheme also for extrapolation to got tho 
fix) for every arbitrary integral value of w, that means for every 

A+ kS., where k is an arbitrary integral number. 








CHAPTER VI 
MATRICES 


The problem of solving a system of linear equations leads to the notión 
of matrix (see Chapter 1); moreover it has been shown (see 1-11) that any 
linear transformation of a vectorspace is completely determined by a matrix. 
As the linear transformations are of the greatest importance for many 
branches of mathematics, it has been necessary to develop a theory of 
matrices of which some basic portions will be explained in this chapter. 
The notion of matrix has been generalised, the theory has been extended 
far beyond the modest aims of this book, and is now applicd nearly every- 
where in Mathematics. 


In Chapter I, a matrix has been defined as a rectangular seheme of 
mn numbers ordered in n rows and m columns. It has been shown later 
on (see 2-61) that the results of Chapter I, excluding 1-7, are not affected 
if in place of "numbers", elements of an arbitrary field K are arranged in a 
rectangular scheme to form a matrix. This generalisation will be used here. 
Hf the elements of a matrix A are elements of a field K, then A is said to be 
a matrix over the field K. M A is à matrix over K, it is obviously also a 
matrix over every extension of K. It is sometimes necessary to extend 
the field over which the matrices are supposed to be situated. On the 
other hand it is often necessary to restrict the considerations to matrices 
the elements of which belong to a certain integral domain A in K ; these 
matrices are called matrices over 4. Thus a matrix over A is simultancously 
a matrix over K, whereas not every matrix over K is a matrix over A. 
With a few exceptions, the matrices under consideration in this chapter will 
be square shaped matrices, ie. the number of rows is the sime as the number 
of columns ; thix number is said to be the degree of the matrix. Thus 


a‘, tise Be 
a= (ey) =( uec) (1) 
a", .<. 0", 


is a matrix* of degree n. The notation (1) is very convenient. for general 
investigations. Throughout thi» chapter, the elements of a matrix of 
any degree, denoted by capital letters A,B,C, ..., will be expressed by the 

corresponding small type with upper and lower indices as in (1), unless 
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6-1. Addition and multiplication of matrices of degree n. 


Let K be a field. 0 its zero, and 7 ita unitelement ; let aA be an integral 
domain in K (which may be identical with K), A, B, C, ...- be matrices over 
A of degree n, and let in particular O be the matrix whose elements are all 
equal to zero. Using the notation explained just before, one defines addition 
and subtraction by the following formulas 


A+ B=S8S, when a, + bi, = 5. (1) 
A — B= D, when a', — b, = dy (2) 
for i, b — 1, 


From these definitions follow directly 
A+ B=B-+A commutative law, (3) 
(A + B) + C = A + (B+ C) associative law, (4) 
A+O=0+4A=A, 
and denoting Oo — B= — B, 
A -+ (— B) =A — B. 


Thus addition and subtraction are inverse operations. The matrix —B 
has the elements — &,, and the set of all the matrices over A of degree n 
forms a module of which O is the zero-clement. The elements of this module 
can be multiplied with the elements of 4 by the help of the following de- 
finition 

cA = ((ea',) ). (5) 
Thus to multiply the matrix A with an element c of 4, one has to multiply 
every element of A with c. From (5), the following formulas are imme- 


diate consequences : 
(e P d)À — cA -- dA 


c(A + B) =cA+cB 
OA=0, 1A — A, Z2AzA--A, mA-—A-T...4 A. (7) 
In (7), m denotes an element of the primefield of K which is obtained by 
addition of 7 to itself (see 2-25). All these elements belong to 4 


pigeon ene aco on the other hand, all these elements m belong 
to the primefield of K (no restriction has been made for the characteristic 


of K). Denote by : (8) 


distribulive laws (6) 






* 
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the matrix of degree n, the elements of which are each equal to 0, except the 


common clement of the r^ row and the s" column which is supposed 
to be equal to 7. 


Then 


A -— za, E. (9) 


The representation (9) of a matrix A is unique. The left side of (9) is O 
if and only if the n* elements a, are equal to zero each. Hence the n* 
matrices (8) are independent over 4, and they therefore form a basis. Let 


A be a field (A = K), then the matrices form a vectorspace over K (see 
2-61). Hence 


Theorem 1. The matrices over K of degree n form a vectorspace of 


rank n* over K. The matrices (8) form a basis of that vectorspace. 


The multiplication of matrices of degree n has been defined already 
in 1-(11) 1 by 


AB-—G (10) 


if g, = Za’ b. That the associative law 


— 


(AB)C — A(BC) (11) 


holds for this multiplication, has been proved already in 1-(11)1, (3). 
That the commutative law ia not satisfied by the multiplication (10), is seen 
e.g. from the example of the two matrices 


G D € (s 


which are obviously non-commutative. From (1) and (10) follow easily 
the distributive laws 


A(B + C) = AB + AC 
(A+ B)C = AC + BC. 
Using the notation introduced in 2-16, one gets : 


(12) 


Theorem 2. The matrices over A of degree n form a ring R(A, n). 
The zero-element of A(A, n) is O, its unitelement E is the diagonal- 
matrix (see p.46), with diagonal-elements equal to 7. Ria, n) contains 
aM M D ERAN. 07 the 
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diagonal.elements are equal. By mapping each of these matrices on ite 
diagonal-element, one gets an isomorphism between 4° and the integral 
domain A. The elements of A’ are commutative with every matrix A 
of R(A, n). The multiplication (5) of A with an element c of A can be 
replaced by the multiplication of A with the matrix of 4' which corres ponds 
toc. The matrices of 4’ are sometimes called ‘scalars’, but this notation 
will not be used here, Let A be a matrix of R(5, n), then one can form 
"powers" E — A", A= A!, AA = A7,..., AF A = A*', ... and it follows 
from the associative law that A' A* — A'"* — A* A’ holds. Hence 


E, Aj, A9, ..., A*, ... (3) 


form a system of matrices which are commutative one to another. 


Denote by A and B (with or without indices), matrices of H(A, n), 


and correspondingly c, d elements of A, then dE — D belongs to A’ and 
therefore 


cAdB = cADB 


cDAB — (cd)AB. 
More generally 
Ci A, Sd, H, = x (c, di)A, H, 
Xd, B, EC, A, = X (e, d) B, Ai. 


If therefore each A, is commutative with each B, then Xe, A, and 
€d, B, are also commutative. Hence c, E + c; A +... + 6, A™ and 
d,E+d, A+... +d, A' are commutative. Let now 


f(z) =a, a 3+ ..- + ay, 2 
run over all the polynomials of sfx], then 
fis) =a, E-ra A+ ...+4, A” (14) 


runs over a system of matrices of degree n which form a commutative subring 
Ria, A) of R(A, n). Since R(A, n) haa a basis of n* elements, the elements 
(13) cannot be independent. Hence there exists a polynomial f(x) which 
is different from the zero-polynomial such that 


fA) = O. 


A is therefore a root of a polynomial, but it is not necessarily a root of a 
| which is irreducible in A[x], a8 f,(A) f,(A) = O does pi — 
that or f.(A ia equal to O. Although A(A,A ) is a commutative 
idis E oliviscuet Me it might not be an integral domain, 
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If two fields A, and A. have the same primefield, the rings A(A,. n) 
and (A... n) have the same zero-element. O and the same unitelements E 
When different zero or unitelements are considered simultaneously. (e.g, 
in 6-21), a proper distinction by indices will be made ; otherwise the notations 
O and E will be applied. 


* 


6-11. The group G(K,n). If n > I, the ring R(A, n) cannot be mapped 
isomorphically on A, as A i* an integral domain, and A(5, n) is non- 
commutative. There exists however a non-isomorphie mapping for which 
the multiplication is invariant but the addition is not. The mapping is 


A — det A. (1) 
Indeed it has been shown in 1-(11)3 that 
' det (AB) — det A det B. 


The matrices of rank « n are mapped on 0, whereas the matrices of rank n 
are mapped on the elements = 0 of a. Consider now the casé when A is a 
field K. The matrices of AUK, n) having rank n are mapped on the elements 
— 0 of the field K. These elements of K form a multiplicative abelian group 
(see 2-12), as the product of any two elements — 0 of K is again such an 
element, and the multiplication is commutative, associative and satisfies 
the law of inverse existence. The system G(K,n) of the matrices which are 
mapped on that abelian group has similar properties, only the multiplication 
is not commutative. "lo characterise the nature of that system the follow- 
ing definition will be used. 


Definition. A system G of elements is said to be a group if every 
ordered pair of elements a, b of G can be composed to an element ab of 6 
and the composition satisfies the following conditions; 1. The composi- 
tion is associative. 2. There exists an element e in G (the unitelement) 
such that ace — a — ea holds for every element a of OG. 3. To every 
element a of 6G, there corresponds an (inverse) element a^! of G such 
that aa! — e — a* a holds, 


There cannot exist more than one unitelement in G, for if e and e' are 
unitelements, ce’ must be equal to e and toe’. Moreover there exists only 
one inverse element, because ba = e implies baa = ea^! and therefore 
b — a. Similarly one sces that az — b has, for given a and b, one and only 
one solution namely aat. Correspondingly y= ba! ia the only 
solution of ya = b. - 
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In the particular cases when the composition is commutative, the 
conditions (4m), (5m), (6m) of 2-11 are satisfied ; if one uses the sign of 
addition in place of the sign of multiplication, those three formulas are 
transformed into (4a), (Sa), (6a). An additive commutative group is there- 
fore a module; on the other hand every module is obviously an additive 
commutative group, This justifies the notation “abelian group'' introduced 
in 2-12. The terms “abelian group'" and “commutative group" are of 
course synonymous. Thus the notion of group which has been introduced 
here appears to be a generalisation of the “abelian group" (module) which 
has been very often used in the earlier chapters. A more comprehensive 
study of the fundamental notion of group, is expected to be given in the 
second volume of this book. 


Theorem. ‘The system G(K,n) of the mat rices over the field K of degree n 
and with determinant = 0 is a group, the matrix multiplication being the 
composition. | 


Proof. That the matrix multiplication is associative, and that there 
exists a unitelement, namely E, has already been proved. It suffices there- 
fore to show the existence of an inverse clement, A^ satisfying 


A A"! =E =— A'A, (2) 


but it has been shown already in !-.(101)4& that when A‘, denotes the 
cofactor of a', in A, and 6, — A*; : detA, then B= A" satisfies (2). 
Hence the theorem. 


From (AB) B^ A" = E, it follows that 
B^ A" — (AB). (3) 


Thus to form the inverse of a product, one has to put the inverse values 
of its factors, but in the opposite order, 


6.12. The ring E(3). The operations of addition aud multiplica- 
tion as defined in 6-1, (1) and (10) cannot be applied without restrictions 
to non-square shaped matrices. To apply 6-1, (1), one must suppose that 
the two matrices A and B have the same number of rows, and that they have 
the same number of columns, which may be different. from the number 
of rows. Moreover 6-1,(10) can be applied if and only if the number of the 
rows of A is equal to the number of the columns of B ; both the conditions 

SSS 

*May be omitted at a first reading. 
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cannot hold simultaneously, unless the two matrices are square shaped and 
of the same degree. This difficulty can be overcome to a certain extent 
by a method similar to that applied for the addition and multiplication of 
polynomials (see 2-32). It may be remembered that one is allowed to add 
higher terms with zero-coefficients to a polynomial f(x), or one may omit 
such terms, and that this operation does not alter f(x). Similarly one may 
supplement a matrix by putting some rows composed of zeros below it, and 
similarly extending it to the right side by columns of zeros ; all these matri- 
ces may be considered to be equivalent. In doing so, one replaces the 
investigation of the matrices by that of classes of matrices, which differ 
only by zero-rows (below) and zero-columns (on the right side), An equalit v 
of matrices defined in this manner, obviously satisfies the conditions for 
equivalence 2-12. 


Let now A and B be two matrices over 4 ; by adding zero-rows and 
zero-columns one can extend them to square shaped matrices A’ and B' 
of a sufficiently high degree, say n' and to square shaped matrices A" and 
B* of any degree n" > n'. Let 


A'--B' = 8’, A'B' = G’ 

A BE -—- B AUB = GU Va 
then one gets 5" bv adding n" — n' rows below and the same number of 
columns on the right side to S', and in the same manner one gets G^ from G'*. 
'Thus (1) defines the addition and the multiplication of classes of rectangular 
matrices of any number of rows and columns, the result being independent of 
the choice of the square shaped representatives A’ and B' of the two classes, 
As addition and multiplication defined in this manner satisfy (3), (4), (11) 
and (12) of 6-1, these classes form à ring R(A). This ring is non-commuta- 
tive and does not contain à unitelement, though to every element of the 
ring there exist unities reproducing it (but not every clement of A(A) ) 
by multiplication. Let eg. «, 8 and y be the elements of Z(A) which are 


represented by the matrices 
! 
Cr) 
l 0 1 O 


(€ 
w-— x (üi)es(1iD) 


— — 


respectively. Then Cy m ye = 8, 








KING OF MATHICNS 24" 


It seems to be reasonable to overcome this difficulty by extending every 
finite matrix to an (enumerably) infinite matrix by adding zero-rows and 
zero-columns, and to consider matrices with an (enumerable) infinity of rows 
and columns onlv. "The infinite diagonal-matrix where all the diagonal- 
vleoments are equal to 7 is a unitelement io this «vetem. This procedure 
shows much analogy to the step leading from polynomials to power series, 
and as in the theory of power series, considerations about convergence be- 
come necessary here. Investigations on infinite matrices and the correspond- 
ing vectorspaces however lie beyond the seope of this book. 


6-13. Notations and formulas. A matrix can be subdivided by bori- 
zontal and vertical lines into smaller arrays, and these again can be consi- 
dered as matrices («ub-matrices) and denoted by capital letters. This 
procedure will be applied here to square shaped matrices only, and as a 
matter of convenience, the intersection by horizontal lines is supposed to 
be symmetric to the intersection by vertical lines ; thus the matrices in the 
diagonal are always supposed to he square shaped. 


It is not always convenient to give a particular notation to cach element 
or to each submatrix in the array of a matrix. Portions left empty will 
be considered to be filled with zeros, whereas those portions which are 
marked with asterisks are occupied by elements of any kind (zeros or non- 
zeros). Using these notations, one gets the following formulas immediately 
from the definition of multiplication. 


A, E . . A, B, "v € 
| EP mn "m —— (1) 
* | = 9 Sa 
A, B, A, B, 
A, B, A, B, 
in de - (2) 
TS B. A, B, 
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In these formulas matrices with the same index are supposed to be of the 
same degree (which in particular may be equal to 1). Denote the two ma- 
trices on the left side of (2) by A and B respectively, then 


B,' A, B, 
BAB = ~ (4) 
B.A, B, 


If one interchanges the rows and columns of a matrix, say A, one gets 
the transposed of A, denoted by 


a', ... a", 

AY m Lora ius M. (5) 
Ba s. 8. 
-X gU. 

i) m dM eo (6) 
a .6 50g 


E. <a Xe 
(ay a 0 0 
Q ..O0 


These matrices are very useful for representing n-vectors. For abbrevia- 
tion, (x) is often called a column-vector, and (r)* a row rector. 


Let A and B be matrices over a field K and of degree n, let B be also 
of rank n, then B^! existe, and 


A‘ = B'AB (7) 


is also a matrix over K of degree n. A‘ is said to be the transform of A by 
B and to be similar to A. This will be denoted by 


A’ — A. (8) 


Similarity satisfies the conditions for "equivalence" (see 2-13). Indeed 
A = E'AE — A (law of reflexivity). (7) implies A — BA‘ B", hence 
A— A' (law of symmetry), (7) and A* = C"! A'C together imply 
A' = (BC)! A(BC) — A (law of transitivity). Hence similar matrices _ 
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Let fiz) =a, + ax + ... + ax, and f(A) = O, then O = 
B^! f(A)JB — B^? a, EB + B! a, AB + ... + B! a, A*B — f(B"' AB). 
Hence 


Theorem. Wf A is a root of a polynomial, the matrices similar to A 
are roots of the same polynomial. 


In some respect, the properties of the classes of similar matrices are 
more interesting than the matrices themselves as it will be seen from the 
following pages. 


6-2. Transformation of vectorapaces. 
Let W be a vectorspace of rank n over the field K (see 2-61), and let 
ifs x f. (1) 
be a basis of W. "Then every element of W can be expressed by 
XQ , + ... + X Bes (2) 


where x,,...,r, are elements of K. Thus every element of W can be 
represented by an m-vector (x,,...,r,) as considered in Chapter 1, but 

this representation depends on the choice of the basis (see 2-61). If (1) t 
is selected as the basis, then the vectors r, are represented as unit-m-vectors, - — 
but if a different system of n independent vectors is chosen, then the vectors 

of the new basis are represented by unit-n-veetors. Let e.g. 


Bi. .--. B. (3) 
be another basis of W, where 
B.,-—-EXb,ae, (4) 


then the elements »', belong to K, and they form a matrix B, with 
det B = 0. (5) 


On the other hand (5) implies the independence of the vectors (3) ; hence 
(5) is the necessary and sufficient condition for (3) forming a basis of W. 
Every vector of W can be represented as a linear function of the basis (1) 
as well as of the basis (3). Compare the coefficients of these functions, 


ie. the coordinates of the representing m-vectors. 
ase XeseeXhb <M wm 





* % 


^^ 
* 
b 


1 
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As the veotora r, are independent, for i — 1, ..., n, 
Ti — = b^. M. 
k 


holds. Again every m-vector can be represented by a column-vector* (see 
6-13, (3). Thus the last equation can be replaced by a matrix equation 


(r) = Bly) (6) 
and therefore 
(y) = B" (x). (6) 

From these considerations follows : 
Theorem 1. Let (1) and (3) be two bases of the same vectorspace W, 
and let them be interconnected by (4). If the same vector is represented 


by (r) in the system (1) and by (y) in the system (3), then (r) and (y) nre 
interconnected by (6) and (6). 


In particular when the basis (1) is used, the vector e, is represented 
by the k'" unitvector and 8, by the k'* column of the matrix B, where- 
as when (3) in used, rz, is represented by the k'^ column of B^, and B. 
by the k'" unitvector. 


Consider now a linear transformation A of the vectorspace W. By 
A, the vectors forming the basis (1) are transformed into certain other vectors 
of W, which again can be represented by the basis, say 


f", —0,— = a, Fi (7) 
à 
then an arbitrary vector f£ — X r, r, is transformed into 


6-2 X ak xm e, — =z, tir 
je & 


where ey zal, x. (7) 
This formula can be written as an equation between matrices 
(r' = Alr). (8) 


Hence, using any particular basis (1), a linear transformation of W can be 
expressed by (8). On the other hand, if a matrix A over K is given, (8) 
determines a linear transformation of W (see 1-11), ——— 





——— af Vel: —— 
vectors (r)* and (y)' which are interconnected by (x)* = (y)" Br. " 


c 
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detA 5 0, the vectorspace is mapped on itself, and there existe an inverse 
operation to A which is itself a linear transformation. If det A — 0, then 
W is mapped on a subspace W^ whose rank is equal to rank A. If one uses 
a different basis, say (3), then £ is represented as an n-veetor (y) and £' 
by (y') From (6) and (8) it follows 


(x) = Bly), (x' = Bly’) = A(z) = ABt(y). 
Therefore (y') = B'AB(y). (9) 


Hence 


Theorem 2. WM, under the suppositions of theorem 1, the linear trans- 
formation A of W is expressed by (8) when the vectors are represented by 
the help of the basis (1), then A is expressed by (9) when the same vectors 
are represented by the help of (3). 


Again, let (1) denote any n independent vectors of W, then a linear 
transformation A is uniquely determined by the transformation of vectors 
(1). By comparing the formulas (7) and (7') and putting ay — c*, one 
obtains therefore immediately 


Theorem 3. If by a linear transformation A, a set of n independent 
veetors (1) is transformed. 


" — Xo €, f, 
then the transformation A is represented by the transposed matrix CT 
when (1) is used as the basis. 


If in (9), B runs over all the matrices over K of degree and rank n, then 
(3) runs over all the bases of W, and B'AB over all the matrices similar 
to A (see 6-13). Thus to a linear transformation A there does not corres- 
pond a single matrix A, but the full class of similar matrices. On the other 
hand, a matrix, say A does not correspond to a single linear transformation 
A, as it generates different transformations, according to the different 
bases used for it. Of course the matrix A generates A if the basis (1) is 
used; if however a different basis, say (3) is used, A generates the same 
linear transformation as is generated by the matrix B A B in connec- 
tion with the basis (1). The matrices which represent this transformation 


by the help of all possible bases, are the matrices which are similar to A. 


Thus they form the same class of matrices, as those which represent A. 


"Hence there is a (1, 1)-correspondence between the classes of similar matri- 
cea and classes of linear transformations, but a correspondence between 


2 LI 
u t 7 
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single matrices and transformations needs the distinetion of a particular 
basis. This interconnection shows the importance of the notion of »imi- 
larity of matrices. 


Let A and B be two linear transformations which, by help of basis (1), 
are represented by A and B respectively. Suppose that when £ runs over 
the vectorspace W, 


A: 2 — & B : t£ £n & — 5 


Then one gets linear transformations £ — £, to be denoted by 


BA, (10) 
and (for any pair a, 6 of elements of K) & — a£, + bf, called 
a A 4 b B. (11) 


When the basis (1) is used, (10) is represented by BA, and (11) by aA + bB. 
The linear transformations of W therefore form a ring by using any parti- 
cular basis, this ring is mapped isomorphically to R(K.n). Different bases 
furnish in general different isomorphisms. The unitelement corresponds 
to E, whatever basis may be used, and it is therefore denoted by E. 


6-21. Permutations as linear transformations. Let 


L2 
7 un (1) 
, TW FNE 
be a permutation of n objects as considered in (0.3). Then there exists 


a linear transformation of a vectorspace of rank n over K which interchanges 
the vectors of a particular basis ¢,, ..., ,, correspondingly. 


fy — fa, (2) 
fork — 1,..,n. Then£Ezr,--Xr,te, —X€zr,r, where 


— == Hy, since a, = j. 


Henoe 
(x) = P(x), where (3) 
P —((p,)) and p, — I for i= a, k=1,...,n 
=0 for isa. (4) 
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The matrix P has in every column exactly one element which is equal to J, 
the other elements are equal to 0. In the k** column, the element J stands 
in the row a,. As the numbers a, take every value 1, ..., n. onee and 
only once when k runs over 1, ..., n, there i» in every row exactly one 
element which is equal to J. Let now Q be any matrix of degree n which 
shows in every row and in every column exactly one element 7 the other 
places all being occupied by zero-clements ; if in the k'* column, the element 
1 stands on the place b,, then b,, ..., b, form a permutation of 1, ..., n. 
Hence the permutation £, —— £« of the basis is effected by the linear trans- 
formation (x') = Q(v). Thus the matrices which have in every row and in 
every column one element equal to 7 and all other elements equal to 0 are 
exactly those which effect a permutation of the corresponding basis If 
one computes det P as the sum of n! products of elements taken of n diffe- 
rent rows and n different columns, one finds that only one of these products 


is different from 90. 
: ^u 
det P. + Jip ,-—.-LI. (5) 


Let in particular P represent a transposition (i, k), then p, — p*, — J, 
and pi; = J, for i5 j- k, whereas the other elements are zeros. Tn 
this case, det P = — 1. Consider now 2 permutations of the same basis : 


r-(1) e m-(1) 


and let P and Q be the corresponding matrices, a» above. Perform at 
first "T. and then 7. (see p.4), then one gets the permutation 


k 
We 7l. -( b,. ) which transforms fua — €», 


Let (r^) — Qi’), then x", =). Hence 


(x^) 


i 


QPr) and x^. mz JA. 


Thus the composition of two permutations corresponds to the composition 
of the matrices representing them. The theory of permutations appears 
to be a special ease of the theory of matrices; every even (odd) permutation 
i» composed of an even (odd) number of transpositions ; the determinant 
of a matrix corresponding to a transposition is equal to — 7. Hence a 
permutation is even or odd according as its determinant is equal to + J 


4? 
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or — J. As a corrollary of the preceding considerations, one finds that the 
two products of two matrices of degree n which have in every row and every 


column exactly one element equal to /, the other elements being 0, are 


matrices of the same type. It is easy to see that these n ! matrices form 
a group (see 6-11). 


Again consider the matrix P representing the permutation 7 of the 
basis-vectors ©,,...,%- The same transformation of the vectorspace is 


represented by B 'PHB if the basis 6-2,(3) is used. In general, this matrix 


does not represent a permutation, as the vectors of the new basis will not 
be interchanged by the transformation, but transformed into other vectors ; 
if however the two bases differ by the order of the vectors only, B^?!PB 
represents the permutation of the vectors 


Ch, ELLE (6) 
E.g. one can select B in such a way that the different cycles which consti- 


tute the permutation 7l. form sets of consecutive indices of (6). Let 


bi, ... 5, form a eyele, then x 
B^"PB- m ) where 
: 0 
4 i » | " ' 1 , 
C= ; : is a matrix of degree r. (7) 


M (a OR 2 M. 


(4) (052,5). 
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10001207! 
1001 090 
Hence P= |00020 1] 
10000 
(01000 


To have the cycles formed by consecutive digite, one has to interchange 
Zand 4. Hence put 


1002020. 
00010)| 

B= 00100| =B*. 
91000) 
002020] 


C, 
Then H^ PR — : 
G, 
0 1 0 0 1 
where C, — CQ, - 
! (eo , 100 | 


0120 


Again, consider (8). IfG,'C, G, = H,, then it follows from 6-13,(4) that 


EOORCLUA 


To transform P into a simpler form, it suffices to investigate the transforma - 
tion of the matrices (7) which correspond to a cyclic permutation of the 
vectors &,,..., t,. It is obvious that the vector e, * is trans- 
formed into itself by C. Investigate now whether in the vectorspace ! 
over the field R of the real numbers which has the basis ¢,, --.» ^ there 
are other vectors £ ^ O which are transformed into 4 vector Af, where A 
i» a real number. Let £ = = t4, + ... $3 fr then it follows from (7) that 


A 2, = Z. 


A Zin = 8, fori —1,..,r— 1 





T7 
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Hence Av — 7, As \ is supposed to be real, there are two cases 
|. XV — 4, — Exi]... #,) 
3. r —2m, — £ —s$(e— 4 


"ay. t1 tom): 
If £ -— + £, then le -- + LT thus the arbitrary factor z can be omitted. 
Two cases have to be considered now : 

1 r=2m+1. Basis y, — re, + ...+ v, 


vi = d TE] for i — l, wee 2m. 
Transformation : y,-» y, 
Yi ſor  1,..., 2m — 1 





You — — Y4 — Ys s — You- 
: " . YT. =; Al 

I : 
"dd aes 

-«-( )r- L'z . E 

! Dr : : 

1—2 
ii 2. © = 2m + 2. Basis 5, = % + e, d- coy + Carmen 


5, = f, — ra mu — 
nmn — na CEDE as foriel, ss. m. 


Transformation : —— by 5, — -— 8, 
vice Yea for i = 1. 2m —1 


RY — . A. «- 98 | 
of rank n ove + the f ield — 
nt we" ha " xps 


Hc ocn — — 


+ toye 


— 2 
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& is the number of the odd cycles (which are indeed even permutation !) and 
t the number of the even cycles! Then one can represent A by the matrix 
(7), and by a further transformation one gets a diagonal.aystem of matrices 
where the C's are replaced by H's. From a further transformation which 
interchanges the basis-vectors only, resulta the representation 

[- | 


— — 


| 
| E ne (9) 
L^. 


J L*, | 
where the unit-matrices E, and E, are of the degree of their indices, ¢ = s is 


the number of the even cycles of more than two elements, and +r = t the 
number of the odd cycles of more than one element. 


Consider e.g. a 6-dimensional Euclidean vectorspace in which 5-vec- 


tors are interchanged by the permutation 1 as above. Then this trans- 
formation can be expressed by 
1 
1 
— 
4— 
1— 1 


The reader may give a geometrical interpretation to this result. 


6-3. The characteristic polynomial of a matrix. 


Let A be a linear transformation of a vectorspace of rank n over a 
ficld K. 1t has been shown already in 6-21 for particular cance that some 
veetors may be invariant or may take only a factor A which is an element 
of K. This question will now be investigated systematically. 


U particular basis, the transformation A is expressed by a 
Anu tao d ^ a vector £ —(r,..5*) is transformed into A £, then 
Ag = AE), or, a8 AE — AE €, 


[A — AE} £ = O. u) 
r. 


Vots 
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A vector £ = O with this property exists if and only if the matrix A — A E 
is of rank < n, or 


det (A — A E) — 6. 
Let x be an indeterminate over K, and put 
X4Alx) — det (A — xE), (2) 


then X4 (xr) is a polynomial of K[z], it is said to be the characteristic polyno- 


mial of A, and the equation X4(x) — 0 is called the characteristic equation 
of A. Hence: 


Theorem 1. "The necessary and sufficient condition that a linear trans- 
formation A, expressed by a matrix A, transforms a vector £ = O into A £ 
is that A is a root of the characteristic polynomial X4(x). 


As similar matrices correspond to the same A, it follows already from 
th. 1 that the characteristic polynomials of similar matrices have the same 
roots; it will be shown now that these polynomials are identical, Indeed 

det (A — E) = (det B)'' det (A — xE) detB 
= det [B?(A — rE)B] — det (B! AB — +E). 


Hence 


Theorem 2. Similar matrices have the same characteristic polynomial. 


Thus the characteristic polynomial does not characterise the single matrix 
but a class of similar matrices, though even these classes are not uniquely 


determined by their characteristic polynomials. — E.g. the matrices ( A I ) 


have all the characteristic polynomial (J — x)*, whereas obviously they 
are not all similar to each other as the unit-matrix is not similar to any 
other matrix. It may be remarked that the degree of X4(x) is equal to 
the degree n of A, and that the highest term has the coefficient (— J)". 


Suppose A,,... Ae are different roots of X,(7) and £, +++) &m are 
vectors == O for which A £, = Ay £i holds. Suppose the m vectors are 
dependent, then there exists à subset of them, say £,,..., £, which is de- 


pendent, whereas any r — 1 of these vectors are independent. "There 
exiate therefore one and (up to a common factor) only one equation 
a, 0, +--+ + a,&, =O * (3) 


ii 
TIT 
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between them. Multiply this matrix equation from the left side with A 
then 


@ Ay &i + ...-F a, AL £, = O. (4) 


Since the elements A, are supposed to be all different, it follows from 
(3) and (4) that £,,..., £, are dependent, contrary to the supposition. 
The £'s are therefore independent. Hence 


Theorem 3. If A (£,) = y, £, fori = 1, ..., m and the m roots A, are 
all different, then the corresponding vectors £, are independent. 


6-31. Characteristic polynomials with n different roota. 


Let A be a matrix of degree n over K, and X,(rx) its characteristic 
polynomial. From the fundamental theorem of general algebra (see 2-5) 
it follows that there exists an algebraic extension A of K such that 


Nal) = (— I'(x — 3)... (x — A4 (1) 


Consider now A as a matrix over A, and investigate the transformation 
of the vectorspace V of rank n over A by the class of matrices over A 
which are similar to A and correspond to a linear transformation A. To 
every root A,, there exists at least one vector §; O in V such that 
by the transformation A 


£, -—— ^, £i (2) 


holds. Suppose now that the n roots are all different. Then there exist 
corresponding to the n different roots also n different vectors £, satisfying 
(2) and from 6-3, theorem 3 it follows that these vectors are independent ; 
hence they form a basis of V. Every vector à of V can be represented by 


a= x &. (3) 


and from (2) it follows that a —» X a, A; & holds. Hence the transformation 
A is expressed by the matrix 


Ay 
Le "s ; (4) 
An 
when £,, ..., £, i» used as basis of V, and therefore 
A — L. (5) 
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The formula (2) can also be expressed by L £, — A, £, = A,E£,. Hence 
(L — E) é, — (. 


L — A, E is a linear polynomial in L, and belongs to the commutative 
ring R(^, L) (see 6-1): hence these factors are commutative. Therefore 


Ws —XACE) £0, for jo 1,..., 0: (6) 


From (1) it follows that the product on the left side of (6) is equal to x4(L). 
Hence X,(L) is a matrix which transforms every vector of the basis, and 
therefore every vector of V into O. The rank of X4(L) is therefore zero 
(see 1-5) £e. X4(L) = O. Hence L is a root of X4(xr); thus it follows 
from the theorem at the end of 6-13 that 


Xa(A) = O. (7) 


This formula has been established here under the supposition that the roots 
of X4Gr) are all different, but in 6-32 it will be proved without restriction. 


6-32. Multiple roots of a characteristic polynomial. 


The results of 6-31 must be modified when the characteristic polynomial 
1 0 

has multiple roota. The matrix B -( )* cannot be transformed 
1. 1 


into a diagonal-matrix, as such a diagonal-matrix is bound to have the same 
characteristic polynomial as B, i.e. it must be the unit-matrix which however 
is not similar to any other matrix. Moreover it is easily seen that there 
exists only one l-dimensional subspace which is invariant for B, whereas 
when a matrix of degree 2 has a characteristic polynomial with two different 
roots, two such subspaces exist. The generalisation of the results in 6-31 
which will be proved now is the following : 


Theorem, Let A be a transformation of a vectorspace V of rank n 
over the field A, let A be a matrix expressing A, and 


Xa(z) — (Ay — 2)" ..- Am — x)'», (1) 


where A,, ... Am belong to A, then V is generated by m  vectorspaces 
V,, «+--+ Va with the following properties (for j — 1, ..., m): 
(1). V, is of rank r, and invariant for A. 


(2). Vj, is transformed into O by 
(A — ^ E) (2) 


- 
| 





CHARACTERISTIC FOLYNOMIALS 263 


And every vector with this property belongs to V,. 


(3). If £,..., el, is a basis of Vj, then 


el, rere ri, 


ge ttt mal Veer orn (3) 


is a basis of V, and for this basis, A, is expressed by 
L, 
‘ (4) 


Lan 


where L, is of rank r,, and X,,(r) = (Ay— r):. Moreover x,(4) = O. 


Proof. As >, is a root of x,(r), there exists a vector, sav 8,5 0 
which is transformed into A,B, by A. Choose f, as the first element of 
n basis of V, then it follows from 6-2, theorem 3 that A i« then represented 


by a matrix 
Ay - 
(= , (5) 
A’ 


and A — A,. The corresponding holds for every matrix of any degree 
if A, is a root of its characteristic polynomial, Now 


X(t) = Xa, (4) — (A, — x) det (A' — Ar) — (à. — x) x4'(r). 


Hence 
XA'(r) = (A, — x)" (A, — r)'s ... (Am — x)'v. 


Hf r, > 1, then A, is a root of X, (x). Hence A’ is similar to à. matrix 
of degree n — 1 and of the type (5), say 


A I 
B-! A’ B = ( ) Put B, == ; 
A* B 


from 6-13, (1) it follows that 


A * .* 
B,'! A, B, = A; = A * , 
A" 
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and therefore A — A,, This procedure can be repeated r, times, The, 
result is 


A‘: 


where A’ i« a matrix of degree n — r,. Formula (5) shows that (6) holds 
also when F, = 1. Let 
By --4 By, Yar 7 Yon, (7) 
be the basis of V corresponding to the representation of A by A, íi then 
By, ... BL, generate a vectorspace V, of rank r, and it will be proved to 
(1), A+, transforms f, — A, f, 
Bs Ay By + af, 


STP SSH EHTHSET HERE EHH HEHE HTS SCS ee eee (8) 


Bu ABS, uud eode Be 


Hence Xb, B.-e Xd, By. V, is therefore mapped on itself by A,, and as Aj, 
de the matrix representing A for the basis (7), the vectorspace V, is 
invariant for A. 


va -Xm B-0 
— pen 6 me hs — AB B= 
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for every vector £ of V,, and therefore (A — A, Ey maps V, on 0, 
Suppowe now that there exista in V a vector « which does not belong to 
V, but is mapped on O by a suitable power of A — A, E, say by (A — A, E). 
Consider the sequence of vectors on which » is mapped by (A — A, Er 
fork = 0,...,t. The first of these vectors lies outside V,, the last is O 
and therefore bedongs to V,. Select the last of the vectors not belonging 
to V, and call it B*,-; thus ff, is mapped by A — A,E on à vector 
of V,. Now there existe a basis 8,, .... Ay, Hr Bi ss Bee of V. For 
thin basi», A i» represented by 


^, 
C - - PM 


where 8 is of degree n — r, — I. 


C — A. Hence x,(r) — X;(r), but xor) — (A, — r)^" det (8 — A, E), 
and this contradicts (1). Hence there existe no vector in V outside V, 
which by a suitable power of A — A,E i^ mapped on O. Henoe V, has 
the properties required by (2). In the same manner, one finds subspaces 
Vy... VS of V with the properties (1) and (2). 


(3). To show that V,, ..., V, generate V, and that a basis «*,, ..., 0n 
as required exists, one has to show that 
? £, +... + &, =O (9) 


implies £, = ..- = £4 — O, when £, belongs to V, (for i — 1, ..., m). For 
this purpose, consider the polynomials ¢\(7) — X,(*) > (Ay — xr. The 
h.c. f. of these m polynomials is of degree 0. Hence (see 2-47, theorem 2) 
there exist in A[r] polynomials &,(x), ..., kj, (x) such that 


$10) k,G) +. -. Gr) k(x) — I. 
Henoe 
$6400) E,UA)A- o8 Pel AD k(A)— E. (10) 


Since for ij, ¢,(A) is divisible by (A — A, E)'), there is &,(A) £, — O. 
By (10) with £, from the right side, one gets therefore 
| $4(A) EA) £, — If in particular the vectors £,, . .., £, are those satis: 
fying (9), for every particular j, there ix 
El i O — (A) BA) X& 9A) EA) & = Ee 


' , = 
. 


* 
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Hence (9) implies that £, — ...=— £, — O. Select now in every Vj, a 
basis e),, ..., e, Then the n vectors e',, . ,, are independent and 


since n is the rank of V, they form a basis of V. For the transformation 
A, each of the spaces V, is invariant ; therefore 


cT 


ele ey 6. 4 uu + ar, etry, 
^ 

Therefore, if one selects the basis «*,, ..., *",. to represent the transforma- 

tion A, the matrix must have the form (4). In particular, select 


e*, = £,, . e, EN = B,,; then it follows from (8) that 
ADS 38 


Ly = 


hence Xz, (7) = (A, — ry, but this result is independent of the choice 
of the basis of V,. Similarly x, (2) — (A, — x), for i — 1,....m. As 
e. is transformed into O by (A — A, E), it is also mapped on O 
by x,(A), and this holds for every j. Hence every vector of V is mapped 
on zero by X,(A), and therefore x,(A) — O. Hence the theorem holds. 


6-33. Transformations with characteristic polynomial (A — ry. 


In the preceding article, the results of 6-31 have been generalised in three 
directions. "Firstly it has been shown that to each of the different roots A, 
of the characteristic polynomial, there corresponds an invariant subspace V, 
whose rank is equal to the multiplicity r, of the root; V, is characterised 


by the property that it is mapped on O by (A — y; E)'. Secondly, 
the equation X4(A) = O holds unconditionally. Thirdly, every matrix 
ean be transformed. into a diagonal system of as many matrices as the 
characteristic polynomial has different roots, the degrees of these matrices 
are equal to the multiplicities of the different roots and the characteristic 
polynomials are (A; — x)". Out of these three items only the second 
one seems to be a full generalisation of a result of 6-31 (see however 6-35). 
Consider the first and the third way of generalisation. If r, — 1, then VF, 
is mapped on © by every positive power of A — A, E: in general however 
one knows only, that V is mapped on O by (A — A, Ey for e - r,, but 
it i» not known whether such a mapping can be performed with e < ry. 
Of course it will be shown here that different cases must be distinguished, 
When all the roots of x,(r) are different, A is similar to ^. dingonal-matrix 
of which every element is known ; when the roots are not all different, the 
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preceding resulta show only that A is similar to a matrix consisting of a 
diagonal system of matrices, and of these matrices only the characteristic 
polynomials (A, — x) are known. 


To supplement the results of 6-32, it i» therefore necessary to investi- 
gate the subspaces V, and the matrices L, for which Xu (x) — (A, — x)", 
since when V is transformed by A (using a particular basis), then V, ia 
transformed by L,. If on the other hand, one finds à uniquely determined 
distinguished matrix H, which is similar to L, (for i — 1, ..., m), then A 
is similar to the matrix formed by the m matrices H, written in the diagonal. 
Thus if "canonical" forms for those matrices where the roots of the charae- 
teristic polynomial are all equal are found out, one gets automatically cano- 
nical forms for all the matriees, 


Suppose now that L is a matrix of R(A,r) let 
X,(x) = (A — =)’, (I) 


where A belongs to A. The corresponding vectorspace of rank r over A 
will be denoted by V. If for any vector £ of V 


(L —AE) &=—0O (2) 


holds, then the same equation holds for every exponent k > e. Let e be 
the smallest positive integer for which (2) holds, then e is called the 
exponent of £, 


— 


erp £ — e. (2) 


Since (L — A Ey = (— 1)! X4(L) = O, es r for every vector £. If there 
exists a vector y in V such that 


(L— A E) » = €, (3) 


then the same equation can be satisfied for any non-negative integral ex- 
ponent j < h, as $' =(L—A E)") 5 implies (L — A E) y' —£. Let 
h be the highest non-negative integer for which (3) holds true, then h 
is called the height of £, 


height € = h. (37) 
Obviously, height <r for £ 5 O. Moreover 
erp c£ = exp &, height e E AeigM € (4) 


for every element c of A, but inequality holds in (4) only for c = 0. 


^"-- 
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Let erp £, Sk, height £, = j 
exp £, =k, height £ = j, then for i— 1, 2 


(L—A Ey*¥ & =O (L — A E» (£, + 6) = O 


| and therefore | (5) 


LL, — 4 Ey 9, = £i (L — A E) (7, 4-9) = £,-- £; 


From (4) and (5) follows - 


Lemma 1. The vectors of V with an exponent — k form a vectorspace 
over A say W,; the vectors of V with a height = j form a vectorspace 
over A, say Wi, 


Obviously, Wc W, for g«k 
wc Wi for ij 
VF, = We = PV. 


Consider now any particular transformation, and suppose that r'=r is 
the greatest exponent which occurs, and h' the highest height of vectors 
— O0. Then there exists a particular vector y, such that 


(L — A Ey" 9», = €, 0; 


thus Aeight £,2- r' — 1; hence h' =r’ — 1. Moreover there exists a vector 
£, = O such that 


(L— AE)" », = §, ~ 0; 
thus exp 5, = h' + 1; hence r' => h' + 1. Hence 
h' =r’ — I. (6) 


Let €+O, exrp£ — e, height £ — h, then (L — a E)! £ = O, 
exp(L — A E) £ —1, height (L — AE)! €=—=h+e—1sh' =r’ —1. 
Hence ! 

h' 4- e sr. (7) 


If in particular e — r', then h= 0, and exp (L— A Ey £ —r'— j, 
height (L—A Ep £ —j. Hence every exponent between 1 and r' and 
every height between 0 and r' — 1 actually occur. The above inequalities 
can therefore be replaced by ^ 


WoW foozjcicr. 


(8) 
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Hence 
Nói CH. c. 
Wc? e...dcWNWN = FP, 


il 
<j 


Denote the meet 
Wy, CO Wi = Wi: (9) 


then WLC Wi, for jsi<cr, O= gak. The subspaces W,, Wi, Wi, 
are independent of any selection of a basis. The ranks of these spaces 
are uniquely determined by the transformation L, and it will be shown 
in 6-333 that they suffice to find out a ("canonical") representation of the 
transformation by a matrix of a particular type ; thus these numbers will 
prove to be characteristic for L. To reach that result, the following 
lemma will be used. 


Lemma 2, If 0 — exp &, < ...< exp En, then £j, ..., £a are inde- 
pendent. 

Proof. Let the vectors be dependent, then one can suppose without 
loss of generality, that £,,....£, are independent, whereas £,., = x €, £i. 


Put erp £,,—t--1, then (L—4 EJ £..,250, whereas (L—A E)! X c, &: =O. 
Hence the lemma. 


Exercises: (1). Establish a statement on vectors of different heights, 
analogous to lemma 2. 


(2). Consider the exponent of a vector of V as its "measure" and 
find out the inequalities which hold for the sides of a (degenerate or 
non-degenerate) triangle ; establish the corresponding inequalities when 
the vectors are measured by their heights. 

(3) Investigate whether corresponding inequalities hold for other 
mathematical entities and suitable operations, e.g. the ring of the poly- 
nomials K[r], the ring of the numbers mod. p'*, the system of curves which 
pass through a particular point P and are differentiable in P to every order. 


6.331. The case r' — |. In this case, W, = p. Every vector 35 0 
is of exponent 1 and of height 0. Let f, ..,f, be any basis, then 
(L —A E) 8, — 0; hence LB, =A f,fori-1,..,r. Thus the trans- 
formation i» represented by a diagonal matrix 


ES 
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whatever basis may be used. In Geometry, this transformation is known 
as a sumilarity of the r -dimensional space. 


0.332. The case r' = r. Suppose there is such a case, then there 
exista a vector, say B, of exponent r. Put (L — A Ey* 8, — Ay for 
k = L,...,r, then erp B, — k, and height B, =r — k, but as the sum 
of height and exponent cannot be greater than r (see 6-33 (7)), there is 
height Bí, — r —k. From 6-33, lemma 2 it follows, that the r vectors 


Bi es By (1) 


are independent, and therefore they form a basis of V. Now (L — A EM. 
— B,,, and therefore L 8, — XA 8, + Boa. Thus by L the basis is 
transformed as follows : 


B,— A B, 
Ar. B. — B, + A B, 


- 
EN 249 19  . 3 .-vevw-"»»6$'4»:975?5à609-9o*9^9 


B. — 2 Bes T- A By 


Henee it follows from 6-2, theorem 3 that L can be represented by 


ie ik 
A. s 
H, = V. in ' (2) 
| S 
A 


This formula shows that the case r' = r actually exists, and that for a given 
number r all the transformations under consideration are similar. Thus 
there is one canonical form for the matrices in this case, as there is one cano- 
nical form for r — 1. Similarly by Hy, à matrix of the type (2) with 
the characteristic polynomial Xn) = (A, — zr)" will be denoted. 


Let a =c, Bid 4-6 Be where c, = 0, for i < r — j and for i >k, 
whereas c,., and e, are different from 0. Since exp f, — s, and height B, 
— ¢—s holds for s = 1,...,r, it follows exp « — k, height a — j. 
Hence Bj. B. —" By form a basis of Wi, ; in particular By — B. 
i» a basis of Wit and B,j, ... B, is a basis of W!. These subspaces have 
been defined in 6-33 in an invariant manner, 


a 
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6-333. Characteristic polynomials with a single root : general case. Lot 
F,Z T... ry 0 0, and Xr, — r, then the matrix 


tir, 


(1) 
He, 


is of degree r, and its characteristic polynomial is HU (A — 2x). If per, 
then every r, is equal to 1, and this is the case which was considered al- 
ready in 6-331, but if p — |, it is the case of 6-332. It will be proved that (1) 
is the most general case, fe. that every matrix with characteristic polyno- 
mial (A — x) is similar to one and only one matrix of the type (1). To 
establish this theorem, it is convenient to construct beforehand the inva- 
rant subspaces W?, W,, W', and to investigate their properties when 
a particular transformation L, represented by a matrix of type (1), is given. 
As it has been shown in 6.332, every Hr, can be represented by a basis 


B'j, Bt, ..., 8% Tor i= 1, ..., p (2) 

in such a way that (L— A E) 8*, — a", 
(L — 4 E) BY = O. (3) 
Hence exp B", = k. height un — o— k. (4) 


The r, 4... + % = r vectors B^, form a basis of V. Arrange these 
vectors in the following manner. 
I" row : BY, B's v B'e 
i^ column : 8*,, B*,. ..., B'*, (vertical). 
E.g. let r, =r —D, r,—r,-—r,—23, t,—2, r, =I, then the scheme 
reads ; 
Bus B' B' BY B BN B's 
B*. B^ B*. B*, B*. B. 


B^ Bs B's B'u B". (5) 
B*, B*; 
Bu Bs 


The index of à row shows the exponent, whereas the height is given by 
the number of f's standing in the same column below the considered vector. 
The first k rows form a basis of the subspace W;. 
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This rank W, = number of 6's in the 1* row. 
rank W, — rank W,, = number of A's in the k'* row. 


Hence the shape of the triangular scheme (5) is completely determined by 
the ranks of the spaces W,. It is therefore impossible that a transformation 
is representable by two non-isomorphic matrices of the type (1). Moreover 
if (5) is à basis of V, and the conditions (3) are satisfied, every column of (5) 
is a basis of a subspace V, of rank r, which is mapped on itself by L, the 
transformation of F, being represented by Hr,, and therefore the transfor- 
mation of V by (1). After these remarks it is easy to prove the follow. 
ing theorem. 


Theorem. Wf xv(x) — (A — ry, then L is similar to one and only one 
matrix of the tvpe (1). 


Proof. Yt suffices to prove that there exists a basis (5) which satisfies 
the conditions (3). Let rank W, = p, and r' sr bo the highest exponent 
occuring in FK. Consider the sequence of subspaces Wr-', © ... & W!, 
= W,:; omit in this sequence all those subspaces which are identical with 
preceding ones, so getting 


WL09NNVO..C Ws = Wi (6) 
where r' —l>s >... —— t — l. Construct now a basia 
B',, .... B', of W^, supplement it to a basis 


By. B', of W*, and continue this procedure 
up to it comes out finally as a basis 


(7) 


of Wt, — W, which has the property that to cach W*, there corresponds 
an initial section of (7) which is a basis of W*,. Since the vectors B',, ..., B', 
are of height r' — 1, there exist vectors B° such that, for » = 1, ...,a, 
(L—A Ey^ B'r,- B, Put (L—4 E)™ B', = B*,, and arrange 
these vectors into columns as in (5). The row-index k i» equal to the ex- 
ponent of the vector, and the height is equal to r' — k, which is equal to the 
number of vectors standing in the same column below it. Correspondingly, 
there exist, for v =a + 1, --» b, vectors A* for which (L — A E)" A’, 
— f',; again put (L—A EX" B',—B*,, arrange these vectors in eolumns 
as in (5) and continue this procedure up to the end of (7). The triangular 

| ed in this way. the conditions (3); moreover every 


scheme obtained | 
row-index shows the exponent and the height is equal to the number of B's 
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standing vertically below. It remains to show that all these 8's form a 

basis of V. If any linear equation holds, it can only be an equation be- 

tween vectors of the same exponent, i.¢. between B's of the same row, but 

if X c; fj^, — O, it follows by multiplication from left side with (L — A E)*"' 
j 


that X e, 8', — O. Now the vectors in the first row form a basis of W, 
j 


and are therefore independent. Thus the f’s are independent. To show 
that they generate V, it will be proved by mathematical induction that for 
k—1,...r, the k first rows generate W,. This statement is true for 
k = 1; suppose it to be true for k —q-— 1 and let exp £ — q. For 
£'—(L—AE)£& exp£ —4—1; hence £ = = Mr) Bu. For the same 


coefficients c,, ;, put X ej, ; B'; =; then (L — A E) (£ — ») — O, and 

therefore exp (£ — 9) = 1. Hence £ — * belongs to W,, and therefore 

é—y= Xd BY; thus £ depends on the f's in the q first rows. 
L] 


Hence the theorem. 


6-34. Characteristic polynomials with any number of roots. The theorems 
of 6-32 and 6-33 furnish directly the following general result. 


Main theorem on similarity of matrices. Every matrix A of &(A, n) 
with the characteristic polynomial x4(r) = (A. — 7)" ... (Am — ry» 
is similar to one and only one matrix up to. a permutation at the L, 
(canonical form) 


L, H', 
A— : , where L, — ge (1) 
Eg 'Hi,, 
TE 
and Hi, = Ee _ pe ne See 
Aj 


= 
L, being of degree rj, H!, of order rj, moreover = Firs =r, and 


Fin = Fia = .*-- = La Pj. 


69 Oo. P.—35 
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6-341. Application to the theory of the linear substitutions of a complex 
variable. Consider the complex linear substitutions of the type 


az + B 
w= - ; — > 
— where «8 — 660. 
Introduce homogeneous coordinates w — w, > w,, 2— 2,:2,; then 


Lf 


w, =az, + 8 =, Ww, ¥ =, + 6 fs. 


As a common complex factor of a, B, y, 8 is arbitrary, one can arrange 
that a6 — By = 1 ; now only a common factor + 1 is arbitrary. 


ML 
Let : =A. Xa(r) = x* — «x + I = (A, — *) (A; — 2). 
Y 
Hence A, A; — 1, thus A,— r eit, A, =r ei$, 


Two cases must be distinguished. 


revo Ü 
(1) A, As, normal-form : ! (1) 
QO rei? 

As a factor + 1 and a permutation of A,.4. are arbitrary, choose ] = r, 

05¢< *. 


(2) Av j= Aà4— l], «= +2; as a common factor = + 1 is arbitrary, 
suppose without loss of generality that A, — A, — 1, « = 2. Thus there 
are two normal-forms 


1 0 E si 
C202 
o. a 0 1 
These transformations are largely discussed in the elements of the theory 
of functions. "The classes of transformations with the normal-form (1) 
are said to be loxodromic, they have two fixed points, which for the normal- 
form, are chosen as 0 and «. In the particular case where r — 1, the 
transformations are called elliptic, and if r > 1, ¢ — 0, Ayperbolig. The 
first matrix (2) denotes the identity, the second matrix denotes a parallel- 
displacement, the infinite point of the complex sphere being the only fixed 
and the other transformations of this class are called parabolic trans- 
formations, the only fixpoint being a finite point. 
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6-35. Polynomials of which A is a root, Let fix) be a polynomial of 
A(x), then f(A) is a matrix, and f(A) = O if and only if this matrix maps V 
on ©, that means: if f(A) £ — O for every vector £ of V. If f(z) runs 
over all the polynomials of A(x], the polynomials f(A) form a commutative 
ring R(A, A) (see 6-1); hence f,(A) — O implies f,(A) f(A) — O, and if A 
is a root of f,(z) and f(x), it i» also a root of &, fx) +k, f(x), hence it in a 
root of the highest common factor (f(x), f.(r)). In every matrix-e 

the matrix can be replaced by a similar one (see the theorem of 6-13) ; thus 
one may replace the matrix by the transformation which it represente, or 
conversely, Apply now the notations of (6-33). 


Every vector £ of V can be represented by 
| Cm E oo es (1) 


where £, belongs to VF, Since the vectorspaces V, are invariant for A, 
the transformation A of the vectors £, is represented bv L, Let now 
ri, Ty, «+. P», be the degrees of the matrices H',, ..., H'», respectively, then 


(A — a; E) & = O, fori 1, ...,m, (2) 
but for every t <r, there exist vectors 9, of VF, such that 

(A — X E)! 9,0. (2") 
Put ropes — oes — ... = 0, and 


esr) -7] (x ad Ai^ for k -— l, «+e, 11. (3) 


Since t*, = Fs -* Oxm POT, holds for every i in the sequence 

Oil), vul), ~~ Onle), (4) 
every polynomial is divisible by the following one, except in the case when 
the polynomials (4) are all equal, »,(2) is the polynomial I, Moreover 


xar) = T e. (5) 


Since from (2) and (3) it follows that (A) £, = O for every i, formula (1) 
shows that ¢,(A) £— O for every £ of V. Hence 


" @,(A) = Oo. : (6) 
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Suppose now that F(x) is a polynomial of A[r] and let F(A) — O. Form 
the A. c. f., say 


(F(x), (e — Aus) = E(x) F(x) + (x) (z— A)" 
EN (x x Ai^, 
then (E, (A) F(A) +- (A) (A — A, E)') 1) = (zr — A, E »,. 


The left side is equal to O but from (2") it follows that there exist vectors 7 
in V, such that the right side is different from O when t — r,. Hence 
F(x) is divisible by (x — A,)', and — since it holds for every i — divisible 
by ¢:(z). From this statement and from (6) follows : 


Theorem. F(A) = O, if and only if F(z) is divisible in A[z] by o.(z). 


If the factorisation (5) of x,(x) into factors ¢,(x) (of which in general 
some are reducible, and others are /) is given, the roots A, and the expo- 
nents r', are determined, and these again determine uniquely the cano- 
nical form of the matrix. Hence the right side of (5) characterises uniquely 
the corresponding class of similar matrices (transformations). In the 
particular case, where the roots of x,(x) are all different, x4(x) — (x); 
thus in this case the class of matrices is uniquely determined by the charac- 
teristic polynomial. 


Let KDA, and suppose that x,(x) belongs to K(xr]; then ^«,(x) 
may not belong to K[xz] as it is seen by the example 


A= — 2 l 

— 2 

That however ,(z) belongs to K{x] when A is a matrix over K, will be 
shown in 6-44, 


6-4. Elementary divisors. 


In 6-2 and 6-3 matrices over a field have been investigated. This section 
deals with matrices over a Euclidean domain A; thus the theory to be 
developed here can be applied e.g. to matrices whose elements are integral 
numbers as well as to the case when the elements are polynomials in x over 
a field. The difference between matrices over a field K and matrices over A 
appears from the following comparison. 
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If A runs over all the matrices of R(K,n), and £ 4— O isa vector of a 
veetorspace V over K, then A£ runs over all the vectors of V; moreover 
if B is a particular matrix of A(K,n), then it maps V either on itself (namely 
if det B— 0) or on a subspace of a lower rank. On the other hand, let A 
be a Euclidean domain which is nof a field, and Ac K. If A runs over 
Ria, n), then A £ runs over the vectors of a modul M of rank n over A 
but M is not a vectorspace ; moreover a matrix B of R(^, n) may map M 
on a submodul which is of the same rank n but not identical with M. 


This comparison suffices to show that the transformations to be consi- 
dered now are of a quite different character to those treated earlier. Corres- 
pondingly a different equivalence of matrices will be used here. On place 
of classes of similar matrices, classes of congruent matrices will be investt- 
gated; it must however be emphasised that—unlike in Geometry—con- 
gruence is not a special case of similarity. It ia better not to think of the 
geometrical significance of these two words when using them for matrices. 
Congruence of matrices can be defined either by the help of operations on 
rows and columns, or by matrix multiplication ; both definitions lead to 


the same result, At first the operations on rows and columns will be used. 
(See 1-4 and 2-44). 


6-41. Congruent matrices. Let A be a matrix of the ring R(^, n), 
and let @,, ..., a, be its column-vectors. If c is an element of A and ik 
then the transformation 


e, 7 6 my 7T 8, (1) 


is called a column-addition, whereas a, — c a, is a column-multiplication 
with c; correspondingly the terms row-addilion and row-multiplication 
are used. These definitions tally to a certain extent with those of 1-4. 
In Chapter I, c was supposed to be a number ; in (2-61) the generalisation 
from “number” to “element of a field K" was performed, but here, c is 
bound to be an element of a Euclidean domain A. If A is transformed 
into A' by a row-(or a column) addition, then A' is transformed into A by a 
transformation of the same type, ¢ being replaced by —c. If however the 
transformation A -> A‘ is done by row-(columm) multiplication, the inverse 
operation is the division of à row (column) by an element c of A, and this 
operation is a row-(column) multiplication if and only if c is a unity of A. 
A transformation which is composed of zero or more row-additions, column- 
additions, row-multiplications with unities and column-multiplications 
with unities, i» called a congruence. Thus if A is transformed by a con- 
 gruence into A’, the inverse transformation ia also a congruence ; 5e. con- 
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gruence satisfies the law of «ymmetry. That congruence satisfies also the 
laws of reflexivity and transitivity is obvious. Hence econgruenee is an 
equivalence, and one can form classea of congruent matrices in Ria, n). 
The congruence of two matrices A and A' is denoted by 

, Aw A’. (2) 


— 


To find out the invariants for classes of congruent matrices, it suffices 
to determine those properties of a matrix which are invariant for row-(and 
column) addition as well as for row-(and column) multiplications with unities, 
The eolumn-addition (1) transforms 


a, » al, oa ca, for j = 1, * c My, 


whereas the other elements of A remain unaltered. If therefore d is a common 
factor of all the elements of A, then it is also à common factor of the elements 
of the transformed matrix A’; the corresponding holds for row-addition 
and for row-and column -multiplication. Hence if A’ is congruent to A, 
every element of A’ is divisible by the A.c.f., say 8, of the elements of A 
but as in this case A is also congruent to A’, the matrices have the same 
h.c.f. (which is determined up to a unity factor only). 


This consideration can be generalised to the A. e. f., say of the 
minors of degree q. Indeed, the elements of A are the minors of degree 1. 
Let M be a matrix formed by q rows and q columus of A. If the i'^ 
column does not contain any element of M, then M is not altered by 
the column-addition (1); if both the i'^ and the k'* columns have elements 
in common with M, then M is altered but det M is unchanged ; if the 
i'* column, but not the k'* column has elements in common with M, and M' 
is the matrix obtained from M by replacing the i'* column by the k'" column, 
then detM is transformed into detM +c detM'. Thus a common factor 
of the values detM, when detM runs over all the minors of degree q, remains 
a common factor of them after any column-addition ; the corresponding 
invariance holds for row-additions. By row-(column) multiplication, the 
minors take a unitfactor only. Hence, if A — A', the highest common 
factor 8, of the minors of degree q of A is a common factor of the minora 
of degree q of A’, but since also the converse holds, 5, (which is determined 
up-to a unity-factor only) remains invariant. This holds for q — 1, ...,n 
and 8, — detA. 


Let b,, ..., b, be the elements of any row of M, and 7,,..., B, their 
cofactors. Since 
: detM — b, B, + ...+ b, B, 
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holds, and the 4» are divisible by 5,,, so detM in divisible by 5,,. 
This holds for every minor detM of degree q; hence 5, is divisible by 5, ,. 
The elementa 


$,, $., "228 5, (1) 


are called the determinant divisors of A. Using this notation, the resulta 
obtained here read as follows : 


Theorem. Congruent matrices have the same system (3) of determinant 
divisors. For i — k, 5, is a factor of 3,. 


This theorem applies also to the case when the Euclidean domain is 
a field, but then every element is either a unity or zero. Whithout loss of 
generality, one can assume that the determinant divisors are ] or 0; if 
any one of the elements of the sequence (3) is 0, then the following elementa 
are also equal to 0. The number of the elements equal to 1, is equal to 
rank (A) Thus the sequence (3) appears to be à generalisation of the 
notion of rank. 


6-42. “Sweep out" for matrices of Ri(A, n). The determination of 
the determinant divisors is much simplified when the matrix is à. diagonal- 
matrix. It has been shown in (1-4) how a matrix can be transformed by 
row-additions and permutations of columns into a diagonal-matrix, but 
in those investigations, the matrices were supposed to be matrices over a 
field, and the division by a matrix-element is indeed an important step 
when a matrix of that kind is swept out. To be applied to matrices of 
H(A, n), the method has to be modified ; the operation of division will be 
replaced by the algorithmus of the A. c. f., on the other hand one is allowed 
to make full use of the addition of columns. Whereas the considerations 
of 6-41 hold for every integral domain with unique factorisation, it is essen- 
tial for the present section that 4 is a Euclidean domain. 


Suppose a*, — a is the h. c. f. of the elements of the k** row of a matrix 
A, say a*, = a a, for i= 2, ..., n, then one can "sweep out" the row by 
the n — 1 column-additions e, — «, — à, «, ; thereafter the k'* row will 
be (a, 0,...,0). If a*, is not the A. c. f. of the k row, but a*, — « is, 
then a*, = ala’ + 1); by e, -— e, — à a, the element a is brought to the 
first place in the row, and one can sweep out the row. The corresponding 
holds for columns. Thus if any element a^, of the matrix is equal to the 
invariant highest common factor 3,, one can sweep out successively the 
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p* row, the first column, and then the first row without changing the first 
column. Thus the matrix is tranformed by row-and column-additions into 


Dl 


Suppose now that no element of A is equal to $,, (up to a unity factor). 
Since A is a Euclidean domain, a norm-function (see 2-4) for every 
element exists, and from the supposition follows that .N(a^,) > N(5,). Let 
a, =a be an element of the matrix with the smallest occuring norm ; 
it will be shown now that one can arrange by row-and column-additions 
that an element with a norm < Ní(a) appears. Suppose that a is not 
the 4A.c.f. of the i'^ row, say a', is not divisible by «a, then there exists 
an element 


b = a’, — ed, (2) 


such that V(b) < N(a) The cohimn-addition a, —— «e, — ca, transforma 
a’, into b ; correspondingly if there is an element in the k'* column which 
is non-divisible by a. 1f however every element of the i'" row is divisible 
by «, then sweep out the row ; if thereafter in the first column there is an 


element which is non-divisible by a, one can apply the method given just * 


before to replace this element by another with a norm < N(a) If the 
elements of the first column are all divisible by a, then there must be else- 
where such an clement, since a is not an A. c. f. ; let a^, be such an element 
then 4&5-i, vw 41; now a, -» a, + a, leaves a', — a unchanged and 
transforms a“, —» a^, + a", which is not divisible by « (since the first 
term is divisible and the second is not). "Thus it is always possible to bring 
the element a in the same row or column with an element non-divisible by a 
and then to replace the latter one by an element b for which N(6) < N(a). 
This method can be repeated untill (after at most N(a) — N(5,) steps) 
an element appears the norm of which is N(5,), and which is therefore an 
h.c.f. of the elements of A. By sweeping out, one gets hereafter A trans- 
formed into (1). Hence 


Lemma. Every matrix A of AR(A4,n) can be transformed by row-and 
column-additions into 
( = ) a’) 
A’ 


where r, = 4;- 
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Now A' ean be transformed correspondingly by row and column-additiona 
amongst the 2** to n'* rows (columns). By these operations the first row 
and the first column are unaltered. ‘Thus one gets 


F, 
A~ es 
A" 


where e, is divisible by r,, and on the other hand e, is an A. c. f. of the 
elements of A’. Thus after n steps one gets 


|^ 


Aa vs (2) 
| 


where e,,, is divisible by r,. 


Theorem. | Every matrix A is congruent to a diagonal-matrix (2) where 
£,, is divisible by e,, for i= lI, ..., ^ — 1], and the congruence can be 
generated by row and column-additions, The elements e, are uniquely 
determined up to unity factors, and 


Ó, = £, eat Fas for q — Il, » «5» TL (3) 


Proof. The first statement of the theorem has been proved already. 
The minors of any degree q of A are either equal to 0 or equal to producta 
of diagonal elements + rj, ... fas, where the t's are non-negative. Now 
tise, ds divisible by ej. Henee each of these determinants is divisible 
by rz, ... r,, and since the minor which is situated in the left upper corner 
is equal to that product, formula (3) holds. A unity factor remains 
arbitrary for each 5, ; from (3) follows that : 


Fa = 5,, ; Sys. (3°) 


Thus the e's are determined up to a unity factor. This factor can be 
chosen arbitrarily, because «a multiplication of the rows of (2) with unity 


elements is a congruence, Hence the theorem, 

The elements ¢,,...,%» are called the elementary divisors* of A, 
and (2) is the canonical form of A. 

'* The notation js not uniform ; somo authors give this name to tho factors v, : e, 
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Corollary. Tf in a diagonal-matrix D of R(A, n), every element ia 
divisible by the preceding one, then D is a canonical form. 


This corollary follows immediately from the uniqueness stated in the 
theorem. 


Let a, B, ..., ^» be m clements of A which are relatively prime to one 
another; then the following matrices have the same elementary divisors 
as the canonical forms given below them : 


<UL en oct Bl ains E 
EC Cf od PS 


The alteration leading from the upper to the lower line can therefore be 
performed by row-(column-) addition and multiplication with a unity. "This 
shows that by these operations a matrix of degree r 


E | 
IDE | 1 


A, = | ] - | ean be transformed into — 


which is a canonical form. Moreover 


a 


"n 
Ar, A T3 


A^, LETT '» — 


n 


rg A "y 
and from the last pair in (4) it follows that when r, > r, > ... > fp, 


— — — — — 
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which again is a canonical form; Xr, — r is equal to the degree of the 

matrix. Form now such matrices for the m different elements a, By <i et 

and put them together to a matrix of degree X ri — n, where ri — = ri,, 
‘ 


for j — 1, ..., m and r!, ?» rl, > ... > rl». 


One can replace the matrices in the diagonal by their canonical forms, and 
then use the second pair of matrices in (4), then one gets 


9n 
A* = Z , where 
9. 


"T — Bra Ada pr and ri; — 0 if i> p,. Again, this form is a canoni- 
cal form, "This example is important for 6-44. 


0.43. Congruence by matrix multiplication. It has been shown in 
1-(11)12 that row and column-additions can be performed by multiplication 
with certain elementary matrices E,.(A), where det E,,(A)-— Il, and 
similarly row and column-multiplications, by multiplication with diagonal- 
matrices composed-of the multipliers; the multiplication with unities 
is therefore made by diagonal-matrices of unities. The determinants of these 
matrices are unities, and the same holds therefore for their producta. 
Hence A — B implies B — U,AU,, where detU,, and detU, are unitics. 
It will be shown now that this condition for congruence is also sufficient. 
Since A can be transformed by row and eolumn-additions into a diagonal- 


matrix, A — 7| .D 715, where 7l. and 7l. are products of elementary 

matrices, and D is the canonical form of A. Since det 7/ ,— det 7] , = 1, 

wo i» detA = detD = 7f «. In the particular case when A = U, where 
1 


detU isa unity, Z[ «, is a unity and therefore each elementary divisor r, 
i> : B 
" | 


— 
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is a unity. Hence U is à product of elementary matrices and a 
diagonal-matrix of unities. Let now detU, and detU, be unitics and 
B—U, A U, then B is generated by multiplying A from both sides 
with elementary matrices and diagonal-matrices of unities ; hence one can 
obtain B by performing row and column-additions and row and column- 
multiplications with unities. Thus A and B are congruent, and the follow. 
ing theorem holds. 


Theorem. A — B, if and only if 
B = U,A U., (1) 
where the determinants of U, and U, are unities. 


If detU — u is a unity, then there exists in R(A, n) a matrix U"! 
and det (U-') = u?; thus U,' BU, =A is an equation of the same 
type as (1). 


0-44. The ring R(K(x], n). The ring of polynomials K[x] over the 
field K is a Euclidean domain ; its unities are the polynomials of degree 0, 
that is the elements of K which are different from @ (see 2-47), Thus 
one can apply the theory of the elementary divisors to the matrices over 
K{z], and the theorems of 6-42 and 6-43 furnish immediately : 


Theorem 1, Every matrix B of R(K{x] n,) can be represented by 
fy | 


| | . | B,, (1) 


| fs 





B=kB, 





> * ?, uw 
u 


where the determinants of B, and B, are elements = 0 of K, and the 
elementary divisors e, , ..., «s are polynomials of K[r], each being a factor 
of the following polynomials. The elementary divisors are uniquely deter- 
mined up to factors which are elements + 0 of K and which can be chosen 
arbitrarily. The products rz, ... e, — 5, are the determinant divisors. 


Let A be an extension of K ; then every matrix B over K[x] is also 
a matrix over A[r], and it admits also a representation by elementary 
divisors, Every c.f. of polynomials of K[x] i» also an A.c.f. of the same 
polynomials in A[r], but for the A.c.f. in A[x] the arbitrary factor is an 
element 54-0 of A, whereas in K[x], only a factor 4 0 of K is Arbitrary. 
Hence the determinant divisors 5,, ..., 8, are the same in both the cases, - 
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up to a factor out of A which is arbitrary. If one multiplies & polynomial 
of K[r] with an element of A which does not belong to K, then all the co- 
efficients =~ 0 of the products are elements of A not belonging to K. Hence 
if 5, is a determinant divisor of B which has been obtained by considering B 
as a matrix over A[r], and if one of the coefficients =< 0 of 5, belongs 
to K, then 6, is a polynomial of K[r], and therefore 5, is alas the q'* 
determinant divisor when B is considered as a matrix over K[x] The 


same holds for the elementary divisors, as these are quotients of determi- 
nant divisors. Henwe : 


Theorem 2. 


Let B be a matrix of AH(Kiíz] n) and ADK. If in 
R(A[x], n), 


Cu 


where z,,...,*, are polynomials in A[r], with coefficients of the highest 


terms — 7, and e, is a factor of e, in A[z] for i — k, then e,,...,f, are 
polynomials in K[r] and are the elementary divisors of B in A(K[r], n). 
" 
This theorem will be applied now to 
B—A-—rE, (2) 


where A is a matrix over K. As in 6-33, denote by A an extension of K 
which contains all the roots of 


Xa(r) = (A, — x)" (A; — 2) ... (Aa — x)'m. Now * 
L, 
À m C3 m C, (3) 
Le 
where C is a matrix over A, and L,, ..., bm have the same significance 
as in 6-33, (8). Then 


| L, — xE, | 
A — zE — C7? . C, 


— 
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where E, is the unit-matrix of degree rj Since C is a matrix over A, 
it is a unity matrix of Z(A[x], n). In this ring, therefore 


L, — zE, 
A — rE ~ — 
—— 

Put A,— r— a, 34.—r—508,...,A4 —r-— p, then these m elementa 


of A[xr] are relatively prime to one another. One can therefore use the nota- 
tions introduced at the end of 6-42, and one obtains the result 


Pa 
A—zE ~ A" = E (4) 


1 T Q0 
where o, = a! Pim til). 
$,(xr) has the same meaning here as in (6-35,13). The polynomials $,(x) 
are therefore the elementary divisors of A — rE; the coefficients of the 
highest terms are + 7. Hence: 


Theorem 3. If A is a matrix over K, then the polynomials ) of 
6-35,(3) are the elementary divisors of A — zE and are polynomials over K. 


This theorem supplements the considerations of 6-33, 6-34 and 6-35. 
The canonical form A (see 6-34) determines uniquely the representation of 
the characteristic polynomial x4(r) as a product of polynomials ¢,(x) 
(see 6-35,(3), (4) and (5)). These polynomials have been introduced as 
polynomials in A[r], where A is an extension of K admitting the complete 
reduction of x,(r) Now it has been shown that the polynomials belong 
to K{x]. On the other hand, the degrees r', of the submatrices H', of 
the canonical form of A are equal to the multiplicities of the roots of the 
polynomials (2). Thus the elementary divisors of A — rE determine 
uniquely the canonical form of A up to an isomorphism of the field 4 over K. 


6-45*. The ring R(J, n). The integral numbers form a Euclidean 


domain J; its unities are + 1 and — 1, From 6-43 it follows therefore 
that every matrix C with integral clements can be written in the form 


LL — — — — 
* Can be omitted at the I*t reading - 


| 
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where detE, — -t- 1, det E, = + 1, and D i» a canonical form of C. Let 
D' and D" be diagonal-matrices with diagonal-elementa + 1 only, then 
D'"* = D'* = E. In particular one can easily choose these matrices in such 
a manner that detE, D' — detD^E, — 1, and that the elements of D'DD^ 
are either all positive, or the first is negative and the ethers are positive. 
Since C = E,D', D'DD', D'E,, there is no loss of generality in supposing 
that in (1), 


t, 


detE, = detE, —1, D— e ; (2) 


ML. 


where for i = 1,2, ..., n, «, = 0, « is divisible by e,,. Put E, E, — E', 
then 


C—E,;!CE,-— DE’, detE’ =—1. (3) 


Applying the transformations corresponding to the matrices of R(J, n) to 
any given vector £ of an n-dimensional Euclidean vectorspace, one obtains a 
modul 


a, £4 + .«. + 0, £n (4) 


where @,, ...,4@, run over all the integral numbers, The endpoints of these 
vectors form an n-dimensional lattice L. Every matrix C of R(J, n) maps L 
on itself, but the mapping is not a (1, 1)-representation unless detC — = I. 
Similar matrices represent the same transformation for different bases, 
Hence by (3), every lincar transformation of a lattice can be composed 
of a transformation E' of the lattice into itself and a transformation D. 
To every basis of a sublattice S there corresponds a particular "mesh" which 
is "spun out" by the vectors of the basis; 5S is generated by parallel dis- 
placements of the mesh. On the other hand to every mesh there corres. 
ponds a sublattice S, and there exist linear transformations such that S is 
the image of L. By E', the mesh spun out by the original basis of L is 
transformed into another mesh corresponding to L and by D this mesh 
is transformed into a mesh corresponding to the lattice 5 which is the image 
of L for the transformation C. Hence the theory of elementary divisors 
shows that if S is any sublattice of L, then there exist meshes M, and M, 

to S and L respectively, and one gets M. by multiplying the 
edges of M, with e, ... 0 respectively. Since these numbers are ele- 
mentary divisors, cach of them is a factor of the following ones. 
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6-5. Matrices and forms. 


A column-vector (x), when multiplied from the left side with an arbitrary 
matrix, is transformed again into a column-vector A(x) — (xr) Similarly 
a row-veetor (r)" is transformed into a row-vector by multiplication from 
the right side. Thus « product of matrices 


(r)' Aly) (1) 


is a matrix of which every clement is necessarily equal to zero except the 
first element in the first row, and this can easily be stated to be equal to 


fix, y) — Xa x, y. (2) 


Every bilinear form in x and y can*be written in the form (2). Hence one 
can apply the theory of matrices to bilinear forms. — E g. the transformation 
of the bilinear forms can easily be expressed by matrices. Suppose 
(x) = Bw), (y) — Cle), then (x)* — (w)* (B)*, and (x)* A(y) = (v)* BY AC(v). 
Put 


G — B* AC, (3) 
then 


Six, y) =a go, My v, (4) 


Let in particular, (x) and (y) be the expressions for two vectors of a 
veetorspace when a particular basis is used, and let (wu) and (v) be the same 
vectors expressed by a different basis, then B — C, and therefore 


G — B' AB. (3*) 


This case is of particular interest ; for instance it occurs when (xr) — (y). 
Thus the linear transformation of a quadratic form 


fir, x) — X a a X, > g", wu, w, — GH, w) (5) 


can be obtained by the help of (3°). The vectors (r) and (y) can also be 
interconnected in a different manner. — E.g. the two vectors can be supposed 
to be conjugate (see 6-51), or it can be postulated that when the (x) vector 
da transformed, the (y) vectors are transformed in such a way that a certain 
bilinear form remains invariant. 


6-51. Unitary matrices. 

From 6-5,(3) it appears already, that the theory of similarity of matri- 
ces (see 6-3 and sub-sections) ean be applied to the transformation of a 
quadratic form, when B* = B'. Matrices with this property therefore 
promise to be particularly interesting. It is however preferable to une 
here a slight generalisation. ~ 
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Consider two fields K and A; as in 2.742 and in 3-33, it is supposed 
that (A : K] = 2 and that therefore A consiste of pairs of conjugate 
clements. For these pairs, the same suppowitions are made here, as in 3-33, 
and therefore the theorems established there can be applied here. It is 
convenient to introduce the notation M for a field 


cither M = K, 
(t) 
or = A 
to avoid repetition of the same considerations, Ii M — K, conjugate 
elements are equal, # — a, and @a — a^; if M — A, a distinction be- 
tween conjugate elements must be made. The most important case for 
applications is, when A is the field of the complex numbers and K the field 
of the real numbers. The conditions of 3-33 are obviously satisfied for 
this pair of fields. 


Let (a) — A, then denote 
(@) = & (2) 
Since the interchange of conjugate elements is an automorphism (in the 
case when M — K, it is even the identity), for every polynomial f(z) of M[x], 
, f(À) = f(A). (3) 


In particular À* = A^. Moreover the conjugate matrix to the trans- 
posed is the transposed of the conjugate, and detA = detA. Denote 
AT — AT = A’. (4) 


Obviously (AT) = (A) = (A'y = A, and from (4) it follows that 
(AT): — (A'*, and (A) = A*. The elements of A^ are A‘, : detA, 
and since detA" — detA, and the elements of (A7) are A,*: detA. Hence 
(At)! = (A*!)* and — taking the conjugate — (A*)" = (AJ. All these 
statements are comprehended in the following lemma. 


Lemma. The symbols T,--, —, — | as exponents of a matrix are 
commutative. 
Apply these symbols to a product of two matrices, and record : 
AB = AB (5) 


(AB)* = B* At, (AB)* = B^ A'', (AB) = Dn ae, 
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Definition. U is suid to be a unitary matrix over M if 

U* = U"*, (6) 

Let U, U,, U, be unitary matrices of degree n over M. Then U^! and 
U, U; are unitary ; indeed (U-)* = U** = U = (U7)!, and (U, U,)* = 
vy Us —U,!'U,—(U,U,;. In particular, the matrix E = E* = E-1 
is à unitary matrix. (This shows that unitary matrices really exist). 
Hence the unitary matrices of degree n over M form a system 


G.(n, M) (7) 
with the following properties : 


1. There exists an associative composition of the matrices, such that if U, 
and U; belong to (7), then also U, U, belongs to it. 

2. G,(n, M) contains a unit-element E, such that UE — EU = U holds 
for every element U of it, 


3. To every U of G,(n, M), there corresponds an inverse element U^! in 
G,(n, M) satisfying U U** =U! U = E. 


Apply the notation already introduced in 6-1f, and express these 
statements by : 

Theorem 1. The matrices of G,(n, M) form a group. (The group 
of the unitary matrices of degree n over M). 


From the lemma and (6) it follows*immediately that when U belongs 
to G,(n, M), then, besides U^*, also U, U* and U* belong to it. Moreover 
the “norm” 


detU (detU) — 4 (8) 


for every unitary matrix, since detU = detU = detU* = det(U-!) = 
(detU)-*. 
Express (6) in terms of elements &',. Put U U* — €. Then 


——— 
and since (6) means that C = E, ono gets 
Zul wy =O fori;-k (6^) 
=J fori—k 
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as a system of equations which is equivalent to (6), Since U* is also unitary, 
ul, ut — 0 forisck (6^) 

- J fori — k. 


On the other hand, if UT is unitary, then U is. Hence (6^) implies (6°), 
Hence (6), (6') and (6") are equivalent systems of necessary and sufficient 
conditions for the unitariness of U. A fourth form for these conditions is 


u n um U*,: det. (6"*) 


It has already been mentioned that E is a unitary matrix, but it has 
not yet been proved that there exist unitary matrices which are not unit 
matrices, As a matter of fact, one can choose the first row of a unitary matrix 
nearly arbitrarily. It has been proved already in 3-33,th.2 that given any 
system w,, ..-, 0) 5 0, ..., 0 of elements of M, one can find n* elementa w', 
satisfying (6') such that w', — A m(k — I, ...,m) ; obviously one can 
determine the w*', also in such à way that &*, — A »,. In terms of matri- 
ces this means : 


Theorem 2, Let v,, ..., t, be n elements of M but different from 
0, ..., 0, then there exists a unitary matrix, the first row (column) of 
which differs from v,, ..., v, by a factor A only which is a suitably chosen 
element of M. 


It may be remembered that in 3-33, the factor A was determined by 
the condition N(A) = X v; vj. Therefore \ can be replaced by a A, where 
a is any element with a a= 7. In particular A can always be replaced 
by — A. 


If U and U, are unitary, then 


| (^ i) * 


E 
antisfies the conditions (6^) and is therefore unitary, In particular ( 2] 


is unitary. 
Consider now a vectorspace, say V of rank n over M, and distinguish 


NS cea "UR AN Sa (10) 


| ion 
Let U be a unitary matrix of degree n over M and U be the transformatic 
of V which one gets by applying U to the basis (10). Since there exista 
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an inverse transformation of U, the basis (10) is transformed by U into n 
independent vectors 
6.2 AE (10) 


which form a basis of V expressed in terms of the basis (10). 
e^, = (ty one WM) 


He. the vectors (10') are expressed by the columns of the unitary matrix 
U. Let U run over all the matrices of G,(n, M) then (10') runs over 
all the systems of n vectors for which the scalar products satisfy tho 
conditions 

t", e, = Z e^ e^, = 0, for i-- k. (11) 


Thus given any basis (10), the group G,(n, M) generates a system X of 
bases of V, the coordinates of which (expressed by (10)) satisfy the conditions 
(11). Let (10) be transformed into (10') by U and into z^,, ..., «€^, by U, 
then U, U^ transforms £s, to «*,. Now U, U^ is a unitary matrix ; 
hence if one applies the unitary matrices to any basis of the system X, one 
gets the same system = of bases. A transformation of V which is obtained 
by applying a unitary matrix to a particular basis of the system X is called 
n unitary transformation. It must be emphasised that for unitary transfor- 
mations the bases of V are not all equivalent, but particular systems of 
bases are distinguished. Let £§,,..., 8, be an arbitrary basis (see 6-2) 
and Bg, = = b, e, then the unitary transformations of V are expressed 
H 


by the -basis by the matrices 

B' UB, 
and these matrices are in general not unitary. On the other hand a trans- 
formation which is represented by a unitary matrix when the 8-basis is used, 


might be expressed by a non-unitary matrix when the original basis is used, 
and therefore it will not be a unitary transformation. 


6-511. Orthogonal matrices. Consider now the particular case when 
M-—K. Then A — A, A? — A*. Unitary matrices are called orthogonal 
in this case. From 6-51, (6), (6°), (6°) and (8) it follows that if R is an 


orthogonal matrix, the following equations hold : 
R* = R^, Xr "cm xr r*'; = 0 Íforizj 


detR = + J, X (x)? = = (ri? =i. (1) 


lupa. 
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The n row-vectors, and the n column-vectors form therefore two 
"orthogonal systems” (see 1-7, Def. 3). 


If in particular K is the field of the real numbers, then V is an n-dimen- 
sional Euclidean vector-space, Let in this space 


Eis 0.005 Sy (2) 
be n mutually perpendicular vectors of equal length, say length 1; then 
this basis is transformed by R into n mutually orthogonal vectors of length 1; 
these n-tuplets form the system of bases which in 6-51 was called X. The 
matrices of G,(n, K) represent the rigid motions of V if detR — 1 and 
the symmetries if detR — — 1, when the basis (2) or an equivalent basis 
(Le. a basis of X) is used. The rigid motions and symmetries of an 
n-dimensional Euclidean point-space are composed of the corresponding 
transformations of V and parallel displacemepts. Theorem 2 of 6-51 shows 


that the direction of one vector of an orthogonal system can be arbitrarily 
chosen. 


6-52. Symmetric and antisymmetric matrices. 
Definition 1. A matrix 8 is called symmetric if 

S = St. (1) 
Definition 2. A matrix is called antisymmetric (or skew) if 

A = — AT. (2) 


These definitions are applied to matrices over arbitrary fields and 
integral domains, In terms of elementa, a symmetric matrix S is charac- 
terised by 


at, == s^. (M) 


Antisymmetric matrices over a field of characteristic 2 are symmetric (and 
conversely) ; if the characteristic of K is different from 2, then an anti- 
symmetric matrix is characterised by 
ML 
Gu a; "T 
ay = 0. 
Let B be an arbitrary matrix over a field K of characteristic 5€ 2, then 
B-=S +A, (3) 


where a, = (b4, + 6%): 2, a, — (4 — 5%): 2. 
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It is casy to see that the representation (3) of B is possible in this way only. 


Exercises. (1). Every antisymmetric matrix of rank r is similar to a 
A 
matrix ( ) whore A is antisymmetric and of degree r. 
o 


(2). The rank of an antisymmetrie matrix is necessarily even. 


(3). Let A be antisymmetric and of degree 2n, and let the m — n(Zn — I1) 
elements of A above the diagonal be indeterminates y,, ..., 94 ; then 
detA = f*(y,, ..., M), where f is irreducible. 


6-53.  Hermitean matrices. Here again, the notations K, A, M are 
used as in 6-51. 
Definition. A matrix N over M is said to be Hermitean over M if 
H: =H (1) 


and the roots of x,,(x) belong to M. If U is unitary and H is Hermitean 
over M, then H, — UH U is also Hermitean over M. Of course it 
follows from (1) and from 6-51,(5) and (6) that H*, = U* H*(U-1y = H,, 
and Xu (x) = Xa(x); hence the roots of this polynomial belong to M. 
For the elements A‘, of H 

M, = M, (2) 


holda, In particular the diagonal elements A'| = A'; are self-conjugate 
and therefore belong to K. If all the elements of H belong to K, then H 
is symmetric. If H, and H, are Hermitean, then 


— 


is Hermitean, and conversely. If in particular 


u-( E i 


i» Hermitean, then \ belongs to K, and H' is Hermitean. From this remark 
will be deduced the following 


Theorem 1. If H is Hermitean over M, the roots of x(x) belong to K. 


Proof. Let A be any root of xj(x), then A belongs to M and there 
exists in the vectorspaoe V over M a vector £ = (v,,..., v) such that 
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(H — AE) £ = O. Lat U, be a unitary matrix whose first column differs 
from v,, ..., ^, by & common factor only (see 6-51, th. 2), then 
H, — VF H U, (4) 


transforms (4, 0, ..., 0) into (A, 0, ..., 0) and this must be the first column 
of H,. Since H, is Hermitean, the first row must be conjugate to the first 


column. Hence H, has the form (3) ; thus A belongs to K. Hence the 
theorem, 


Applying this theorem to matrices over K, one gets immediately : 


Theorem 1’. If 8 is symmetric over K, and the roots of x,(r) belong 
to A then these roots belong to K. 


Moreover : 
Theorem 2. Of H is Hermitean over M, then there exists a matrix U 
which is unitary over M such that 


Aa 


= 
I 
- 


U"*, (8) 
; 
where A,, ..., An are the roots of the characteristic polynomial of H. 
Proof. Let A, be any root of x4(r), then it follows from (3) and (4) 
that H = U, H, U,', where «-( E Bi ) Let A, be à. root of H*. 
Since H' is a Hermitean matrix of degree n — I, there is a Hermitean 


À 
matrix H', = ( : 2 ) = U',^! H'U',, where H* is Hermitean and U', 


I 
is unitary and of degree n — 1; hence U, = ( i ) ix unitary and 
" 
of degree n (see 6.51, (9)). From 6-13,(2) it follows that 


^ 
H — U, U, ( Ns ) U,t U,'*. 
H* 


Repeat this step n times and put U, ... U, U, = U; then U is unitary 
and tho theorem follows. 


Put M — K, then the unitary matrix U is an orthogonal matrix. 
From theorem I and theorem 2 it follows therefore immediately : 
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Theorem 2'. If 58 is a symmetric matrix over K and the roota of x,(x) 
belong to A, then 


As 


Nea 
where RK is an orthogonal matrix over K. 


The condition that the roots of x,(x) belong to A can be omitted when 
A i known to be a closed field (see 3-8). Now the field of the complex 
numbers isa closed one, and the fields of the real and of the complex 
numbers form a pair of fields K, A satisfying the conditions of 6-51. Applied 
to this particular pair of fields, the theorems 1' and 2' furnish : 


Theorem 3. If S is a symmetric matrix over the field of the real 
numbers, then the roots A,,..., A, of its characteristic polynomial are 
all real, and S can be transformed by an orthogonal transformation into 
the diagonal-matrix 

Ai 
(7) 
An 

The equation x«(x) — 0 is often called secular equation on account of 

ita importance for the theory of secular disturbances. 


6.54. Hermitean and quadratic forms. Extend the field M to a ring of 
polynomials, 


M[{=}) (1) 
by introducing 2n or n indeterminates. — If M = A, there are 2n in- 
determinates 

Tas Y, (2) 
Fay + n 


If M = K, there are n indeterminates z,, ..., z, only, but one may use tho 
notation (2), and put 7, = z, for i — 1, ..., n. In both cases, x, and #, 
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are waid to be conjugate. Thus one can extend the automorphinm inter- 
changing conjugate elements of M to an automorphism 


A O0. ose By we p 3... 4. 3 


^" 


(3) 
=z. — Wi Wins vds. pa M^ eee M ES Be gece Mu 
which interchanges conjugate elements of M as well as conjugate indeter- 
minates (2). When M — K, then (21) is the identity. Let (z) be the eolumn- 


vector with the elements x,, ..., z,, then (x) is the row-vector with elementa 
Xso,.X4 If H in Hermitean over M, 


F = (xy H (z) = F* (4) 
i» a matrix, the first element of which is equal to 
f 2) — = My, 2, n = fl; 2), (5) : 


whereas the other elements are equal to @ The bilinear form (5) is called 
a Hermitean form. In the particular case when M — K, the form i» a 
quadratic form. 


faz)—xzxMzrzr-—-zM or--2 X M ay my (6) 


On the other hand every quadratic form over a field of characteristic == 2 
can be expressed by (6). The fields K, A, M are all supposed to be of 
characteristic O (see 3-33). The theorems of 6-53 furnish therefore : 


Theorem 1. By a unitary transformation of z,, ..., x, say (x) — U(z), 
(x)* — (ry U*, every Hermitean form over A can be transformed into a 
canonical form over K 


= 4, Xi Z. (7) 


Theorem 2. By an orthogonal transformation of z,, ... r&, every 
quadratic form over K can be transformed into a canonical form 


Za, r. (8) 


A transformation of x,,..., x, by U means that the corresponding Hermitean 
matrix is transformed into a similar one. Now two similar diagonal-matrioes 
have the same diagonal-clements (only they may be arranged in a different 
order). Hence the coefficient a, in (7) and (8) are uniquely determined. 
They are the roots of the characteristic polynomial. In terms of forma, 
the unitary matrices are characterised as follows : 


69 O. P.—38 
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Theorem 3. A matrix U is unitary if and only if the form 
=F x (9) 
is invariant for the transformation (2) — U(x), (r)* — (xr)* U*. 


Proof. The Hermitean matrix corresponding to (9) i» E, the matrix 
of the transformed Hermitean form is therefore Ut EU. Now the two 
equations Ur EU = E and U* = U-! are equivalent. The first equation 
means that (9) ix invariant for U, the second equation is the condition for 
U being unitary. Hence the theorem. 


6-541. The law of inertia for quadratic forma with real coefficients. 
Though there is one and only one canonical form 


zd, v (1) 


in which a quadratic form over K can be transformed by orthogonal trans- 
formations, this canonical form might be simplified by non-orthogonal 
transformations, Indeed, put x, — b, x',, then (1) is transformed into 
= a’, x7, where a’, — a, 5b^,, Hence the coefficients a, take factors which 
are arbitrary squares in K. If in particular, K is chosen as the field of 
the real numbers, the 5's can be selected in such a way that a’, takes only 
the values + 7, — JI and 0, "That there ia no further reduction of the cano- 
nical form, is shown by the following theorem. 


Law of inertia for quadratic forms. Any quadratic form in z,, ..., 7, 
with real coefficients can be transformed by a matrix of rank n with real 
elements into one and only one canonical form 


q(x) = 2,7 + 26. + 2p? — Xp? — 2... — Ze" (2) 


where p — r — n. 


Proof. That a transformation of any form into (2) can be performed, 
has been shown already. The number r is equal to the rank of the matrix 
S which corresponds to (2), and it is also the rank of every matrix A* S A, 
when A is of rank n. Hence r is an invariant for the transformations under 
consideration. It remains to show that p is an invariant. Suppose 


gi(z) — 2," + ona S4. — Saut v. B,* (2') 


we, = m toe + 2, 2 0S, 0. + ee 6 m, fori = 1, ... rr. Then 
q(x) = q;(z) for corresponding values of x and =. It has to be proved 
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that p= q. Let p 5^ q, say p > q (without losa of generality), and solve 
the q-+-r—p <r linear homogeneous equations : 


C. Xm twee ee, 2 = O for k = Py 
*z, 22 0 for t= p +l, ...,F. 


These equations have a solution (£,, ..., £,, 0, ..., 0) 4 (0, ..., 0). In terms 
of = the equations (3) are expressed by 


£&:1-0 for ae 1,..5q 
bu z-4d-...-—4-5,2,—01forj—p-Fl,...r 


The corresponding solution is (0, ..., 0, £s «+ 6G) Now glé) > 0,- 
q,(£) = 0, contrary to q(£) — q,(£). Hence the theorem. 


A quadratic form with real coefficients is called positive definite if in the 
canonical form (2), there isn — r — p ; if however n = r, p = O, it is said. 
to be negative definite ; when n > r and p = r or 0, it is semi-definite, and 
when r > p 0 it is indefinite. 


6-542. Applications to Geometry. The theory of matrices and of 
quadratic forms admits a large number of applications to Geometry of which 
a few may Be mentioned here. A linear transformation of x,, ..., 7c, means 
a collineation of an (n — 1)-dimensional projective space when homome- 
neous coordinates are used, and it means an affinity with fixed origin of an 
n-dimensional space when non-homogencous coordinates are used. An 
orthogonal transformation has to be interpreted as a rigid motion or a 
symmetry (according as the determinant is + 7 or — /) of a metrical 
n-dimensional space the origin remaining fixed. If one multiplies any column 
of an orthogonal matrix with — , it remains orthogonal, and its determinant 
changes sign. It is therefore possible to transform à quadratic form with 
real coefficients into the canonical form by an orthogonal transformation 
with deteminant 4-7. In a projective (n — 1)-dimensional space, an 
orthogonal transformation means a collineation for which the quadric 
x7, +... -+ 2%, = 0 remains invariant. Forms occuring in Geometry are 
either completely determined, or they are only the left side of an equation 
where the right side is zero ; in tho latter case, they are determined up to 
an arbitrary factor 54 0 only. By these considerations, the preceding 
result furnishes easily the complete classification of the quadries of an n- 
dimensional metrie «pace as follows 
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5 a, T, - ...--a, azx*, --1 =@ 
2. Gy X*, 4... 0a aT 20 (1) 
3. G, x, --...--a, 2, == (jJ) 

In the first case, the a's are uniquely determined, in the second, a factor + 7 


remains arbitrary and in the third case a real factor of the a's is undetor- 
mined. 


"For the affine space, there are also the canonical forms (1) but the a’s 
are Supposed to take the values + J, — J, 0 only. For the projective 
(n — 1)-dimensional space, the canonical forms are 


x7, + 2... m* —x1,494—..—z, (2) 


^ with ri2zpzrzazn. 


>. 
^ 


7 
à 


6-55. Bilinear forms unth contragradient indelerminates. At the be- 
ginning of 6-5, it has been shown that a bilinear form fiz, y) — Say x, wy, 
can be represented by a matrix product (x)? A(y), and that the transforma- 


— tions (x) = B(u), (y) = C(e) generate a transformation 


e ~ 


A —» BT AC. (1) 
This formula has been applied to cases when (r) and (y) are either identical 


— or conjugate, but they may also be linked together in a different manner. 


, 


(1). The vectors (x) and (y) are bound to be transformed sn the same 
way ; then they are said to be cogradient. In this case, B = C and therefore 


A —— B* AB. (2) 
A pais Of points of an n-dimensional Euclidean space is an instance of two 
cogradient vectors, but for "point" one may take also any other geometrical 
entity expressed by coordinates. 

(2). The vectors (x) and (y) are bound to be transformed in such a 
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(x) -— (C*)* (x), (y) -— Cly), A-» C AC. (3) 
In this cas the vectors (x) and (y) are said to be contragradient. 

E.g. the points and the straight lines of a projective plane are con- 
tragradient. The distinction between cogradient and contragradient vectora 
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